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DOKSHITZER-GRIBOV-LIPATOV-ALTARELLI-PARISI  
(DGLAP) EQUATIONS

cle A(A, B= F, G; the subscript F will henceforth label 
any of the 2nt fermion states-an F quark or  antiquark 
of nf flavors). It is convenient here to separate the 
group factors from the summation over the color in- 
dices: 

here 

Atter separating the color factors, the first  three ker- 
nels of those listed below coincide with the correspond- 
ing expressions in the abelian case; the last kernel is 
calculated in accord with the same logic: from theprod- 
uct of the Yang-Mills vertices by the axial propagator 
we separate the terms that a re  logarithmic in k k  the 
corresponding x-dependences (x= /3'/&) make up the 
kernel V ~ ( X ) .  We have 

3. VIRTUAL QUARKS AND GLUONS AS PARTONS. 
SYMMETRIES OF DECAY PROBABILITIES 

A gauge condition of the type (22a) has enabled us to 
get along in the system (26) without a third paraistic 
equation for the "ghost structure function." Let us  show 
now that the axial gauge not only simplifies the calcula- 
tions thanks to the absence of longitudinal polarizations 
and ghosts, but also makes it possible to interpret the 
PLA result in the language of the parton model with a 
variable cutoff parameter A2 - l q2  1 in the transverse 
momenta, by choosing a propagator that propagates only 
the physical states of the vector field. Meed,  in the 
PLA the total photon scattering cross section, as  we 
have seen, is determined by tree diagrams, and the in- 
terference of the amplitudes drops out (see, e. g., Fig. 
8b). We can therefore describe the development of the 
process with the aid of classical probabilities. 

An initial quark with 122- p2 f'dressed" quark) decays 
successively into quarks and gluons that play the role of 
partons (the bare field-theory particles) with increas- 
ing k,, (and virtualities); the y quantum becomes frag- 
mented on the most virtual parton with an initial-mo- 
mentum fraction & - l / w  = x. The remaining partons 

with positive virtuality carry a total longitudinal mo- 
mentum 1 - x and form the target-fragmentation region, 
decaying independently into quarks and gluons with finite 
virtuality k2 - p2 (see Fig. 9). 

In this interpretation, the functions Vj(x) determine 
the probability of the decay of a dressed particle A into 
two partons in the Born approximation. They satisfy 
the following symmetry  relation^'^'^^: 

1. Permutation of thedecay products (A= F, G): 

2. The crossing relation: 

By virtue of the properties (31a) and (31b), only one 
of the three nuclei with fermion participation i s  inde- 
pendent. The quantity (x), which is absent in the abe- 
lian case, goes over into itself under the transforma- 
tions (31a) and (31b) and seems to be unconnected with 
the remaining nuclei. 

3. The following equality, however, does hold 

This equality could be interpreted a s  equality of the 
probability of finding a parton of any sort with momen- 
tum fraction x in a quark and gluon (in the Born approx- 
imation). This interpretation of (31c), however, is 
somewhat arbitrary,since the V: do not include the color 
multipliers, The number of fermion and gluon degrees 
of freedom are  different, so that such a statement is 
generally speaking incorrect for the total probabilities 
@(x) of finding a parton B in a particle A. 

The relation for the parton densities in the quark and 
gluon, which follows from (31c) in the special case N 
= n,, was discussed in the last section. 

4. "PARTONOMETRY." SOLUTION OF THE 
BETHE-SALPETER EQUATIONS FOR THE PARTON- 
NUMBER DISTRIBUTION 

We have written down the system of Bethe-Salpeter 
equations for the scattering of a virtual photon. The 
structure of Eqs. (26), however, does not depend on the 
sort of the scattering particle r ( r =  y,  v ,  .ii. . . ): the type 
of the process influences only the form of the Born 
terms. The cross section of any deep-inelastic inter- 
action can therefore be expressed in terms of the uni- 
versal distributions of the parton number3': 

dx' o A T ( x ,  q Z )  = C J ; a e r ( x ' ,  3 )  v"DA'(x', E ( q 2 )  ). 
8 0 

Here oL(x9, x )  are the cross sections, averaged over the 
polarizations and the color of the field B, for scatter- 
ing by the virtual particle B. 

The quantities u', are determined by the simplest dia- 
grams and coincide a s  a rule with the corresponding 
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A model of fermions connected with Yang-Mills fields of the nonabelian gauge group S U ( N )  is 
considered. A method based on an analysis of the Feynman diagrams makes it possible to write down in 
the principal logarithmic approximation a closed expression for the inclusive cross sections of electron 
scattering by a quark (gluon) in e +e - annihilation into a quark (gluon). A specially chosen gauge makes 
it possible to d&be the structure of the deep-inelastic processes in the language of the parton model 
with virtual quarks and gluons in the role of the partons. The asymptotic properties of the parton 
distributions are analyzed. An indication of certain duality between the quasi-elastic and Regge limits is 
discussed. The Gribov-Lipatov relation and the analytic connection (in a certain sense) between the 
scattering and annihilation channels (the Drell relation) hold in the model under consideration. In 
addition, a "sum rule in 0 2." which unique to the Yang-Mills theory, has been established for the 
distributions of the number of the partons; this rule singles out a model in which the number of "flavors" 
is equal to the number of colors. The results are directly applicable to an analysis of the experimental 
situation in lepton-hadron reactions. 

PACS numbers: ll.lO.Np, 13.10.+q, 12.40.Bb 

Nonabelian gauge fields are being comprehensively e. g., t41). Semiphenomenological attempts are made to 
studied ever since the discovery, in 1973, of asymptotic reconstruct the structure function from the known as- 
freedom. ''' The model of colored quarks connectedwith ymptotic form of the angular momenta (e. g., "'). The 
the Yang-Mills gluon field makes claim to a prominent chromodynamic interaction of quarks has been a suc- 
role a s  a dynamic theory of strong interactions. cessful concept in the physics of new  particle^."^ 

Quantum chromodynamics (QCD) has attracted atten- 
tion because of the enticing prospect of combiningasymp- 
totic freedom, which is responsible for the pointlike 
structure of hadrons at short distances, with the "in- 
frared slavery" for the color states. The enthusiasts 
of QCE are usually cool to the fact that progress in the 
explanation of the "confinement" mechanism is re- 
stricted so  f a r  to the premise that a possible connection 
exists between the infrared pole and the catastrophic en- 
hancement, at large distances, of the colored interac- 
tion that confines the quarks. ~ r i b o v ' ~ ]  has shown that 
an analysis of the region g2 - 1 by modern field-theoret- 
ical methods meets with serious difficulties that are  pe- 
culiar to the case of a nonabelian gauge field. The prob- 
lem of constructing a quantum theory on the basis of the 
Yang-Mills Lagrangian is at present in the stage of cor- 
rect formulation. 

Nonetheless, it might be assumed that the quark- 
gluon field model is applicable at short distances, where 
the interaction is weak, g2(r)- I lnrl -I, and the custom- 
ary methods of expansion in the coupling constants are  
applicable. A classical example of processes in whose 
development short distances play a role are the lepton- 
hadron reactions e'p- e-+ . . . , e'e'- hadrons, where the 
hadron structure is prepared by a strongly virtual pho- 
ton. 

As applied to processes of the first type, the renor- 
malization approach served a s  a basis for the develop- 
ment of an angular-momentum techniquec3' that makes it 
possible to explain the picture of the phenomena indeep- 
inelastic scattering of electrons and neutrinos (see, 

In the present paper are calculated the structure func- 
tions of deep-inelastic scattering and e'e' annihilation in 
a model wherein the fermions interact with vector Yang- 
Mills fields of the nonabelian gauge group SUO. The 
procedure is the following: We separate from the photon 
forward-scattering amplitude, which determines the 
structure function, the diagrams that yield the highest 
degree of In(! $1 /p2) (q is the momentum transfer and 
CL is the normalization mass): 

The sum of these contributions yields W in the principal 
logarithmic approximation with 

This program was realized in 1972 by Gribov andLipa- 
tov in models wherein fermions are coupled with pseu? 
doscalar (L,,, =$y5@p) and massive vector (L,,, =@,,$A") 
mesons. 

The zero-charge problem does not appear in the pres- 
ent model, so that we can go over to infinitely large q2. 
The behavior of the structure function in the Bforken 
limit 1 q 2  1 - 00, w = const is determined by a conflict be- 
tween two tendencies: the form-factor induced drop of 
each individual process and the growth of the cross sec- 
Cion on account of newly produced channels. As a re- 
sult, the asymptotic form in the region of academically 
large q2, lnlnl q21 >> 1, is of the form 
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×15

DGLAP 
evolution 

changes parton 
distributions by 

factors ~ 10 
Higgs cross 

section (13 TeV) 
would be 6x 

smaller without 
DGLAP

nowadays, used at NNLO, thanks  
 to Moch, Vermaseren & Vogt

Gluon distribution v. 
resolution scale Q



DGLAP AND DATA
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Figure 82: The combined HERA data for the inclusive NC e+p and e−p reduced cross sections
together with fixed-target data [107,108] and the predictions of HERAPDF2.0 NNLO. The
bands represent the total uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit.
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WHAT DOES THE LHC USE MOST FREQUENTLY?
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A summary of DGLAP’s 
influence at the LHC

[based on 422 papers from ATLAS and CMS]
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