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Intro - from parton distributions (1D) to generalized parton distributions (3D)

Can answer  questions about transverse geometry of HE pp collisions

Two (transverse)  scale picture of soft vs hard  interactions

Puzzle with the rate of double parton interactions

Solution (Blok’s talk) - primarily  pQCD evolution induced correlations

Need for parton - parton correlations

Quest for  correlations 

proton fragmentation in pA scattering

Global fluctuations /correlations 

Centrality dependence of forward jet production in pA



Studies of the diffraction at HERA stimulated derivation of new QCD factorization theorems.  In difference 
from derivation in the  inclusive case which  used closure, main ingredient is the color transparency property 
of QCD

π + T (A, N) → jet1 + jet2 + T (A, N) Frankfurt, Miller, MS 93 & 03

�� + N � � + N(baryonic system)

��L + N � ”meson”(mesons) + N(baryonic system)

D.Muller 94 et al, Radyushkin 96, Ji 96, Collins &Freund 98

Brodsky,Frankfurt, Gunion,Mueller, MS
 94- vector mesons, small x

Collins, Frankfurt, MS 97 -  general case

provide  new effective tools for study of the 3D 
hadron structure,  color transparency and 
opacity and chiral dynamics

Hard Exclusive processes



element.4 We will give the definition later. The factor ↵ j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. ⇤3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density ⇤the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter ⌅ in Eq. ⇤3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The ⌅ dependence of the

distribution f i/p and of the light-cone wave function ↵ j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi ⇤DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2⇤a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function ↵V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2⇤a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

⇤✏� for the lower two lines and 1
2V

�✏⇤ for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2⇤b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ⇧ �/2, where  and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ↵ j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p⇤x1 ,x2 ,t ,⌅�

⇥⇥
�⌥

⌥ dy�

4⌃
e�ix2p

⇤y�
⇥p��T⌦̄⇤0,y�,0T�✏

⇤P⌦⇤0 ��p�,

⇤4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2⇥x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. ⇤4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t⇣0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,⌅) is obtained by setting

t⇥0 and x1⇥x2⇥x in Eq. ⇤4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. ⇤4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. ⇤1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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tiontheoremEq.⇤3�isillustratedinFig.1.
Theaboveformulaiscorrectfortheproductionoflongi-

tudinallypolarizedvectormesons.Fortheproductionof

transverselypolarizedvectormesonsorofpseudoscalarme-

sons,wehaveaformulaofexactlythesamestructure,butin

whichtheunpolarizedpartondensityisreplacedbyapolar-

izedpartondensity⇤thetransversitydensityfortransverse

vectormesons,andthehelicitydensityforpseudoscalarme-

sons�.Similarchangeswillneedtobemadetothedefinition

ofthemesonwavefunction. Theparameter⌅inEq.⇤3�istheusualrenormalization-

factorizationscale.ItshouldbeoforderQ,inorderthatthe

hardscatteringfunctionH
ijbecalculablebytheuseof

finite-orderperturbationtheory.The⌅dependenceofthe

distributionfi/pandofthelight-conewavefunction↵
j
V

are

givenbyequationsoftheDokshitzer-Gribov-Lipatov-

Altarelli-Parisi⇤DGLAP�kind,aswewilldiscussinSec.

VIII.
TypicallowestordergraphsforHareshowninFig.2.

ConsiderFig.2⇤a�,allofwhoseexternallinesarequarks.

Afterwegothroughthederivationofthefactorizationtheo-

rem,andhaveconstructeddefinitionsofthedistributionfi/p

andofthelight-conewavefunction↵V
,wewillbeableto

seethatthedefinitionofHisthesumofgraphssuchasFig.

2⇤a�contractedwithsuitableexternallinefactorsthatcorre-

spondtotheDiracwavefunctionsofthepartons.Inthecase

oflongitudinalvectormesonproduction,thefactorsare

1
2p⇤✏�

forthelowertwolinesand1
2V�✏⇤

forthelines

connectedtotheoutgoingmeson.Thesefactorsarerelatedto

spinaveragesofDiracwavefunctionsforthequarks.

Inthecaseofthegluon-inducedsubprocess,Fig.2⇤b�,the

externalfermionlinesofHaretobecontractedwiththe

samefactorsasbefore,butthetwogluonlinesaretobe

contractedwith⇧ �/2,where and�aretransverseindices,

andthe1/2representsakindofspinaverage.

SeeSec.IXformoreinformationontheprecisenormal-

izationconventionsforthehardscatteringfunction. B.Definitionsoflight-conedistributionsandamplitudes:

Longitudinalvectormeson
1.Quarkdistribution Thedistributionfunctionfi/pandmesonamplitude↵

j
V

aredefined,asusual,asmatrixelementsofgauge-invariant

bilocaloperatorsonthelightcone.Inthecaseofaquarkof

flavori,wedefine

fi/p⇤x1,x2,t,⌅�

⇥⇥
�⌥

⌥dy�

4⌃e�ix2p
⇤

y�

⇥p��T⌦̄⇤0,y�
,0T�✏⇤P⌦⇤0��p�,

⇤4�
wherePisapath-orderedexponentialofthegluonfield

alongthelightlikelinejoiningthetwooperatorsforaquark

offlavori.Wehavedefinedx1tobethefractionalmomen-

tumgivenbythequarktothehardscatteringand�x2tobe

themomentumgivenbytheantiquark;inthefactorization

theoremtheyobeyx1�x2⇥x,withxbeingtheusual

Bjorkenvariable.Atfirstsighttheright-hand-sideofEq.⇤4�

appearstodependonlyonx2andnotonx1noront.The

dependenceontheothertwovariablescomesfromthefact

thatthematrixelementisnonforward.Thedifferenceinmo-

mentumbetweenthestates�p�and�p��togetherwiththe

useofalight-coneoperatorbringsindependenceonx1and

ont.Itisnecessarytotakeonlytheconnectedpartofthe

matrixelement.
Thesamedefinitionhasrecentlybeengivenanddiscussed

byJiandRadyushkin�12–14�.AsJipointsout,whent⇣0

thereareinfacttwoseparatepartondensities,withdifferent

dependenceonthenucleonspin.Forthepurposesofour

proof,itwillbeunnecessarytotakethisintoaccountexplic-

itly;wecansimplysupposethatthisandtheotherparton

densitieshavedependenceonthespinstateofthehadron

states�p�and�p��. Theusualquarkdensityfi/p(x,⌅)isobtainedbysetting

t⇥0andx1⇥x2⇥xinEq.⇤4�.Inaddition,itwouldappear

thatonehastoremovethetime-orderingoperationfromthe

operatoroperatorsinEq.⇤4�toobtaintheoperatorusedfor

thepartondensitiesassociatedwithinclusivescattering�17�.

Weneedtime-orderedoperatorsinourpresentworkbecause

4
Infact,ourwholepaperappliestoamoregeneralcase.The

final-stateprotoninEq.⇤1�maybereplacedbyageneralbaryon:a

neutron,forexample.Thentheexchangedobjectnolongerhasto

havevacuumquantumnumbers.Theindexiinthefactorization

theoremisthentobereplacedbyapairofindicesfortheflavorsof

thetwoquarklinesjoiningthepartondensityfi/ptothehardscat-

tering.Similarly,thetwoquarklinesenteringthemesonmaybe

different,andtheindexjistobereplacedbyapairofindices.

FIG.2.Typicallowest-ordergraphsforH.

FIG.1.Factorizationtheorem.
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element.4 We will give the definition later. The factor ↵ j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. ⇤3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density ⇤the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter ⌅ in Eq. ⇤3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The ⌅ dependence of the

distribution f i/p and of the light-cone wave function ↵ j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi ⇤DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2⇤a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function ↵V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2⇤a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

⇤✏� for the lower two lines and 1
2V

�✏⇤ for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2⇤b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ⇧ �/2, where  and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ↵ j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p⇤x1 ,x2 ,t ,⌅�

⇥⇥
�⌥

⌥ dy�

4⌃
e�ix2p

⇤y�
⇥p��T⌦̄⇤0,y�,0T�✏

⇤P⌦⇤0 ��p�,

⇤4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2⇥x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. ⇤4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t⇣0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,⌅) is obtained by setting

t⇥0 and x1⇥x2⇥x in Eq. ⇤4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. ⇤4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. ⇤1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor ↵ j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. ⇤3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density ⇤the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter ⌅ in Eq. ⇤3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The ⌅ dependence of the

distribution f i/p and of the light-cone wave function ↵ j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi ⇤DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2⇤a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function ↵V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2⇤a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

⇤✏� for the lower two lines and 1
2V

�✏⇤ for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2⇤b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ⇧ �/2, where  and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ↵ j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p⇤x1 ,x2 ,t ,⌅�

⇥⇥
�⌥

⌥ dy�

4⌃
e�ix2p

⇤y�
⇥p��T⌦̄⇤0,y�,0T�✏

⇤P⌦⇤0 ��p�,

⇤4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2⇥x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. ⇤4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t⇣0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,⌅) is obtained by setting

t⇥0 and x1⇥x2⇥x in Eq. ⇤4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. ⇤4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. ⇤1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor ↵ j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. ⇤3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density ⇤the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter ⌅ in Eq. ⇤3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The ⌅ dependence of the

distribution f i/p and of the light-cone wave function ↵ j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi ⇤DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2⇤a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function ↵V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2⇤a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

⇤✏� for the lower two lines and 1
2V

�✏⇤ for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2⇤b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ⇧ �/2, where  and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ↵ j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p⇤x1 ,x2 ,t ,⌅�

⇥⇥
�⌥

⌥ dy�

4⌃
e�ix2p

⇤y�
⇥p��T⌦̄⇤0,y�,0T�✏

⇤P⌦⇤0 ��p�,

⇤4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2⇥x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. ⇤4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t⇣0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,⌅) is obtained by setting

t⇥0 and x1⇥x2⇥x in Eq. ⇤4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. ⇤4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. ⇤1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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element.4 We will give the definition later. The factor ↵ j
V is

the light-cone wave function for the meson, and Hi j is the

hard scattering function. The sums are over the parton types

i and j that connect the hard scattering to the distribution

function and to the meson. Since the meson has nonzero

flavor, the parton j is restricted to be a quark. The factoriza-

tion theorem Eq. ⇤3� is illustrated in Fig. 1.
The above formula is correct for the production of longi-

tudinally polarized vector mesons. For the production of

transversely polarized vector mesons or of pseudoscalar me-

sons, we have a formula of exactly the same structure, but in

which the unpolarized parton density is replaced by a polar-

ized parton density ⇤the transversity density for transverse
vector mesons, and the helicity density for pseudoscalar me-

sons�. Similar changes will need to be made to the definition
of the meson wave function.

The parameter ⌅ in Eq. ⇤3� is the usual renormalization-
factorization scale. It should be of order Q , in order that the

hard scattering function Hi j be calculable by the use of

finite-order perturbation theory. The ⌅ dependence of the

distribution f i/p and of the light-cone wave function ↵ j
V are

given by equations of the Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi ⇤DGLAP� kind, as we will discuss in Sec.
VIII.

Typical lowest order graphs for H are shown in Fig. 2.

Consider Fig. 2⇤a�, all of whose external lines are quarks.
After we go through the derivation of the factorization theo-

rem, and have constructed definitions of the distribution f i/p
and of the light-cone wave function ↵V, we will be able to

see that the definition of H is the sum of graphs such as Fig.

2⇤a� contracted with suitable external line factors that corre-
spond to the Dirac wave functions of the partons. In the case

of longitudinal vector meson production, the factors are
1
2 p

⇤✏� for the lower two lines and 1
2V

�✏⇤ for the lines

connected to the outgoing meson. These factors are related to

spin averages of Dirac wave functions for the quarks.

In the case of the gluon-induced subprocess, Fig. 2⇤b�, the
external fermion lines of H are to be contracted with the

same factors as before, but the two gluon lines are to be

contracted with ⇧ �/2, where  and � are transverse indices,
and the 1/2 represents a kind of spin average.

See Sec. IX for more information on the precise normal-

ization conventions for the hard scattering function.

B. Definitions of light-cone distributions and amplitudes:

Longitudinal vector meson

1. Quark distribution

The distribution function f i/p and meson amplitude ↵ j
V

are defined, as usual, as matrix elements of gauge-invariant

bilocal operators on the light cone. In the case of a quark of

flavor i , we define

f i/p⇤x1 ,x2 ,t ,⌅�

⇥⇥
�⌥

⌥ dy�

4⌃
e�ix2p

⇤y�
⇥p��T⌦̄⇤0,y�,0T�✏

⇤P⌦⇤0 ��p�,

⇤4�

where P is a path-ordered exponential of the gluon field

along the lightlike line joining the two operators for a quark

of flavor i . We have defined x1 to be the fractional momen-

tum given by the quark to the hard scattering and �x2 to be

the momentum given by the antiquark; in the factorization

theorem they obey x1�x2⇥x , with x being the usual

Bjorken variable. At first sight the right-hand-side of Eq. ⇤4�
appears to depend only on x2 and not on x1 nor on t . The

dependence on the other two variables comes from the fact

that the matrix element is nonforward. The difference in mo-

mentum between the states �p� and �p�� together with the
use of a light-cone operator brings in dependence on x1 and

on t . It is necessary to take only the connected part of the

matrix element.

The same definition has recently been given and discussed

by Ji and Radyushkin �12–14�. As Ji points out, when t⇣0
there are in fact two separate parton densities, with different

dependence on the nucleon spin. For the purposes of our

proof, it will be unnecessary to take this into account explic-

itly; we can simply suppose that this and the other parton

densities have dependence on the spin state of the hadron

states �p� and �p��.
The usual quark density f i/p(x ,⌅) is obtained by setting

t⇥0 and x1⇥x2⇥x in Eq. ⇤4�. In addition, it would appear
that one has to remove the time-ordering operation from the

operator operators in Eq. ⇤4� to obtain the operator used for
the parton densities associated with inclusive scattering �17�.
We need time-ordered operators in our present work because

4In fact, our whole paper applies to a more general case. The

final-state proton in Eq. ⇤1� may be replaced by a general baryon: a
neutron, for example. Then the exchanged object no longer has to

have vacuum quantum numbers. The index i in the factorization

theorem is then to be replaced by a pair of indices for the flavors of

the two quark lines joining the parton density f i/p to the hard scat-

tering. Similarly, the two quark lines entering the meson may be

different, and the index j is to be replaced by a pair of indices. FIG. 2. Typical lowest-order graphs for H .

FIG. 1. Factorization theorem.
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partonic scattering process, which is calculable in powers of . The indices label

the different parton species. The contribution of diagrams in which the hard scattering process

involves more than the minimum number of partons is suppressed by . An important con-

sequence of factorization is that the –dependence of the amplitude rests entirely in the GPD.

Thus, different processes probing the same GPD should exhibit the same –dependence.

4.2 Space–time picture: “Squeezing” of hadrons

The physics of hard exclusive processes at small becomes most transparent when following

the space–time evolution in the target rest frame. As in the case of inclusive scattering, this

approach allows one to expose the limits of the leading–twist approximation, and to quantify

power corrections due to the nite transverse size of the produced meson.

In exclusive vector meson production, , one can identify three distinct stages

in the time evolution in the target rest frame. The virtual photon dissociates into a dipole

of transverse size at a time coh before interacting with the

target, cf. Eq. (3). The dipole then scatters from the target, and “lives” for a time

before forming the nal state vector meson. The difference in the time scales is due to the

smaller transverse momenta (virtualities) allowed by the meson wave function as compared to

the virtual photon.

In the leading logarithmic approximation in QCD , the effects of QCD radiation can

again be absorbed in the amplitude for the scattering of the small–size dipole off the target. It

can be shown by direct calculation of Feynman diagrams that the leading term for small dipole

sizes is proportional to the generalized gluon distribution, eff , where eff

[7]. A simpler approach is to infer the result for the imaginary part of the amplitude from

the expression for the cross section, Eq. (6), via the optical theorem. The imaginary part is

proportional to the generalized gluon distribution at and . At sufciently large
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Figure 4: Factorization of the amplitude of hard exclusive meson production, Eq. (12).
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Drop of  B is well reproduced by dipole  
approximation (in case of Frankfurt. 
Koepf,MS  actually a prediction of 12 

years  before the data)
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meson electroproduction to the 
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Dipole fit to the two-gluon form factor with x-independent M2~ 1 GeV2

gives a reasonable description of the data F &S 02; gluon distribution is more compact than quark one 
for x ~ 0.02- 0.05 - Many implications for LHC and correlations of partons in nucleons

Small size of J/ψ - t-dependence of J/ψ  photo/electro production 
measures the two gluon f.f. of nucleon and hence transverse spread 
of gluons

Fg(t) = 1/(1� t/M2)2
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Important characteristic of high energy collisions is the impact parameter of 
collision. Well defined  since angular momentum is conserved and L = bp 

Different intensity of interactions for small and large impact parameters 

Small b ➠ large overlap of parton densities

Large probability of multiparton, soft/hard interactions

b b

8

transverse view

side view

Peripheral 
pp collisions 

Two scale 
picture

Puzzle:  though gluons are well localized, still  too many parton - parton interactions at 
large b ~ 1.5 fm; need at hoc cutoff for hard interactions with pt ~ few GeV growing with 
energy.  Yura’s suggestion helped a bit (Kotko, Stasto, MS 16)
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Diagonal Generalized 
Parton distribution - 
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For inclusive cross section at high virtuality transverse structure 
does not matter - convolution of parton densities

However critical for understanding global structure of inelastic events 
⇓

9



Gluon transverse size decreases with increase of x

Transverse size of large x partons is much smaller than 
the transverse range of soft strong interactions 
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Fig. 5. (Left) Impact parameter distributions of inelastic pp collisions at
p

s=7 TeV.
Solid (dashed) line: Distribution of events with a dijet trigger at zero rapidity,
y1,2 = 0, for pt = 100 (10) GeV cf. Eq. (10). Dotted line: Distribution of minimum-
bias inelastic events, cf. Eq. (11). (Right) Dependence of median b on pt for
different rapidities of the dijets.

The present pp LHC data already provide important tests of this picture.
Let us consider production of the hadron (minijet) with momentum pt. The
observable of interest here is the transverse multiplicity, defined as the mul-
tiplicity of particles with transverse momenta in a certain angular region
perpendicular to the transverse momentum of the trigger particle or jet (the
standard choice is the interval 60

�
< |��| < 120

� relative to the jet axis; see
Ref. [9] for an illustration and discussion of the experimental definition). In
the central collisions one expects a much larger transverse multiplicity due
to the presence of multiple hard and soft interactions. At the same time, the
enhancement should be a weak function of pt in the region, where main con-
tribution is given by the hard mechanism [2,3]. The predicted increase and
eventual flattening of the transverse multiplicity agrees well with the pat-
tern observed in the existing data. At

p
s = 0.9 TeV the transition occurs

approximately at pT, crit ⇡ 4 GeV, at
p

s = 1.8 TeV at pT, crit ⇡ 5 GeV, and
at pT, crit = 6–8 GeV for 7 TeV [10,11]. We thus conclude that the minimum
pt at which particle production, due to hard collisions, starts to dominate
significantly increases with the collision energy. This effect is likely to be
related to the onset of the high gluon density regime in the central pp inter-
actions, since with an increase of incident energy partons in the central pp,
collisions propagate through stronger and stronger gluon fields.
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Knowledge of GPD allows to start addressing question of the parton - parton correlations in 
the hadron wave functions. Natural process sensitive to such correlations is is double (multiple) 
parton scattering.

a) b)

b1

t
pmin

A view of double scattering in the transverse plane.

Where is the infinite number of  primordial ’sea’ partons in the 
state of the proton: inside the constituent quarks (a) or outside (b) ?

infinite momentum

 Multi-jet production - probe of  parton correlations in nucleons

At  high energies, two (three ...) pairs of partons can 
collide to produce multi-jet events which have 
distinctive kinematics from the process:
 two partons → four partons.  

Note - most of collisions   occur  at the points 
separated in transverse plane  by Δρ ~0.5 fm ⇒ 

independent fragmentation of different dijets

27
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naive constituent quark model. 
Gluons near quarks

Mean field = 
uncorrelated gluons

We found in 2004 that  mean field model with gluon GPDs underestimated DPS by a 
factor of two. (MC models “solve” the problem by adjusting the transverse size of the 
proton) Unambiguous evidence  for correlations. What kind?

Managed to interest Yura -- current conclusion: 
most of enhancement due to pQCD evolution which induces perturbative correlations (Blok’s 
talk). Tests using pA data - to check for longitudinal correlation effects - are necessary (LHC)
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Shared interest - what happens when proton (pion,...) passes through the nucleus 
Gribov has taught us that the Glauber /eikonal diagrams is zero and that inelastic 
diffraction plays a key role. Focus on three puzzles/phenomena

Puzzle 1: How nucleon fragments in central pA collisions (heavy nuclei)

Yuri:  Colors of three quarks become essentially decorrelated ➠ strong suppression 
of the leading baryon production 
MS:  leading partons get transverse kicks - loose coherence --  strong suppression + pt broadening

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
z
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quarks

neutrons z=0.2

neutrons z=0.6

Longitudinal (integrated over pt) and 
transverse  distributions  in CGC 
model for central pA collisions. 
(Dumitru, Gerland, MS -03)

Cosmic ray connection  -- QCD at cosmic energies workshops

important : leading partons at LHC resolve x ~ 10-6 in nuclei - expect large pt range where parton 
interacts with probability ~ 1, the  black disk regime

Looking into the future



DA: Suppression of the pion spectrum for fixed 
pt  increases increase of ηN.  Dynamical 
suppression  effect for η=3.2 is even larger than 
the BRHAMS ratio (by a factor of 1.5) due 
isospin effect.

☞

☞ For pp - pQCD works both for forward
inclusive pion spectra and for correlations (STAR)

Tests that main contribution to forward pion 
production comes  from quark scattering off gluons 
with <x> > 0.01 which are not screened in the case of 
scattering off nuclei (no saturation effects)

V. Guzey et al. / Physics Letters B 603 (2004) 173–183 175

In Eq. (1), f H
i (x,µ) denotes the distribution func-

tion at scale µ for a parton of type i in hadron H , car-

rying the fraction x of the hadron’s light-conemomen-
tum. Likewise, Dh

c (z,µ) describes the fragmentation

of produced parton c into the observed hadron h, the

latter taking momentum fraction z of the parton mo-
mentum. The scale µ in Eq. (1) stands generically for

the involved renormalization and factorization scales.

µ should be of the order of the hard scale in the

process; in the following we choose µ = pT . The de-

pendence on µ is actually quite large even at NLO [8];
however, in this work we are mainly interested in ra-

tios of cross sections for which the µ dependence is

fairly insignificant.

The lower limits of the integrations over momen-

tum fractions in Eq. (1) may be derived in terms of

xT = 2pT /
√

s and the pseudorapidity η of the pro-

duced hadron. They are given by

xmin2 = xT e
−η

2− xT eη
, xmin1 = x2xT e

η

2x2 − xT e−η
,

(3)zmin = xT

2

!
e−η

x2
+ eη

x1

"
.

From these equations it follows that at central rapidi-

ties η ≈ 0 the momentum fractions x1 and x2 can be-

come as small as roughly pT /
√

s. In forward scatter-
ing, that is, at (large) positive η, the collisions become

very asymmetric. In particular, x2 may become fairly
small, whereas x1 tends to be large. For forward kine-

matics at BRAHMS one has, typically, pT ∼ 1.5 GeV

and η = 3.2. This implies that x2 may become as small
as ∼ 3.5 × 10−4. However, in practice it turns out
that such small x2 hardly ever contribute to the cross

section: if x2 is so small, the hadron with transverse
momentum pT can only be produced if both x1 and

z are unity, where however the parton distributions

f
H1
a (x1,µ) and the fragmentation functions Dh

c (z,µ)
vanish. This is an immediate consequence of kinemat-

ics, as demonstrated by Eq. (3). One can show that

if the parton density f
H1
a (x1,µ) behaves at large x1

as (1 − x1)
af and Dh

c (z,µ) as (1 − z)aD (with some

powers af , aD ≫ 1), the x2-integrand in Eq. (1) van-
ishes in the vicinity of xmin2 as (x2 − xmin2 )af +aD+1.
Therefore, contributions from very small x2 are highly

suppressed.

The question, then, remains of how small x2 re-

ally is on average for forward kinematics at RHIC.

Fig. 1. Distribution in log10(x2) of the NLO invariant cross section

E d3σ/dp3 at
√

s = 200 GeV, pT = 1.5 GeV and η = 3.2.

This is of course relevant for judging various explana-

tions for the suppression of RdA seen by BRAHMS, in

particular, those relating to saturation effects in the nu-

cleus wave function [2]. Fig. 1 shows the distribution

of the cross section for pp → x0X at
√

s = 200 GeV,

pT = 1.5 GeV, η = 3.2, in bins of log10(x2). The over-
all normalization is unimportant of course; for defi-

niteness we note that the sum of all entries shown in

the plot yields the full NLO invariant cross section

E d3σ/dp3 in pb/GeV2. For the calculation we have

chosen the CTEQ6M [9] parton distribution functions

and the fragmentation functions of Ref. [10]. One can

see that the distribution peaks at x2 > 0.01. There are

several ways to estimate an average ⟨x2⟩ of the dis-
tribution. For example, one may define ⟨x2⟩ in the
standard way from evaluating the integral in Eq. (1)

with an extra factor x2 in the integrand, divided by the
integral itself:

(4)⟨x2⟩ ≡
# 1
xmin2

dx2 x2f
H2
b (x2,µ) · · ·

# 1
xmin2

dx2 f
H2
b (x2,µ) · · ·

,

where the ellipses denote the remaining factors in

Eq. (1). Alternatively, one may simply determine ⟨x2⟩
as the median of the distribution, demanding that the

area under the distribution in Fig. 1 to the left of ⟨x2⟩
equals that to the right. Either way, one finds an aver-

age ⟨x2⟩ > 0.01, typically 0.03–0.05 at this pT and η.

Guzey, MS,Vogelsang 04

BRAHMS and STAR 
are consistent when 
the BRAHMS data 
are corrected for 
the isospin effect

13

Puzzle 2 (related to 1 ?): forward pion production in DAu collisions at RHIC

Fractional energy losses in the black disk regime  (LF, MS) ?
Even stronger suppression of forward hadrons than in the approximation 
with elastic rescatterings of partons use at previous slide.
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High energy projectile stays in a  frozen configuration distances lcoh =cΔt

�t ⇠ 1/�E ⇠ 2ph
m2

int �m2
h

At LHC for                                       lcoh ~ 107 fm>> 2RA>> 2rNm2
int �m2

h ⇠ 1GeV2

Fluctuations of overall strength of high energy NN interaction

coherence up to m2
int ⇠ 106GeV2

Hence system of quarks and gluons passes through the nucleus interacting 
essentially with the same strength but changes from one event to another 
different strength

In pQCD strength of interaction of white small  system is proportional to 
the area occupies by color (holds qualitatively in the soft regime as well) 

How fluctuations of strength of interaction (color fluctuations) in 
hadron - nucleon/nucleus collisions correlated with hard trigger - 
going beyond single parton structure of nucleon.  Evidence for x -
dependent color fluctuations in nucleons

Puzzle 3



Expect similar effects for proton - nucleus interactions

Trigger on high pt electron or electron with x > 1/2 
(fraction of momentum of positronium  carried by electron 
post selects events where excitations along the path were 
small.

●
●

dE/dx

e+

e-

●●
e+

e-

Average configuration of 
incoming positronium of 

transverse size d

Post selection /Trigger on large d  - large energy release 
along the path in the media -selects smaller than 
average transverse and longitudinal momenta in 
positronium - longitudinal momenta of electrons in the 
positronium fragmentation are softer (x-1/2 closer to 
0)- looks as energy loss - but actually post selection.

●
●

e+

e-

Instructive example: propagation of a very fast positronium (bound state of electron and 
positron) through a foil

d
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ν wounded 
nucleons

spectator nucleons

Constructive  way to account for coherence of the high-energy dynamics is
 Fluctuations of interaction cross section formalism which we developed in 90’s

Classical low energy picture 
of inelastic h A collisions 
implemented in Glauber 

model  based Monte Carlos 

+
High energy picture of 
inelastic h A collisions 

consistent with the Gribov 
- Glauber model but more 

microscopic  

Frozen configuration - same strength of interaction with 
different nucleons along the path essentially semiclassical  picture!!!
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introduce quantity - P(σ)  -probability that hadron/photon interacts with cross 
section σ with the target.  Several constrains including

dσ(pp!X+p)
dt

dσ(pp!p+p)
dt | t = 0

=
�

(� � �tot)2P (�)d�

�2
tot

⇥ ⇥�
variance

Pumplin  &Miettinen
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FIG. 1: The cross section distribution P (σ, s) at different energies: the solid curve corresponds to
√

s = 9 TeV (LHC); the dashed curve corresponds to
√

s = 1.8 TeV (Tevatron); the dot-dashed

curve corresponds to
√

s = 200 GeV (RHIC).

IV. RESULTS AND DISCUSSION

Using Eqs. (15) and (18), we calculate the total, elastic and diffractive dissociation cross

sections for proton-208Pb scattering as a function of
√

s. The result is given in Fig. 2.

In our numerical analysis, we used the following parameterization of the nucleon distri-

bution ρA(r⃗)

ρA(r⃗) =
ρ0

1 + exp ((r − c)/a)
, (22)

where c = RA − (π a)2/(3 RA) with RA = 1.145 A1/3 fm and a = 0.545 fm; the constant ρ0

is chosen to provide the normalization of ρA(r⃗) to unity.

One sees from Fig. 2 that cross section fluctuations decrease the total and elastic cross
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PN(σ)

!� ⇠ 0.1
Extrapolation of Guzey  & MS  before

 the LHC data;   consistent with 
LHC data which are still not too 

accurate
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IDEA 
Use the hard trigger (dijet) to determine x of the parton in the proton 
(xp)  and low pt hadron activity  to measure overall strength of 
interaction σeff  of configuration in the proton with given x    FS83. 

Expectation: large x (x≳ 0.5) correspond  to much smaller σ → drop of # of 
wounded nucleons & overall hadron multiplicity for central  collisions

ATLAS and CMS measured pA scattering at LHC with production of 
jet/ jets in coincidence with hadron production in the opposite 
hemisphere.  Observed strong deviations from geometrical model for 
the kinematics where leading jet with energy Ejet  was generated by 
quark with  xp= Ejet/ Ep  > 0.2.  Observed scaling deviation depends 
only on xp and not on pt of the jet.  Suppression for central collisions 
and enhancement for peripheral. Natural if large xp correspond to 
smaller σ. 

“x - transverse size correlation”
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New study  of LHC and RHIC data 
( Alvioli, Perepelitsa, MS) extending our 

previous analysis

WRITEUP ON DA 13
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Figure 12. Results analogous to those in Fig. 10, but for RpPb at LHC
energy. The resulting values of λ are: 0.87, 0.85, 0.82, 0.8, 0.77, 0.75, 0.73,
0.71, 0.68 and 0.66 for langlex⟩=0.1225, 0.1515, 0.1845, 0.2285, 0.2765,
0.3395, 0.4165, 0.5055, 0.6065 and 0.7305, respectively. Each plot is ob-
tained by by minimizing the weighted χ2 between calculated RpPb and ex-
perimental data, in each pT bin.

RpA for centrality bins as a 
function of energy in the 

opposite hemisphere 

Fitting parameter:

�(x) = h�in(x)i / h�ini
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Used fit to correct for spread in x in the x- bins. Same 
quality fit for dAu RHIC data.

Somewhat  smaller λ(x)= <σin(x)>/ <σin> for lower energies - 
natural as rate of the increase of cross section with energy is 
stronger for smaller fluctuations
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Outlook
We are finally getting tools to investigating  multiparton structure of nucleons (and also photons), 
and addressing old questions Yuri  marvelously summarized in the Gribov lectures.  Important 
puzzles - hopefully will tease Yuri  strongly enough to feed his curiosity.

Further excellent catches in QCD and in the woods,...

Happy Birthday from me and Leonya  


