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Abstract

We review the status of calculations in the Standard Model Effective Field
Theory (SMEFT) beyond leading order (LO). Improving the SMEFT beyond LO
allows theoretical errors to be characterized and reduced when considering SMEFT
interpretations of the data, which is essential considering the improving experi-
mental precision at LHC. Next to leading order (NLO) results also allow a more
consistent analysis of measurements with different effective scales in the SMEFT.
Going beyond LO is clearly important in the event that deviations from the SM
are large enough that experimental indications of physics beyond the SM emerge.
We discuss a consistent and well defined approach to LO in the SMEFT, so that
the improvement to NLO is straightforward. We discuss the basic issues involved
in improving calculations to NLO in the SMEFT, and review the advances in this
direction that have been achieved to date.

1 Introduction

Almost all Quantum Field Theories can be regarded as examples of Effective Field The-
ory (EFT), the treatment of which was pioneered in [1-3]. The predictions of the leading
order (LO) semi-classical Lagrangian of any EFT is an approximation, of limited appli-
cability and precision. As exact non-perturbative solutions to QFTs are rarely known,
approximate solutions that expand observables perturbatively in a small coupling con-
stant, or non-perturbatively in a ratio of scales are generally developed.? Developing
such expansions beyond leading order is straightforward, if the LO EFT is well defined,
and is in general extremely useful. Going beyond LO can also be required for consis-
tent interpretations of the data, if the theoretical error of a LO description exceeds the
experimental error. It is the ability of EFT’s, as consistent field theories, to be system-
atically improved that (largely) explains why they have become the standard approach
to interpreting data sets of constraints on the Standard Model (SM). A great strength of
a serious EFT approach is that vague statements on theoretical errors and inaccuracies

'Note that this document is currently a work in progress. Appearing in acknowledgements does
not imply full or partial endorsement. Further contributions, comments, and (scientific) criticisms are
welcome.

2Formadly, a purely LO treatment of a process in an EFT is also intrinsically ambiguous, as the scale
dependence (p1) of the parameters contributing to a process is not defined.



can be replaced by a more precise quantification of the limitations of a LO analysis, using
next to leading order (NLO) calculations. As a corollary, LO descriptions of deviations
from the SM that cannot be systematically improved, are not EFT analyses, and are
of limited use. In this section, we will discuss extending the EFT approach to physics
beyond the SM to NLO. We will also briefly outline how the standard straightforward
LO formulation is usually defined.

We will restrict our attention to the case of the Standard Model Effective Field Theory
(SMEFT), with a linear realization of ElectroWeak Symmetry Breaking (EWSB). This
means we assume that SU(2)y, x U(1)y is spontaneously broken to U(1),,, by the vacuum
expectation value of the Higgs field (v) and that the observed 0" scalar is embedded in
the Higgs doublet. It is assumed in this approach that to capture the low energy (IR)
physics of an underlying physics sector, it is sufficient to add SU(3) x SU(2);, x U(1)y
invariant higher dimensional operators, built out of the SM fields, to the renormalizable
SM interactions.® The Lagrangian is schematically

‘CSMEFT:‘CSM+‘C5+'C6+’C7+‘CB+“' (11)

L5 has one operator suppressed by one power of the cut off scale (A) [4]. Lg has 76
parameters that preserve Baryon number [5,6] in the Ny = 1 limit*, and 2499 parameters
in the case Ny = 3 [7]. Four operators suppressed by 1/ A? violate Baryon number [4,8].
L contains thirty operators that all violate Lepton or Baryon number [9,10] (and also
B — L [10]) for Ny =1 and Lg [10,11] counts 993 N; = 1 operators.

We label the Wilson coefficients of the operators in £ as C7, operators in L as CF etc.,
and have implicitly absorbed the appropriate power of 1/A into the definition of the C;.
When 1/A is made explicit, and pulled out of the Wilson coefficient we will use the tilde
superscript as a notation to indicate this, for example C; / A%

The construction of the SMEFT, to all orders, is not based on assumptions on the
size of the Wilson coefficients of higher dimensional operators. Constructing a NLO
SMEFT result means performing a complete NLO calculation in the SMEFT. This
means including all operators at a fixed order in the power counting of the theory®, or
performing a complete one loop calculation for a process, including all of the operators
in Lg that can contribute. We emphasise that the existence of NLO corrections is a
necessary consequence of the SMEFT being a well defined field theory. The numerical
size of the higher order terms depends upon the high energy (UV) scenario dictating the
C; and A, which is unknown. Restricting to a particular UV case is not an integral part
of a general SMEFT treatment, and it is a strength of a general SMEFT approach that
various cases can be chosen once the general calculation is performed.

Whether or not a NLO treatment of the data is required in the SMEFT is defined by
three considerations:

*1t is not guaranteed that this choice is the correct one to capture the low energy phenomenology of
the underlying physics beyond the SM, see the Nonlinear EFT section for an alternative formulation.

“Here N ¢ counts the number of fermion generations.The distinct use of parameters and operators in
this paragraph is not accidental

5Generally in this document LO in the SMEFT refers to the effects of L4 while NLO in the Lagrangian
expansion refers to the effects of Ly



e What is the cut off scale, and what is the matching pattern of Wilson coefficients
into the SMEFT?

e What is the experimental precision that will be reached in a measurement?
e How will a bound projected into the SMEFT formalism at LO be used?

Considering the first question, it is interesting to consider the cases where 1TeV <

A/ \/a < 3TeV.% In these cases, deviations in processes measured at LHC could pos-
sibly be observable. It is also interesting to consider cut off scales of this form, as they
are (roughly) a loop factor above the known 0" scalar mass. This is an interesting range
of mass scales considering the Hierarchy problem. Finally, model building exercises for
decades have indicated that such mass scales are not robustly ruled out, when consid-

ering ElectroWeak Precision data (EWPD). If the ratio A/y/C; lies in this interesting
range, the effect of NLO corrections are not negligible [12-25].

There is no guarantee that A/ \/a will be this low. There is no clear and absolute answer
to the second question above, and the answer to the third differs among analyses and
authors. As such, it must be addressed that very significant differences of opinion exist
regarding the need and use of NLO SMEFT analyses.” An advantage of the SMEFT is
that, putting opinions aside, NLO corrections can just be systematically determined and
used, and theoretical errors can be reduced as required. This effort is well underway;,
utilizing the NLO improvement of the straightforward LO approach briefly outlined in
this note.

Directly related to NLO improvements and analysis of the SMEFT we will address the
following points:

e To what extent can experimental limits on dimension 6 operators be affected by
the presence of dimension 8 operators?

e When is it justified to calculate the SMEFT predictions at tree level? In what
circumstances may including 1-loop corrections modify the predictions in an im-
portant way?

As well as addressing the above points, it is necessary to emphasize our main point
very directly. The experimental data must be reported in a manner that allows NLO
theoretical improvements and studies of the data in the future. It is absolutely critical
that the data is reported outside of the attempt at a purely LO formalism — known as
the “Higgs basis” , for this to occur. It is also important to emphasize that there is no
barrier to reporting the data in a LO SMEFT formalism that does not have the intrinsic
problems of “the Higgs basis”. We also discuss how this can be done.

Ot is very important to stress that the point of the SMEFT is to also capture the possibility of
deviations from the SM actually being observed, not just to express experimental limits in a compact
notation in terms of Wilson coefficients.

"Our claim is that almost all of these disagreements are due to different implicit UV assumptions
and the data should be reported in a manner that maximizes its potential use in the future, including
its use in NLO analyses.



2 Basics of the SMEFT

The SMEFT is a different theory than the SM. The SMEFT has local contact operators
suppressed by powers of 1/A that are not present in the SM. In the SMEFT a (lepton
number preserving) amplitude can be written as

A= A+ 3 S5 o [ ] A 22

n=Ng I=1 k=1

where ggps is @ SM coupling. G is the Fermi coupling constant and A is again the
cut off scale. [ is an index that indicates the number of SMEFT operator insertions
leading to the amplitude, and & indicates the inverse mass dimension of the Lagrangian
terms inserted. N is a label for each individual process, that indicates the order of the
coupling dependence for the leading non vanishing term in the SM (e.g. N = 1 for
H — VV etc. but N =3 for H — yy). Ny = N for tree initiated processes in the SM.
For processes that first occur at loop level in the SM, Ny = N — 2 when operators in
the SMEFT can mediate such decays directly thought a contact operator, for example,
through a L operator for H — yy. For instance, the Hyy (tree) vertex is generated by
Oyg=H' HB"™ B,,, by O%w = H' B"™ B,,D”D, H etc. An example of the Feynman
dlagrams leading to A is given in Fig. 1.

An example of how the SMEFT orders a double expansion in the non-perturbative power
counting parameter and the perturbative expansion is as follows. Consider a tree level
2 body decay of a single field. The double expansion of such a process is given as the
following Table ®

g /dim —
4

1 QAE) +996~'4111 +998A 1,2
4)

FAY +g gﬁAi(’,%l +g gﬁA(%

(2.3)

The combination of parameters g gg Agjl defines the LO SMEFT expression for the
process, including the leading insertion of a higher dimensional operator, and is gen-
erally well known. ¢° gq A:(fil defines the NLO SMEFT amplitude in the perturbative

expansion, and ¢ gg AS?’Q defines the NLO SMEFT amplitude in the non-perturbative
expansion. NLO terms in the double expansion present in the SMEFT are generally
unknown, in almost every process that is of interest phenomenologically. The discussion
here generalizes to cases other than two body decays of a single field directly.

Generalizing analyses in the SM at LO in the SMEFT is essentially a solved problem
in the literature. Although LO analyses are challenging, it is necessary for theorists to
further develop the SMEFT to NLO. NLO analyses are required to consistently map
lower energy measurements in the SMEFT to the cut off 4 = A, or to consistently
combine data sets measured at different effective scales (u; # py). Learning precisely

®Here we have introduced short hand notation where ook =1/ (V2Gg Az)k, so that gg denotes a
single 0 insertion, gg denotes a single o® insertion, gg denotes two, distinct, 0 insertions, etc..
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about the underlying theory using EFT methods, and combining data sets consistently
are (usually) core goals of an analysis of deviations in the SMEFT. For these goals to
be reached consistently requires NLO analyses in the SMEFT.

2.1 Power counting

Our use of EFT terminology is standard, but different than some WG documents. For
this reason we define here some of our key concepts such as power counting. Power
counting in EFT’s is subtle. The term “power counting” is also frequently misused.
Our use of this term is consistent with almost all of the historical literature [1-3,26-36].
Power counting in an EFT is a means by which the size of the local operators present
in Lgyprpr are estimated. An operator in the SMEFT expansion is schematically of the
form

U’ 0 HY (HY)® (A)!
A" '

(2.4)

Here detailed Lorentz structure, flavour and group indicies are being suppressed.
stands for a generic fermion field, and A for a generic Gauge field. The mass dimensions
are such that 3(a+b)/2+c+d+e+ f—n = 4. This defines a power counting scheme based
on the mass dimensions of the operators. As the SM fields obtain their mass by the vev
(v) the numerator can have an explicit power of v, and an expansion in (v/A)™ is present
relative to SM interactions. Further, due to the presence of derivatives an expansion in
(E/A)™ is present, relative to the SM interactions.” At high orders in the expansion of
Ly prr both of these ratios are generically present. The most general power counting
for the SMEFT is to suppress all operators simply by a generic power of A, dictated
by the mass dimension of the operator. This can always be done. By definition any
remaining coupling dependence, or alternate scales present in the EFT, can always be
absorbed into the Wilson coefficients in the matching procedure. Alternative power
counting schemes can be defined, and can be self consistent, however they are limited in
their applicability.

2.1.1 Pole observables vs tails of distributions

The two expansions discussed above are generically present in the SMEFT. (v/A)™
contributions are of interest for data dictated by the presence of a pole, for example, the
Higgs pole. (E/A)™ contributions are particularly relevant for tails of distributions.

When analyzing data near poles, scaling arguments that apply to the suppression of local
contact (non resonant) four fermion operators in Lg also apply to NLO Lg corrections.
This is fortunate. The very large number of parameters present in Lg and L4 are
primarily present in four fermion operators. In the case of L4 2205 of the 2499 parameters

“Higher derivative terms are systematically traded in favour of other operators without derivatives
for a number of technical reasons in well defined bases (such as the Warsaw basis [6]). However, this
point should be kept in mind if such higher derivative terms are actually systematically retained in an
operator basis.



present in Lg [7] are due to four fermion operators. NLO power corrections in Lg,
higher order in (v/A)™, are suppressed compared to Lg by the power counting parameter

v* /A? which varies from ~ 6% to ~ 0.6% for A/y/C; = 1,3 TeV respectively.

The suppression of NLO terms that scale as p° / A? can be far less in the tails of dis-
tributions. The SMEFT expansion breaks down when p* / A? ~ 1, and Pseudo Observ-
able/form factor [19,37-40] methods are required to characterize the data in this case.
Tails of distributions have a very large number of SMEFT parameters contributing due
to non-resonant fermion pair (and higher multi-body) production processes.

It is also worth noting that unlike the case of pole data, NLO corrections to tails of dis-
tributions are complicated in their analysis, as the p? / A? terms are in general not gauge
invariant alone, and need to always be combined with the interference with non-resonant
part of the SM, and SMEFT background processes. The requirement for joint analysis
including SMEFT corrections on the background that results, further complicates the
analysis of non-pole data. These are some of the reasons it is generally more promising
to study pole data, and related distributions, when pursuing deviations from the SM in
the SMEFT formalism.

2.2 Matching

If the underlying theory is known, then the Wilson coefficients would be precisely dic-
tated by matching onto the SMEFT. Functionally the matching procedure is performed
by calculating on-shell amplitudes in the UV theory, and in the SMEFT. The low energy
limit, /A << 1 is taken. The two theories are separately renormalized. The IR poles
cancel between the theories, and the mismatch of the finite terms that remain defines
the Wilson coefficient in the matching condition. Performing matching calculations re-
quires that the UV theory be well defined and specified. The utility of this approach is
that the Wilson coefficients are universal, and can be calculated only once, ideally in a
particularly simple process.

If the value of the Wilson coefficients in broad UV scenarios could be inferred — if a
meta-matching could be done — this would be of significant scientific value. One ex-
ample of an influential classification scheme of some value is the Artz-Einhorn-Wudka
“potentially-tree-generated” (PTG) scenario [41,42]. In this scheme, it is argued that
classes of Wilson coefficients for operators in L4 can be argued to be tree level, or loop
level (suppressed by ¢°/16 %), essentially using topological matching arguments. This
classification scheme corresponds only to a subset of weakly coupled and renormalizable
UV physics cases, as the topologies considered are (effectively) limited by Lorentz in-
variance and renormalizability. This scheme does not apply to scenarios where the UV
physics is strongly interacting. Generally such theories are in their confining phase, and
are examples of UV EFT’s where the PTG classification scheme does not apply. For
discussion clarifying this issue see Ref. [33].

One can study the Wilson coefficients using dimensional analysis, by restoring i # 1 in
the Lagrangian. See the recent discussions on this approach in Refs. [43,44]. Doing so
one cannot unambiguously identify that powers of hypothetical UV couplings present



in the C;. This is due to the fact that the SM couplings also carry % dimensions,
and the UV theory is not known. For this reason, and the fact that the matching
procedure introduces order one constant terms that can be as large as, or dominant over
the coupling dependence, it is generally not useful to treat the C; as anything other
than parameters to be fit to and constrained by experiment. This is the recommended
procedure when using the SMEFT at LO or NLO.

2.3 The SMEFT at LO

In this section we briefly review the standard approach to LO analyses in the literature.
The dimension six terms in the SMEFT, in the Warsaw basis [6], are given in Table 1. It
is important to emphasize a great strength of this basis is that it is actually completely
and precisely defined. Any well defined basis can be used, however, we are not aware of
competing bases in the literature that have been completely specified (including flavour
indicies) as the Warsaw basis has been defined.'

Expanding around the vev, the LO modification of the SM interactions comes about in
the SMEFT in a straightforward manner. The following section is largely taken in whole
from Ref. [7] and is not intended to be a complete treatment, but simply an illustrative
discussion of some Lagrangian terms in a standard LO implementation. As the theory
should be canonically normalized, we denote coupling parameters in the canonically
normalized SMEFT with bar superscripts. This use of the bar notation is distinct from
bar superscripts on fermion fields, that have the standard interpretation v = z/f“yo.

2.3.1 SM Lagrangian

We define the SM Lagrangian as

1 L1 , 1 , —.
Ly = —ZGﬁVGA“ - ZW,{,,W’“ — BB + (DHYD'H)+ Y ¢ilpy
PY=q,u,d,l,e
1 .\?2 _ .. .
—A (H*H — 5&) — [HTdedqj + HYaY, q;+ HPeY,1; + h.c} , (2.5)

which implicitly defines our notational conventions.

19A different operator set is referred to as the Warsaw basis in the “Higgs Basis” note. This is at
variance with the initial paper, and essentially all published literature that references this basis. On
the other hand, a very positive aspect of the “Higgs Basis” note is that it actually, for the first time,
defined a version of the “SILH basis” including flavour indicies. This addresses the need for this to
occur, as was pointed out in Ref. [7]. The “Higgs Basis” construction itself is still undefined at LO, as
indicated by the presence of a L., Lagrangian term.



1:x3 2: H° 3:H'D? 5:¢°H® + hec.

Qo | FAPCGralGSt Qu | (H'HP  Quo (H'HOH'H) Qe | (H'H) (e, H)
Qs | FAPCGGErGOr Qup (H*DMH)*(HTDNH) Quir | (H'H)(gyu, H)
Quw | T WrWIW Qurr | (H'H)(q,d-H)
Qi | VKWW o K
4: X*H? 6: v XH +h.c. 7:¢*H?D
Quo | HIHGLG™  Quy | (o™ e ) HW], Q4 (H'D 1) (1,4",)
Qua | HHGLG™ Qg | (1,0™e,)HB,, o (=D LH) 0,75,
Quw HTHW;{VWIW Qua (quWTAUT)ﬁGZ‘V QHe (HTZDuH)( ee,)
Quiv | HHWLW™  Quw | (g0 u)r" HW,, Q) (H'D ) (40" a,)
Qus | HHBLB"Y  Qup | (@,0"u)HB,, QW | W DLH) G )
Qup | HHBLB"  Qu | (G0"T"4,)HG, o (HTi(ByH)(uv u,)
QuwB HTTIHW;L/BW Qaw | (g0""d, )TIHWIV QHa (HTi(BHH)( d,y"d,.)
Quip | HT'HWLB"  Quz | (3,0"d,)H B, Qpua + hec. | (H'D,H)(a,7"d,)
8:(LL)(LL) 8: (RR)(RR) 8:(LL)(RR)
Qu (Lyyule ) (U™ 1y) Qee (@pvuer) (€7 er) Qe (Lyyule ) (€7 er)
G @)@y Qu | @)@ ) Qu | () (@ )
O @G a) @ ) Qua | (dyrudy)(dtdy) Qu | Gvul)(dy"dy)
W mu D@ Q| @rue) @) Qe | (e (e er)
QY | L)@ ™' a)  Qua | Ene)dad) QW | (@rua) (@A w)
QW | (@) (ddy) & @I e) @A T u,)
QW) | (T u ) AT ) QY | (@) (dndy)
QW | @ T 0 (dy T dy)
8:(LR)(RL) + h.c. 8:(ER)(ER)+h.c.
Quedq | Be)day) Qg (gu u,)ejn (a5 dy)
Qg?qd (@ T u, e (@ T dy)
Qlequ ( r)ejk(qgut)
QY | Boe)e(@io™u,)

Table 1: The Lg operators built from Standard Model fields which conserve baryon number,
as given in Ref. [6]. The flavour labels of the form p,r,s,¢ on the @) operators are suppressed
on the left hand side of the tables.



2.3.2 Higgs mass and self-couplings
The potential in the SMEFT is
i 1Y tr7)°
V(H) =) (HH=0") —Cy (H H> , (2.6)

yielding the new minimum

2 2
(HH) = <1 + 3%;“ > = %u% 2.7)
The scalar field can be written in unitary gauge as
1 0
HZE([l—I—CH’kin]h—FUT)’ (28)
where
Cy, kin = <CHD - }lCHD> v vp = (1 + 3%”2) v, (2.9)

The coefficient of h in Eq. (2.8) is no longer unity, in order for the Higgs boson kinetic
term to be properly normalized when the dimension-six operators are included. The
kinetic terms

L= (D,HYD"H) + Cye, (HTH> 0 (HTH) +Cup (HTD“H)* (HTDuH> . (2.10)

and the potential in Eq. (2.6) yield

£ = Loy = ki 2 e ooy — aek (1 358 4 h?
_5(;1)_@% [(u)"i"w(u)}_vT _2>\+CH,km
SCHU2 3 1 15CHU2 4
—>\UT (1— S\ +3CH,]€Z7L) h —Z)\ 1-— S\ +4CH,]€7:TL h
3 1
+ ZCth5 + chfﬁ, (2.11)
for the h self-interactions. The Higgs boson mass is
3CHv°
2 2 H
my = 2 \vf (1 o +2¢y km) : (2.12)
2.3.3 Yukawa couplings
The Lagrangian terms in the unbroken theory
L=-— H“C_Zr [Yd]rs djs + “EIUHT [Yu]rs s + HUET Dfe]rs ljS + th|



+ [C;;H (HTH> HYd,q;, + Cin (HTH> HY9%,q;, + C (HTH) HY%,1,, + hee.|

(2.13)

yield the fermion mass matrices
M), =~ (" ~2C = u,d 2.14
[ d’}rsi% ['@Z}}m_iv 1@5 ) w*ua , € ( )

in the broken theory. The coupling matrices of the h boson to the fermions £ =
—hu)Yq+...are

1 3 «
o], = 5 el [+ € i) = 550" Cln
1 .
- E [Mw] s [1 + CH, k‘@n] - %Cdgg’ ¢ = u, d7 € (215)

and are not simply proportional to the fermion mass matrices, as is the case in the SM.

2.3.4 Gauge boson masses and couplings

The relevant dimension-six Lagrangian terms are

L9 = Oy H HG,,GM + Cpyw H HWL,W'™ + CypH'HB,, B"
+ CywpH' T HW,,B* + Co fAPCGLY GIP GO + Cy e KW WP w s - (2.16)

The gauge fields need to be redefined, so that the kinetic terms are properly normalized
and diagonal. The first step is to redefine the gauge fields

Gi =G (14 Cuevt), Wi=Wi(1+Cuyyvi), B,=B,(1+Cypv7). (2.17)
The modified coupling constants are
g3 = 93 (1 + Che U%) ;o G2 = G2 (1 + Cyw U%) v 1= 0 (1 +Cyp U%) , (2.18)

so that the products g3Gf = %Q’f, etc. are unchanged. The mass eigenstate basis is
given by [45]

Wi _ 1 —%U% Cawa cos@_ sin? Z, (2.19)
B, —%v% Cuwns 1 —sinf cosf| | A, |’ '
where the rotation angle is
g o G,2
tanf = 2 + L Cywp {1 — _—12] : (2.20)
92 2 92

The W and Z masses are

9> vr
M2 =22 T
w 4 )
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2
- 1 e 1 4 _
My = IT(912 +9,°) + gU%CHD(%Z +7,7) + §U4T91920HWB- (2.21)

The covariant derivative is

D,=0,+i % WiTH + W, T ] +igy [Ty —5°Q) 2, +i2Q A, (2.22)

where Q = T3 + Y, and the effective couplings are given by

_ __ o B
e = gng |:1 - = églg2_ QU%CHWB:| = gQ Sin9 — 5 COSQ?Q U% CHWB?
922 + ?12 92 T
9.9 e 9"+
_ S 2 2
9z =1\/G92 +9,. + —A2 i Cywp = ——=——= [1 + 22 i Cuwrl
o _ 2 sin @ cos 29,9,
92" + 01
5T 9:92(9," = 5:°)
_2:Sin26:_21_2+ 1_222_212 /U%CHWB‘ (223)
go" + g1 (91 + gs )
235 h—WWandh —= 27
The relevant C'P-even Lagrangian terms are
]' 4 4
L= (D,H)(D"H) - <W,{VWI“ +B,,B" ) ,
+Cxaw Quw +Cup Qup + CruwpQuws + Cup Qup, (2.24)
which lead to the interactions
1_
£ = 53"0rh (W) + V2] [1+ ey ] + Conworh [WL) + WA)?] (2:25)

for the W, and
1 1
L= 1(522 + ?12)UTh(Zu)2 [1 + CH kin + UZQFCHD] + §§1§2U%h<ZM)ZCHWB
9,°Crrw + 0, Crp + §1§QCHWB>
9, + 7,

+vph(Z,,)° ( (2.26)

for the 7.

2.3.6 'TGC parameters

The effect on the off-shell Triple gauge coupling parameter is given by

(=Lrce) [gvww = igy (W:VWW — W,IVWW) VY + iRy + W:W;VW7 (2.27)
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A
+ i VEWSPW,
My,

where V = {Z, A} and the shifts compared to the SM are [46]

2 2
Sgit = —bk4 = —L L Cpryp, 597 = —0ky = L Cppp,  (2.28)
2 s 2 ¢
and
M?2 M?2
o4 = 655CH —2—, oA; = 6cChy —. (2.29)
gaww 9zww

Here gaww = € and gzyw = g2 ¢4

2.4 Input parameters

The parameters vy, gi, Gs, € in the Lagrangian terms in the previous section (and related
quantities with bar superscripts) have to be assigned numerical values consistent with
some input parameter set (IPS). This is sometimes known as a “finite renormalization”,
as we discuss below. This is distinct from simply rotating to the mass eigenstate fields
in the canonically normalized SMEFT, which is discussed in the previous section.

The relationship to the IPS is in general different in the SMEFT and the SM, as the
theories are different. An operator basis can be related to any IPS, and is not limited
in its relationship to a particular IPS; or a LO implementation. Once an IPS is chosen,
relationships between observables are derivable in a well defined formalism at LO and
at NLO. Of course, if one were to make some relationships to a particular IPS the same
in the SM and the SMEFT, with algebraic manipulations'' that were only defined at
LO, this would make such a construction an example of a “phenomenological effective
Lagrangian” that was then limited to LO. If the algebraic manipulations were not the
same for all possible IPS sets that could be chosen, this would tie such a construction
to a specific IPS. Such a construction would not properly be referred to as equivalent
to a well defined operator basis, such as the Warsaw basis, and such a design feature is
exactly what would make such a proposal more difficult to improve to NLO."* As our
purpose is to discuss the NLO improvement of the SMEFT, we first illustrate how a
straightforward LO implementation is related to the IPS «a.,,, Gp, M.

G is defined as the following parameter measured in p decay, u~ — e~ +7,+v,. Define
the local effective interaction for muon decay as

4G
Lg, = _TQF (ﬂ“ 'y”PLu) (é 'yMPLue) : (2.30)

U particular a series of field redefinitions and EOM manipulations whose sole purpose is to obscure
the difference between the SM and the SMEFT at LO with respect to certain measurements.

2Such a construction in the SMEFT is in fact a gauge dependent parameterization of some terms in
the phenomenological effective Lagrangian, and tied to a specific IPS at a fixed order in perturbation
theory. The “Higgs Basis” is an example of such a construction.
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In the SMEFT,"

_4%:_3 (

The parameter «,,, is measured in the Thompson (p2 — 0) limit and discused in Section
2.5.1, and M is defined in the resonance pole scale of LEP measurements.

Relating to the IPS a,,, G, M, at LO in the U(3)° case of the SMEFT, one finds
straightforwardly the following results [17,18]. For the development of this approach see
Refs. [45,47,48]. Here our notational conventions are that shifts due to the SMEFT are
denoted as 0X = (X)gyprr — X for a parameter X. Measured input observables, or
parameters directly defined by combinations of input observables are denoted with hat
superscripts. The shifts in the commonly appearing Lagrangian parameters M,, My,
G, s in the Warsaw basis at LO are given by

2 1/4 T

mZC ;2 ‘/i}éa 2 s (2.32)

F G F

Cu +Cu ) -2 (C’Sl) —l—C’Sl)) . (2.31)

peep eppe ee o

5 2
Sé 39\/_ F

1 C
§Gp = ——— \/§o<3>——”), 2.34
F \/§GF ( Hl \/5 ( )

532 _ ASéCé S Ch C +4C(3) _20 —|—2C ' 9 35
T 2V2GR(1-25) [ ¢ (Crup + 40 =2Cu) HWB} (2.35)

These shifts lead to modifications of the W ,Z couplings with the normalization

Loess = 9zes (TL28 4 T2+ 02+ g2, (2.36)
where gz ¢pp = — 22!/ \/ éF My, (fo)pr = Ty, [(!7?/)5% - (gfl)g;f 75} z, for z =

{u,d,?,v}. In general, these currents are matricies in flavour space. When we restrict
our attention to the case of a minimal linear minimal flavor violation (MFV) [49,50] sce-
nario (J7%),. =~ (J7*)8,.. In the Warsaw basis, the effective axial and vector couplings
are modified from the SM values by a shift defined as

5(9133/714)177“ = (g%/,A);ff (gVA)Z{V[a (237)
where
(g4 )pr = 052 (90)5M — (Cﬂe +CY) + Cﬁ?)) — ds3, (2.38)
4\/_ pr pr

1
5(g4),, = 69 ”TM+—A(C@—C“)—C(3>), 2.39
(ga)y Gz (94); WileR e = O = i (2.39)

1
5(g%),. = 63y, (gh)5M — —— (C(“ — 0(3>> : 2.40
(gV>p 9z (gV)p 4\/§GF grl 1;17} ( )

13 L
e and p are generation indices 1 and 2, and are not summed over.
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14 — 14 1
5(9A)pr =00z (QA);M - —G (C}}} - Cl(n?g)) ) (2-41)

1
5(ge),, = 83y (gi)M A(C + oW C)+5, 2.42
(9V)pr = 092 (9v)y 3G, iy & Ciig = O Sb (2.42)
1
5(g%),, = 8, (g%)M _ (0 o® _ Cu), 2.43
(gA)p 9z (gA)p 1 \/§ Cr 1;;1 1;1;1 I;T ( )
1
3(gte =002 (5~ e (Clit iy Ca) = g5k 240
a pr pr
1
3o = 07 D5+ (il OB+ O 2.5
F pr

where

_ 6Gr  OM; S;¢Ch
8G,; = — — + % Cuwa, 2.46
9z \/§ ngz \/§GF HWB ( )

and similarly the W couplings are defined as

Wyl W0 1 leg 16s2
6(9Vi )7"!" = (s(gAi )rr = 2\/§G (Cl(;l) + §£ CHWB) + 13_297 (247)

Fo\ 0 5

W W, 1 3 lc; 1 533

rr o

Here our chosen normalization is (g7 )° = T3 /2 — Q" s3, (¢%)°™ = Ty /2 where Ty = 1/2
for u;,v; and T3 = —1/2 for d;, ¢; and Q* = {—1,2/3,—1/3} for x = {¢,u,d}. The set
of 6X parameters are not an operator basis, they simply parameterize some terms in
the phenomenological effective Lagrangian, as a particular IPS is chosen. The operator
basis is given in Table I.

2.4.1 TGC parameters

As another straightforward example, relating the TGC parameters to the same set of
inputs one finds in the Warsaw basis [46]

osg (11 1
6gy = —2 | 5 + = | + ——=——(cot; + tan,) C , 2.49
9z 92 (Cg 83) 2\/§GF< 0 6‘) HWB ( )
89, =0, (2.50)

dsa (11 1
0ky=— | 5+ — | + ——=—/(cot; —tan,) C' , 2.51
Kz 5 (Cz 53> 9 \/§GF< ] n;) Chw i ( )
5, — (2.52)
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Note that some TGC parameters are clearly not physical parameters. They correspond
to off-shell verticies that are not trivially related to asymptotic S matrix elements.
In general, Lagrangian parameters are not physical'®, but as they are usually closely
related to S matrix elements, or the properties of asymptotic states in the field theory,
this distinction is not critical to emphasise. When considering SMEFT modifications
of the SM, this distinction can have a more important role. For more discussion on
resolving related issues, see Ref. [51].

SAz =0\, =6s5¢; Ch, (2.53)

The differences between a standard LO treatment, as sketched above, and more overly
complicated proposals are easy to determine by inspection. Introducing layers of com-
plications beyond the straightforward LO implementation is not necessary and is best
avoided. The reason this is true is such complications can make it much more challeng-
ing, or even formally impossible, to improve an approach beyond LO. If the SMEFT is
never improved beyond LO this introduces theoretical errors in a SMEFT analysis of the
data which are not necessarily small. We discuss this in more detail in the next section.

2.5 The SMEFT beyond leading order, theoretical errors

In the SM, when a particular process is calculated, a common practice is that a theoret-
ical error is assigned. For example, for parametric and theoretical uncertainties within
the SM, see Tab. 1 of Ref. [52]. It can be subtle to assign such an error [53] due to
the neglect of missing higher order perturbative terms in the SM. If an expansion in a
ratio of the mass scales is used to define a prediction in the SM' higher order “non-
perturbative” corrections are also present, and a further theoretical error to characterise
neglected local contact operators is generally introduced.

Unknown NLO corrections in the SMEFT can (and should) be treated in analogy to
the treatment of theoretical errors in the SM. Introducing some theoretical error for the
SMEFT is essential in LO analyses. This is an additional source of theoretical error when
the data is interpreted in the SMEFT, see Refs. [17-19] for recent detailed discussion on
theory errors in the SMEFT.

To properly characterize the perturbative error, it is essential to calculate at least to
one loop order in the SMEFT, including the leading insertion of operators in L. Until
such calculations are performed, conservative theoretical errors should be applied to
theoretical relations in the SMEFT. Further, the introduction of a “non-perturbative”
error, due to L£g when bounding £4 should be done. In Eqn.2.3, the ¢° g3 A3?%71 terms can
be used as estimators of missing higher order non-perturbative terms in the SMEFT.
This approach is not particularly novel, but is simply the obvious extension of the widely
accepted approach to assigning theoretical error in the SM to the SMEFT. Early works
calculating and articulating the need of such corrections to consistently interpret the data
in the SMEFT include Refs. [12-16]. Generally, at low A the neglect of Ly dominates,

while as A gets larger, the neglect of perturbative corrections begins to dominate.

“This is still the case when mass eigenstate fields are used.
5 For example, in the case of the heavy m; limit when calcucating gg — h.
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An excellent example of the importance of theory errors is provided by another effective
field theory, NRQED, as discussed in Refs. [54-60]. The Hydrogen hyperfine splitting
is measured to fourteen digits, but only computed to seven digits. This introduces a
theoretical error when using this measurement. Comparatively, the Positronium hyper-
fine splitting is measured and computed to eight digits. It would simply be a mistake
to give the H hyperfine splitting a weight 10° larger than the P, hyperfine splitting in
a global fit to the fundamental constants, and to totally ignore theory errors. A careful
consideration of NLO effects can help in avoiding similar errors when using the SMEFT
formalism.

2.5.1 'Theory errors in a LO formalism on the IPS

As a specific example, any LO approach does not take into account that the scales
characterizing the measurements of the input parameters a.,,, Gp, M, differ. Consider
the error introduced due to the neglect of this NLO effect in the SMEFT, compared to
the errors quoted on a,,, in the SM. This parameter is measured at low energies in the
p> — 0 limit.'® The value of this input parameter is given in Table 2. In the SMEFT,
the running of «.,, is modified compared to the SM as given in Ref. [63]. As a simple
approximation of the error introduced in the SMEFT, one finds that the neglected NLO
SMEFT correction to o, is then

A 1TeV\? - 1TeV\? -
%z—%o( ;’ ) OHB—SO( ;’ ) Crnw, (2.54)

running from p® ~ 1GeV? to my."" Here (Aay,)sys is the SM error quoted in the
Table. Depending on Cyp and C’HW and A, which are unknown, the neglected NLO
SMEFT effects can lead to an error on this input parameter far larger than in the SM.
This should be completely unsurprising. Neglected NLO effects in the SMEFT in this
case include corrections of order giQU% /(16 7T2) A%, The theoretical errors due to such
neglected effects can obviously compete with the SM theoretical errors, introduced in a
QED calculation out to tenth order in the SM. Similarly, neglected NLO corrections on
the other input parameters modify their theoretical error.

If one adopted a formalism that claims to make the relationship to some input parameters
the same in the SM and in the SMEFT (at LO), one might be tempted to not seriously
consider the effect of NLO corrections, such as given in this example. This could lead
to incorrect interpretations of the data. Being able to define and reduce such errors is
a reason that a straightforward approach to the SMEFT at LO, that can be directly
improved to NLO, is of significant value.

16‘aew is frequently extracted in the Thompson limit p2 — 0 when probing some Coulomb potential

of a charged particle, for example in a measurement of g — 2 for the electron or muon. Recently,
extractions with a competitive error budget have emerged where «.,, is extracted from the measured
ratio of ii/M,;,, via the recoil velocity for a stable atom, such as Rb® [61] or Cy [62]. The important
point is to realize that this input parameter differs in the SM and in the SMEFT at NLO.

Y This is only an approximation, as formally all of the SM states with masses m? > p2 should be
integrated out in sequence when running down from the high scale. This significantly complicates
the analysis, but the effect of the SMEFT modification of the running, illustrated with this simple
expression, is still present.
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Parameter Input Value Ref.
my 91.1875 £ 0.0021 [64-66]
Gr 1.1663787(6) x 107" 65,66
Grony 1/137.035999074(94) | [61,65-67]

Table 2: Current best estimates of a,,, G, M.

2.5.2 Approximating unknown SMEFT theory errors

A reasonable approximation of a theoretical error to introduce for an observable ¢ when
fitting to the leading parameters in L, is given by [18,17]

4 i \2 2 2
i 58 U (95m)" A Ao
J J

Non log dependence in the second term is also present, but is suppressed for a simplifying
approximation. Here x;;,7;; label the observable dependence and are O(1). One can

further define
T/ Ng =D AJ2h (G i Ne =D \Juli (C5)*, (2.56)
j J

as the product of O(1) numbers that characterize the multiplicity of the operators that
contribute to a process (Ngg) and the typical numerical dependence ;. yi. The square
root is because errors are assumed to add in quadrature. As an alternative, a Bayesian
uniform prior for the C; could be used.

Although the number of operators is large, the relevant number of operators that con-
tribute in a process is far less then the full operator set; in known examples Ng g ~ O(10).
This error is multiplicative and the absolute error is obtained as AiSMEFT(A) times the
SM prediction for an observable.

For cut off scales and Wilson coefficients in the range 1TeV < A/4/C; < 3TeV and

order one numbers for z;,y;, Ngg the value of Abyppr(A) is in the range of few O(%)
to O(0.1%) [17-19]. It is widely considered to be the case that the precision expected
in LHC analyses can be expected to approach a few percent in well measured channels,
see Ref. [68,69]. NLO corrections and the corresponding theoretical errors should be
considered when the precision of an experimental analysis descends below O(10%) to be
conservative. This level of experimental precision was already reached by the LEP ex-
periments so projecting consistently the constraints derived from the LEP program into
LHC analyses, and encoded in the LO SMEFT parameters, requires a proper treatment
of theoretical errors [17-19].
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2.5.3 More on theoretical uncertainty

The need to include theoretical errors when perturbatively expanding the SMEFT is tied
to the fact that different truncations of such expansions can be constructed. Suppose
that a given quantity Q(a) is given in perturbation theory by the following expansion:

Q=a+g|d+ fi(a) + 4" |’ + hlo)| + O") =a+g fi(a) + O, (257)

where a = a/(1 — ga). Suppose that only the f; term is actually known. It could be
decided that a is the effective expansion parameter (or that in the full expression we
change variable a — @). This is equivalent, in the truncated expansion, to introducing

Q=a+gfi(a) =a+gfi(a), (2.58)

which gives AQ = ¢* f} (a), the difference in the two results due to neglected higher order
terms is an estimate of the associated theoretical uncertainty. A fit to observables defined
in a perturbative expansion must always include an estimate of the missing higher order
terms [70], which specifies a theoretical uncertainty. Various ways exist to estimate
this uncertainty. Once can compute the same observable with different “options”, e.g.
linearization or quadratization of the squared matrix element, resummation or expansion
of the (gauge invariant) fermion part in the wave function factor for the external legs,
variation of the renormalization scale, Gy renormalization scheme or «-scheme, etc.

A conservative estimate of the associated theoretical uncertainty is obtained by taking
the envelope over all “options”; the interpretation of the envelope is a log-normal distri-
bution (this is the solution preferred in the experimental community) or a flat Bayesian
prior [71,53] (a solution preferred in a large part of the theoretical community).

These general considerations apply to fits in the SMEFT, where missing higher order
terms include, in most cases, all NLO perturbative corrections, and all NLO higher
dimensional operators. A fit performed at LO in the SMEFT that does not include any
estimate of the missing higher order terms, and never specifies a theoretical error, is
not a serious effort. In particular, in EWPD the modifications of the W mass, the p
parameter and the effective weak-mixing angle are loop-induced quantities and a study
of their SM deviations require an analysis at NLO in the SMEFT.

This is another reason why it is important to preserve the original data, not just the
interpretation results, as the estimate of the missing higher order terms can change over
time, modifying the lessons drawn from the data and projected into the SMEFT.

2.6 Effects of NLO SMEFT power corrections

No complete operator basis of L3 has ever been encoded in a Monte-Carlo program and
used to fit the data. It is a remarkable achievement that in recent years a full reduction
of the operator basis to describe L4 was determined (for the first time) in 2010 [6].
The rapid complete characterization of a fully reduced £; and Lg bases in recent years
now allows more precise error estimates to be made due to neglected Lg corrections. In
principle, it is now possible to characterize a theoretical error by varying the complete
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set of Cy parameters in a “reasonable” range when a Cy parameter bound is extracted.
In practice, this has never been accomplished in the literature. Rough error estimates
as detailed previously should be used until more complete error analyses are available.

2.7 NLO SMEFT loop corrections

Note that including loop corrections in the SMEFT context is more crucial than for
a pure SM calculation. One loop corrections can introduce a dependence on Wilson
coefficients that do not contribute at tree level to a particular process, and some of these
Wilson coefficients are very poorly bounded. This is different from the SM where all of
the Lagrangian terms are extremely well known. We will refer to the introduction of
such dependence as “non-factorizable” corrections.

Loop corrections also introduce a perturbative rescaling of the dependence on an oper-
ator’s Wilson coefficient, if the operator contributed at LO to a process. These later
corrections can be naively interpreted to only modify an unknown parameter by a per-
turbative correction, and of limited interest. However such corrections are crucial to
perform data analyses based on measurements performed at different scales, which is
required due to the large number of operators present in the SMEFT.

Improving the SMEFT to one loop requires a renormalization scheme be defined, a
systematic renormalization of the SMEFT be carried out on the new parameters in Lg,
and loop corrections be performed in a particular chosen gauge. We now discuss each
of these steps in the NLO program in more detail.

2.8 SMEFT: renormalization in practice

In this Section we describe a general renormalization procedure in the SMEFT. The
results presented have been developed in Refs. [15,25], based on the conventional for-
malism widely used in the SM [72-75]. To perform renormalization in an EFT it is
appropriate to use a dimensionless regulator, see Refs. [28] for a review discussion. We
work with dimensional regularization and define

A 2 —In —lné (2.59)
W g g ™ .

2

where d is space-time dimension, the loop measure is u* % d"q and ug is the renormal-
ization scale; 7 is the Euler-Mascheroni constant. Counterterms for SM parameters and
fields are defined by

2

Zi=1+: 69 _ (dZE‘” + g6 dZ,@) Apy . (2.60)
m

With field/parameter counterterms we can make UV finite the self-energies and the
corresponding Dyson resummed propagators. However, these counterterm subtractions
are not enough to make UV finite the Green’s functions with more than two legs (at

19



O(9™ge)). A mixing matrix among Wilson coefficients is needed:

2
W ~ren W g w
J

For example, in this way we can renormalize the (on-shell) S-matrix for H(P) —
A, (p1)A,(p2) and H(P) — A,(p1)Z,(p,) which have only one (transverse) Lorentz
structure. By on-shell S-matrix for an arbitrary process (involving unstable particles)
we mean the corresponding (amputated) Green’s function supplied with LSZ factors and
sources, computed at the (complex) poles of the external lines [76-78]. For processes
that involve stable particles this can be straightforwardly transformed into a physical
observable.

The connection of the HVV,V = Z, W (on-shell) S-matrix with the off shell vertex
H — VV and the full process pp — 41 is more complicated and is discussed in some
detail in Sect. 3 of Ref. [19]. The “on-shell” S-matrix for HVV, being built with the the
residue of the H—V—V poles in pp — 41 is gauge invariant by construction (it can be
proved by using Nielsen identities [79]) and represents one of the building blocks for the
full process: in other words, it is a pseudo-observable [37,38,19]. Technically speaking
the “on-shell” limit for external legs should be understood “to the complex poles” (for
a modification of the LSZ reduction formulas for unstable particles, see Ref. [80]) but,
as well known, at one loop we can use on-shell masses (for unstable particles) without
breaking the gauge parameter independence of the result. Residues of complex poles are
what matters, as far as renormalization is concerned.

The H(P) — Z,(p1)Z,(p2) (on-shell) matrix contains a part of the amplitude propor-
tional to g" (referred to as Dy, below) and a part of the amplitude proportional to p§ py
(referred to as Py, below). Both of these terms get renormalized through a mixing.

Consider now the H(P) — W™ ,(p))W™,(p2) (on-shll) matrix: it has the same Lorentz
decomposition of H — ZZ and it is UV finite in the dim = 4 part. The Dy, part at
dim = 6 is renormalized through a mixing; however, there are no Wilson coefficients in
Puww that are not also present in Py,,, so that the UV finiteness of this term is related
by gauge symmetry to the renormalization of Py,,. This is the first part of the arguments
used in Refs. [15,25] in proving closure of NLO SMEFT under renormalization.

The (on-shell) decays H(P) — b(p;)b(ps) and Z(P) — (p;)¢(ps) are more involved
to improve to NLO in the SMEFT. The SM contribution to these amplitudes are ren-
dered finite by the SM counterterms, however renormalizing the contributions due to Lg
requires an extensive treatment of this operator mixing.

Some structure present in the SM is not preserved when extending an analysis into the
SMEFT. Manifestly, processes that first appear at one loop in the SM can occur at
tree level in the SMEFT, due to the presence of local contact operators. However, some
symmetries of the SM are preserved. For example, consider the universality of the electric
charge. In pure QED there is a Ward identity [81] telling us that e can be renormalized
in terms of vacuum polarization (which is a way to understand the universality of the
coupling), and Ward-Slavnov-Taylor (WST) identities [81-83] allow us to generalize the
argument to the full spontaneously broken SM symmetry group. The previous statement
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means that the contribution from vertices (at zero momentum transfer) in the full SM
exactly cancel those from (fermion) wave function renormalization factors. Therefore,
by directly computing the vertex A v (at ¢ = 0) and the Z,, wave function factor in
the SMEFT, one can directly prove (or check) that the WST identity is extended to the
SMEFT at Ls. This is expected as the corresponding identities are the consequence of
symmetries. However, this is technically non-trivial even after the previous steps in the
renormalization program discussed above. Once (non-trivial) finiteness of this vertex is
established, the finiteness of eTe™ — ¢ ¢ (including the four-point functions in the non
resonant part) follows. This is the second part in proving closure of the NLO SMEFT
under renormalization, using the arguments of Refs. [15,25].

At NLO one first has to render all SM and SMEFT parameters finite. Considering the
arguments above, and the complete renormalization results of all the operators in Lg
reported in Refs. [7,16,63,84] in the Warsaw basis, this step in the NLO program has
been accomplished. This result has not been established in any other basis to date.

2.9 Beyond one loop

The absorption of UV divergences into local counterterms is, to some extent, the easy
step; finite renormalization, and the imposition of the appropriate renormalization con-
ditions to fix the finite terms in an amplitude in general requires more attention. This
is particularly the case beyond one loop order in the SMEFT. For example, beyond one
loop one should not use on-shell masses as renormalization conditions, but only complex
poles for all unstable particles, see Refs. [37,85]. Some examples where the concept of an
on-shell mass can be employed are as follows. Suppose that we renormalize a physical
(pseudo-)observable F
g’ (4) (6)
2 6)/ 2 4

F =yt o [FP ) + g6 B (m*)| +0(g"). (2.62)
where m is some renormalized mass, Fp is the Born term and F}y, is one loop. Consider
two cases: a) two-loop corrections are not included and b) m appears at one and two
loops in Fj;, and Fj;, but does not show up in the Born term Fy. In these cases we

can use the concept of an on-shell mass performing a finite mass renormalization at one
loop. If my is the bare mass for the field V we write

2

mg = Mg {1 + 16?79 Re Evvifin a2, } = Mds+g* AM?, (2.63)

where Mqg is the on-shell mass and ¥ is extracted from the required one-particle irre-
ducible Green’s function; Eq.(2.63) is still meaningful (no dependence on gauge param-
eters) and will be used inside the result.

2.10 Input parameter choices

Several choices can be made for implementing a renormalization scheme to calculate to
NLO in the SMEFT. Any well defined scheme can be used, but various schemes offer
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different advantages and disadvantages on a technical level. The detailed fixing of poles
and residues that make up precise renormalization conditions require a lengthy discus-
sion. For detailed reviews in the case of the SM, see Refs. [86,87]. Below we summarize
the results of the finite renormalization in the relationship to the input observables.

It is necessary to stress again that if one were to construct a complicated proposal that
is tied to one particular IPS, for example the « scheme only at LO, this would be in
stark contrast to the well defined Warsaw basis, which can be related to any IPS, at LO
or NLO.

2.10.1 Using a ‘Gp-scheme’ with G, My, M,

In the ‘Gp-scheme’; one uses {Gp, My , My} to fix terms in the Lagrangian. In this
case, we write the following equation for the ¢ finite renormalization

2
gexp
16 7

Gren = Gexp + (dZ§4) + 9o dZé‘”) , (2.64)
where g, will be expressed in terms of the Fermi coupling constant G'p. Furthermore,
¢, = My /My. The p-lifetime can be written in the form
5
1 M, 94

7. 1927° 32 M

(140,) - (2.65)

The radiative corrections are 9, = 5XV + 0g where d¢ is the sum of vertices, boxes etc
and 6Zv is due to the W self-energy. The renormalization equation becomes

Gr ¢ g 1
R T AGET= 96 + 22 Sww (0)] (2.66)

where we expand the solution for g

GFM\%V;OS
2\/§7r2

Note that the non universal part of the corrections is given by

1
Gon = 4V2 G p My .05 {1 + [5G ti wa;ﬁn(o)] } : (2.67)

745
0 =05 + 9508 04 =6+ —2 Inc?, (2.68)

286

but the contribution of L5 to muon decay at NLO is not available yet and has not be
included in the calculation. It is worth noting that Eq.(2.66) defines the finite renormal-
ization in the {Gp, My, My} IPS.
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2.10.2 The ‘a scheme’, using o, Gg, M,

This scheme uses the fine structure constant a and is based on using {«, Gp, M} as
the IPS. The new finite-renormalization equation is
o Ilxa (O)}

2 2
S ——47ra[1——
95 T S?

(2.69)

where @ = aqp,(0) and I, o defines the vacuum polarization. Therefore, in this scheme,
the finite counterterms are

2 2 o ren o Q ~2 (0%
Gren = Ya |:1+_7rdzg} € =G |:1+Ed266:|7 Mren:MZ;Oscg |:1+8_7TdZMW )

4 4
(2.70)
where the parameters ¢, and g, are defined by
e 1 T
2 22
g2=2T s:—[l— 1—4—]. (2.71)
* S? ’ 2 \/§GF M%;OS

The reason for introducing this scheme is that the S, T and U parameters (see Ref. [88])
have been originally given in the {«, Gp, My} scheme, and these input parameters
are very well measured. When calculating processes involving photons final states, this
scheme can be transparent to adopt. For other processes, the {Gp, My , My} scheme
can be more appropriate, and is in wider use in the SM, in higher order calculations.
In the o -scheme, after requiring that M .0s is a zero of the real part of the inverse 7
propagator, we are left with one finite counterterm, dZ,. The latter is fixed by using
G'r and requiring that

Lo % 109 ot A (0) — (2 + d2as,) & 2.72

/5 F—8M2{+ 2[G+ ww (0) ( w T MW> UV]}a (2.72)

167 M?
where we use the following relations for UV and finite renormalization,

«

81

2

9 = Yren (1 + greng ng AUV) Gren = 9a <1 + ng) . (273)
167

Note that SM EW calculations available in literature generally use G for the pure weak

part or evolve a(0) — a(M) and use a(M) as the expansion parameter at the scale M.

For a comprehensive discussion see Sect. 5.3 of Ref. [89].

When « is used in the analysis of “high” energy data it is afflicted with hadronic uncer-
tainties entering already at the one loop level and arising because it must be “run up”
from low energy, crossing the hadronic resonance region. The Fermi coupling constant,
obtained from the muon lifetime, does not suffer from this disadvantage (even in the full
SM one loop hadronic effects are mass suppressed) [90].

2.11 Background field gauge

Any well defined gauge can be used in a calculation, see Ref. [91] for an excellent review
on gauge fixing. There can be some advantage to organising a calculation in a manner
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that enforces relationships between counter terms due to gauge invariance. A technique
that accomplishes this is known as the Background Field (BF) method [92,93]. The
idea is that fields are split into classical and quantum components and a gauge fixing
term is added that maintains the gauge invariance of the classical background fields,
while breaking the gauge invariance of the quantum fields. Due to the resulting Ward
identities, one finds the relations among the SM counterterms [86]

ZAZe = 17 ZH = Z¢:t = Z‘D ZW292 == 17 (274)

o’
where A, e are the photon and corresponding electric coupling e, H is the SM Higgs
field, and ¢, ¢, are the Goldstone bosons. W is the SM W boson with gauge coupling
gs- The gauge fixing in the BF method can be imposed as in Ref. [86,94]. Use of the
background field method can make extending the WST relations between counterterms
manifest and transparent, even when including the effects of Lg.

Extending any gauge fixing procedure to the case of the SMEFT is subtle, due to the
order by order redefinition of the fields that are gauged due to terms in Lgy;pppr. This
remains the case when using the background field method. For example, although naively
unexpected, terms in Lg can, and must, source ghost interactions due to the redefinition
of the SM fields order by order in the power counting of the SMEFT. For some discussion
on these subtleties see Refs. [23,24]. Optimally resolving the technical complications that
result, when using the background field method in the SMEFT, is an unsolved problem.

These subtleties are some of the reasons it is difficult to directly modifying computer
programs that have been developed for automatic NLO calculations in the SM, to the
case of the SMEFT. The essential challenge is again that the SMEFT s a different
theory than the SM. The development of NLO SMEFT Monte-Carlo tools is still very
much a work in progress.

3 Known results in the SMEFT to NLO

Despite all of the challenges to advancing SMEFT results to NLO, progress in this
area is rapid and steady. In this section we briefly sumarize some of these theoretical
developments.

3.0.1 Renormalization results

The complete renormalization of the Warsaw basis was reported in Refs. [7,16,63,84]. In
the approach outlined in Section 2.8, results for the Warsaw basis operator renormal-
ization were reported in Refs. [15,25]. Use of SMEFT renormalization results (including
a subset of NLO finite terms) to leverage EWPD to bound operators not contributing
at tree level was reported in Ref. [95]. Partial results for renormalizing some alternate
operator sets in the so called “SILH basis” were given in Refs. [96,97]. A recent study
of RGE effects on the oblique parameters, in a subset of UV models, was reported in
Ref. [21].
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3.0.2 Advances in one loop matching techniques

Recently, the covariant derivative expansion discussed in Refs. [98-100] has re-emerged in
Refs. [101-103] as a powerful technique to perform matching calculations to underlying
UV theories at one loop. The basic idea at work is that, the contribution to the effective
action that results when integrating out a heavy field X at one loop is schematically
given by

AS o< i Tr log [D* + m% + U(x)] (3.75)

where my is the mass of the X field integrated out, D* = D,D", D, is the covari-
ant derivative, and U(z) depends on the SM field content. The covariant derivative
expansion allows this functional trace to be directly evaluated, while keeping gauge co-
variance manifest. This simplifies and systematizes one loop matching calculations in

the SMEFT, in many simple UV physics cases.™®

3.0.3 Full nonperturbative NLO results

As discussed previously Refs. [9-11,105,106] have developed the theoretical technology
(essentially advanced use of Hilbert series techniques) to characterize the number of
independent operators present at each order in the SMEFT expansion. This has lead to
the complete characterization of the operator sets in £, and Lg in these works.

3.0.4 Perturbative NLO results in the SMEFT

Full results to NLO in the SMEFT have started to appear in the literature. The first
pioneering calculations of this form were for the process 1 — e~ in Ref. [107] and for
the process I'(H — yv) in Refs. [23-25]. In [24] the full NLO perturbative SMEFT
result for this decay with no assumption in the underlying UV scenario was reported.
Ref. [25] also reported NLO results for '(H — Zy), H — ZZ*, H — W W”* under
the assumption of a PTG scenario and presented results to NLO for the W mass and
other EWPD parameters. Recently Ref. [22] also reported NLO perturbative results for
H — bb and H — t7 1% in the general SMEFT, including finite terms, in the large m,
limit. NLO QCD results for a set of higher dimensional operators contributing to the
Higgs pair production process were given in Ref. [108].

3.1 NLO theory errors and bounds on parameters in Lg

Until deviations from the SM are observed, studies of the SMEFT are studies of con-
straints. Nevertheless, in a situation where no new physics effects are observed, the

8Tt is worth noting, that some questions remain about the effect of mixing between the heavy and
light field content in this approach [104].
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experimental results cannot be expressed trivially into the limits

—L < 5P (M.,). (3.76)

First of all, several SMEFT operators generally contribute to any one observable. The
value of one operator has basically no meaning in the general SMEFT case. A complete
(sub-)set of operators in the SMEFT is present unless symmetries, or knowledge of the
UV theory, allows a reduction. Global constraint analyses in the SMEFT are a very
active area of research. NLO SMEFT analyses have one very important point to add to
such efforts, which is the characterization of the SMEFT theoretical error, when fitting
to a coefficient in L4 at LO.

Generally, as SMEFT theoretical errors are only increasing the theoretical uncertainty,
including an appropriate SMEFT theoretical error reduces the degree of constraint on
parameters in L. In particular, it has been shown that claims of general model indepen-
dent bounds at the per-mille level, on individual operators due to the LEP experiments,
do not hold, when considering SMEFT theoretical errors [17,18]. These bounds are re-
laxed to the percent level by such considerations. This is clearly the case in general, and
the relaxing of these bounds does not correspond to the SMEFT expansion breaking
down. If the SMEFT expansion were to break down, the bounds would not be relaxed
only by an order of magnitude, they would not be present at all.

The reason bounds are relaxed in a consistent SMEFT approach is very easy to illustrate
[17,18]. Naively incorporating a per-mille constraint in EWPD on a combination of
dimension six Wilson coefficients, denoted cg, corresponds to cqg 17%//&2 < 10~?, which
gives ¢g < 0.1 for A ~ 2.5TeV. Such a naive bound neglects the effects of the large
number of dimension eight operators in the SMEFT; so that schematically ¢+ 0.01 ¢g <
0.1 for TeV cut off scales. Bounds of this form are difficult to consider as precise
numerical limits on the inferred Wilson coefficients. It is now known that there are 993
N; = 1 operators in the L3 SMEFT, with Wilson coefficients that are not all related
to the specific combination of Wilson coefficients denoted ¢4 in the above expression.
Generally the SMEFT does remain predictive, and only a small subset of the L5 operators
contribute to a particular observable. It is actually extremely conservative to only argue
that LEP based constraints are relaxed to the percent level from the per-mille level, due
to theoretical errors introduced due to the neglect of these effects in the SMEFT.

Per-mille constraint claims based on LEP analyses that completely neglect theoretical
errors in the SMEFT, are not strong statements. The neglect of higher order terms
in the SMEFT must be quantified with some theory error metric. We have advanced a
number of examples in this document as to how such a theory error metric can be defined.
Alternative schemes to define theory errors could also be defined, but some theory error
is essential in a LO analysis. If a LO formalism makes it particularly difficult (or easy)
to define such a theory error, then this is a serious consideration to take into account
when choosing an approach to the LO SMEFT.
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3.2 A study of constraints

As a particular example, we discuss the impact of NLO corrections on inferred LO
bounds, in the case of I'(H — y7v), using the results of Refs. [23,24]. We consider the
general SMEFT case, consider unknown C; ~ 1 and vary the unknown parameters over
0.8 < A < 3in TeV units. Note that v7./(0.8 TeV)? ~ 0.1. Taking r., from Ref. [109] to
be 0.93%03%, and neglecting light fermion (m; < my;) effects for simplicity, one finds the
10 range

—2
I < 0.02. (3.77)

NP

16 7

Here, the tilde superscript denotes that the scale 1/ A? has been factored out of a Wilson
coefficient. The f; terms correspond to the “nonfactorizable” terms, and C’yl;NP corre-
sponds to the one loop improvement of the Wilson coefficient that gives this decay at
tree level — C~’$ ;NP. The difference in the mapping of this constraint to the coefficient of

~0,NP .
Cyy' " at tree level, and at one loop, can now be characterized.

To determine this correction we determine the percentage change on the inferred value of
the bounds of C’$ ;NP, while shifting the quoted upper and lower experimental bounds by
the NLO SMEFT perturbative correction. The envelope of the two percentage variations
on the bounds is quoted in the form [, |, for values of A varying from [0.8, 3] TeV. For one
specific choice of signs for C;, we find the following characteristic results. The net impact
of one-loop corrections (added in quadrature) due to higher dimensional operators on
the bound of the tree level Wilson coefficient is

Aguad Cov " ~ 129,41 %. (3.78)

Similarly, CMS reports x., = 0.98701¢ [110], which gives

Aguad Cov " ~ 152,71 %. (3.79)

It is possible that these corrections could add up in a manner that is not in quadrature,
as this depends on the unknown C; values. The impact of the one-loop corrections listed
above is on current experimental bounds of I'(H — yy), following from our conservative
treatment of unknown UV effects. As the experimental precision of the measurement
of '(H — yy) increases, the impact of the neglected corrections directly scales up.
Repeating the exercise above, with a chosen projected RunlI value . = 140.045 which
is consistent with projected future bounds (CMS - scenario II [69,68])

(Ayyq CONEYPTOT = Bunll 1167 9179 (3.80)

quad “1y

High luminosity LHC runs are further quoted to have a sensitivity between 2% and 5%

in k., [111]. Choosing a value ., = 1 £ 0.03 for this case, one finds

(A C«S%{NP)pTOj HILHC _ 1250,31] % . (3.81)

quad

It is clear that neglected one loop corrections can have an important effect on the pro-
jection of an experimental bound into the LO SMEFT formalism, when measurements
become sufficiently precise and the cut off scale is not too high.
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3.3 A study of SM-deviations

Here the reference process is the off-shell gg — H production. It is important to go off-
shell because the correct use of the SMEFT proves that scaling couplings on a resonance
pole is not the same thing as scaling them off of a resonance pole, which has important
consequences in bounding the Higgs intrinsic width, see Refs. [112-114].

In the x approach, which was developed out of Refs. [115-117], and formalized in
Ref. [118], one write the amplitude as

A% = Z Ky A+ k8%, (3.82)
q=t,b

A:® being the SM t-loop etc. The contact term (which is the LO SMEFT) is given by
k&%, Furthermore «}° = 1 + A x3® Next we compute the following ratio

R=o0 (&, &%) Joou — 1 [%]. (3.83)

In LO SMEFT x, is non-zero and k, = 1. One measures a deviation and gets a value for
k.. However, at NLO Ak, is non zero and one gets a degeneracy: the interpretation in
terms of k;° or in terms of {ix; ", Ay “} could be rather different (we show an example

in Fig. 4). Going interpretational we consider

gs g8 gs ~ gg g nfc;gg
ASMEFT = % Z Kq -Aq +2§]Sg CHg 3 Z Af C (384)

q=t,b 7T q=t,b

where g3 is the SU(3) coupling constant. Using Eq.(3.84) we adopt the Warsaw basis
and eventually work in the (PTG) scenario [41, 42] The following options are available:
LO SMEFT: x, = 1 and C’Hg is scaled by 1/16 7% being “loop-generated” (LG); NLO
PTG-SMEFT: k, # 1 but only PTG operators inserted in loops (non-factorizable terms
absent), éHg scaled as above; NLO full-SMEFT: k, # 1 LG/PTG operators inserted in
loops (non-factorizable terms present), LG coefficients scaled as above. Again we note
the PTG classification scheme is not valid for all possible UV.

It is worth noting the difference between Eq.(3.82) and Eq.(3.84), showing that the
original k-framework can be made consistent at the price of adding “non-factorizable”
sub-amplitudes. At NLO, Ax = g _p and

1 =26 A Aoy = gs, (3.85)
_ _ _ 1 - ‘ _ _ _ 1 .
:CHW+CtH+QCHD_§CHD pgbg:CHW_CbH+ZCHD_§CHD-
(3.86)

Relaxing the PTG assumption introduces non-factorizable sub-amplitudes proportional
to Cyyy, Cyyp With a mixing among Cy o C’tg, C’bg Meanwhile, renormalization has made
one-loop SMEFT finite, e.g. in the G -scheme, with a residual ug -dependence.

We allow each Wilson coefficient to vary in some interval I, = [-n, +n] and fix a
value for A. Next we generate points from I,, for the Wilson coefficients with uniform
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probability and calculate R. Finally, we calculate the R probability distribution function
(pdf), as shown in Figs. 2,3.

As another example, a comparison between the LO pdf and NLO pdf for H — yy using
the approach of this section, and the results in [25], is shown in Fig. 4.

4 Summary Comments

The takeaway lessons are as follows.

Overall, the neglect of NLO corrections, considering the precision of Runl mea-
surements, is (retrospectively) justified. However, considering projections for the
precision to be reached in Runll analyses, LO results for interpretations of the
data in the SMEFT are challenged by consistency concerns, if the cut off scale is
in the few TeV range.

NLO results are starting to become available in the SMEFT. These results allow the
consistent interpretation of the data combining measurements at different scales,
and can robustly accommodate the precision projected to be achieved in RunlI
analyses, even for lower cut off scales.

NLO results allow the kappa-framework [118] to be extended. NLO results more
consistently include kinematic deviations from the SM, and define higher order
calculations in relation to a measured observable, in a well defined field theory. A
properly formulated SMEFT goes beyond LO and includes EW corrections.

The assignment of a theoretical error for LO SMEFT analyses is essential if the

cut off scale is assumed to be in the “interesting range” 1 TeV < A/y/C; < 3TeV.

Absorbing the effects of Lg corrections and/or or absorbing logarithmic NLO per-
turbative corrections into an “effective” parameter to attempt to incorporate NLO
corrections is not recommended. Such a redefinition cannot simultaneously be
made in different measurements sensitive to a LO SMEFT parameter, generally
measured at different scales, unless theoretical errors are introduced. Correlating
different measurements is necessary if the SMEFT is to be used in a predictive
fashion for constraints on LHC measurements.

It is not recommended that LEP constraints are interpreted to mean that effective
SMEFT parameters in L4, or combinations of such parameters, should be set to
zero in LHC analyses. Arguments leading to claims of strong bounds to justify
such a step rely on LO SMEFT analyses, without any theoretical error assigned.

In general, we recommend that the experimental collaborations restrict the bulk of
their efforts to defining and reporting clean measurements that can be interpreted
in any (actual) basis, and at LO or NLO in the SMEFT. By this we mean that
the focus for data reporting should be on real observables, fiducial cross sections
and/or pseudo-observables. If a LO interpretation of that data in the SMEFT
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is reported, there is no barrier to using the straightforward LO formalism of the
Warsaw basis, that is in common use in the theoretical community:.

Most importantly, it is not recommended to use LO results (subject to large undeter-
mined NLO corrections and uncertainties) when they are formulated in a framework
where it is not known how to define the NLO extension, or if this is even possible. At
the very least, the data must also be reported in a manner that ensures a NLO treatment
of the data is always possible in the future, bypassing any ill defined LO formalism.
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m <[: ---------------- Wt t SM
=+
------- di\/i LO SMEFT

e <[\Ei/¢t/xi 3, e <[z NLO SMEFT

Figure 1: Diagrams contributing to the amplitude for H — yy in the R, -gauge: SM (first
row), LO SMEFT (second row), and NLO SMEFT. Black circles denote the insertion of one
Lg operator. Z. implies summing over all insertions in the diagram (vertex by vertex). For
triangles with internal charge flow (t,Wi,q)i,Xi) only the clockwise orientation is shown.
Non-equivalent diagrams obtained by the exchange of the two photon lines are not shown.

Higgs and photon wave-function factors are not included. The Fadeev-Popov ghost fields are
denoted by X.
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Figure 2: Probability distribution function for the off-shell process gg — H. Support is
C; € [-1, +1] with a uniform prior, and we have set A = 3TeV.
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