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» The appearance of cross derivatives in the kinetic term of
the Hamiltonian implies a computational effort that scales
as N2
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Kinetic operator in Cartesian coordinates

3N—-3 hz 82

Tr=—S — 2 1
VR ; 2[,14 8Xi2 ( )



The Time Dependent Schrodinger Equation (TDSE)

L 0W(x,t)
W(x,t) =ih TR (2)

2
HW(x,t) = —?V + V(x)

For time-independent potentials

W(x,t) = U(t,H)Wo(x) = exp(—iHt /R)Wo(X), (3)
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» STEP 1: Discretise the wavefunction W on a grid of points
in the Cartesian coordinate space and approximate the
wavefunction over these grid points with Lagrange
interpolation polynomials
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The 4 Steps to solve TDSE

» STEP 1: Discretise the wavefunction W on a grid of points
in the Cartesian coordinate space and approximate the
wavefunction over these grid points with Lagrange
interpolation polynomials

» STEP 2: Project the initial wavefunction, Wq, on a specific
irreducible representation subspace of the total angular
momentum, J (of dimension 2J + 1)

» STEP 3: Evaluate the action of the Hamiltonian operator H
on the projected wavefunction W,

» STEP 4: Propagate W; in time



STEP 1: Lagrange interpolation polynomials and their
derivatives

ns = 2s + 1 (stencil)
Ns — Ng, (DVR limit)

dMu(x)
dxm

Ns
~ Zbg‘sju(xj), (4)
=Xk ]=l

X



STEP 2: Angular Momentum Projection Operators
(AMPO)

(P7)? =P, (5)

(P’)" =P, (6)

[H,P’]=0. (7)



STEP 2: Angular Momentum Projection Operators

(AMPO)

2 +1 .
Pk = W/"QDMJK (2)R(%), (8)
D (R) = e ™MPdy, (0)e™ 7 9)

PJ=ZP§K, ZPJ=1 (10)
K J



AMPO (P7) and Autocorrelation Functions (C;)

Ci(t) = < W(0)|P exp(—iHt/R)PI|W(0) >  (11)
= < W(0)|exp(—iHt/R)|PIw(0) > . (12)

2J+1

W;(x) = PYWo(x) = /dQ ZD () R(Q)Wo(x).

(13)



STEP 3: Matrix-Vector Multiplication

» In a discretised scheme and a FD approximation of the
Hamiltonian, this operation turns into a sparse
matrix-vector multiplication.



STEP 3: Matrix-Vector Multiplication

» In a discretised scheme and a FD approximation of the
Hamiltonian, this operation turns into a sparse
matrix-vector multiplication.

» The sparsity of the Hamiltonian depends on the length of
the stencil (ns = 2s + 1) employed in the calculation of the
Laplacian, which is a matrix with (3N — 3)(ns — 1) + 1
non-zero matrix elements per row.



Nonzero Matrix Elements in Multidimensional

Harmonic Oscillators
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STEP 4: Time Propagation

Finite Difference of Second Order
2iA
Yt + A=Vt —A)— THlll(t), (14)

Chebyshev Expansion of the Time Propagator

M .
W(t+4) =~ Y aT <_':A> w(t). (15)

k=0



STEP 4: Autocorrelation Functions

C(t) =< ¥(x,0)|w(x,t) >= /lll*(x,O)\ll(x,t)dx, (16)

and its Fourier transform

2

I(E) = ‘/ exp(iEt /h)C (t)dt (17)




Multidimensional Harmonic Oscillators (H.O.)

Ndim

V=23 k() (x() — xo(i))? 8)



Execution times for different H.O. grid points.

Stencil 15 and integration time 1000 a.u.
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Execution times for a 3D H.O. and several stencils.

Number of grid points 32 and total integration time
1000 a.u.
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Bipolar expansion of a Gaussian function for diatomic

molecules

oo L
gmalx—x)*  _  gre—o(ri+rs) Z Z iL(2aryro)Yim(éx, 0x)Y (0o, 60),
L=0M=—L

2 +1
8m2

/ dQ ) D () ic(2arxro) [R(2) Yim(xs 0x)]1 Yy (b0, 60)- (19)

pJ e—a(X—Xo)2 — 47re—a(rx2+r§)



R(R) Yim(dx,0x) = > Dyy Yin(ox, 6x)- (20)
N

2

v
715JL5KN OKM - (21)

dQ DX (Q)DL,, () =
| 420 @Dk () = 5

PJ e—CJt(X—X(J)2 — e—a(rf-l'rg) iJ (Zarx rO) Z YJK (¢X , 0X )YJ*K (¢07 90)
K

(22)
To test numerical integration over Euler angles
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Triatomic molecule with 3D - Jacobi coordinates
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Filter Diagonalisation Lanczos Partridge and Schwenke

E E — Eret E E — Eret Eret vy v2 v3
4637.97 0.00 4637.97 0.00 4637.97 0 0 0
7789.61 0.01 7789.60 0.00 7789.60 0 2 0
8295.01 0.00 8295.03 0.02 8295.01 1 0 0
8393.95 0.02 8393.94 0.01 8393.93 0 0 1
10772.11 0.10 10772.11 0.10 10772.01 0 4 0
11413.11 0.04 11413.11 0.04 11413.07 1 2 0
11509.48 0.01 11509.48 0.01 11509.47 0 2 1
11839.51 0.01 11839.63 0.11 11839.52 2 0 0
11887.81 0.02 11887.92 0.09 11887.83 1 0 1
12083.12 0.03 12083.14 0.05 12083.09 0 0 2
14364.07 1.70 14364.07 1.70 14362.37 1 4 0
14471.62 0.02 14471.67 0.07 14471.60 0 4 1
14922.35 0.03 14922.48 0.16 14922.32 2 2 0
14966.63 0.01 14966.74 0.10 14966.64 1 2 1
15159.82 0.08 15159.82 0.08 15159.74 0 2 2
15237.65 0.00 15238.06 0.41 15237.65 3 0 0
15251.69 0.32 15251.69 0.32 15251.37 2 0 1
15507.09 0.23 15507.09 0.23 15506.86 1 0 2
17045.61 0.01 17045.61 0.01 17045.62 1 1 2
17844.65 1.54 17844.65 1.54 17843.11 2 4 0
17894.80 0.58 17894.81 0.59 17894.22 1 4 1
18092.49 0.81 18092.49 0.81 18091.68 0 4 2
18279.86 131 18279.87 131 18278.55 3 2 0
18290.84 0.41 18290.84 0.41 18290.43 2 2 1
18548.95 0.19 18548.95 0.19 18548.76 1 2 2
19176.11 0.72 19176.12 0.73 19175.39 0 0 4




6D Cartesian coordinates defined by Jacobi vectors

6 12 g2
he 8 oW (x,t
HW(x,t) = —E 2 “x 2ll!(x t) + VW(x,t) =ik (‘(9):, ).

(23)
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El anczos Ere Eqit J Ka Kc
136.38 136.76 037 3 0 O
142.02 14228 026 3 1 3
17294 17336 042 3 1 2
206.04 206.30 0.26 3 2 2
21195 212.15 020 3 2 1
284.89 28521 032 3 3 1
285.08 28541 033 3 3 O




A Scheme for long time propagation in the GRID

Applications: Tinker, DL_POLY
Create initial data files
Read tccegrid.conf file and setup VO, SE,
StopTime, CheckStatusTime, NDays
SUBMIT

Same fi
RCan]iel it —_— Check Status [g——= Resubmit
esubmi NDays N
Done
\ 4
Check Output Error
Correct
\ 4
Finish Check Time »
Store data ITIME < StopTime

ITIME >= StopTime Increase ITIME
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Conclusions

» GridTDSE a general purpose Fortran code for solving the
Time (IN)Dependent Schrédinger Equation in Cartesian
coordinates exists, but memory and CPUs are required.

» Calculations can be executed on the Grid by parametrising

them with the total angular momentum and the number of
vibrational eigenvalues to be filtered out.

» Computer Physics Communications, 180, 2025-2033,
20009.



