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THE PROBLEM

◮ Analytical derivation of the Hamiltonian in internal
curvilinear coordinates and Euler angles is a cumpersome
task for a N-atom molecule

◮ The appearance of cross derivatives in the kinetic term of
the Hamiltonian implies a computational effort that scales
as N2
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Kinetic operator in Cartesian coordinates
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The Time Dependent Schrödinger Equation (TDSE)

HΨ(x, t) =

[
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∇2 + V (x)

]

Ψ(x, t) = i~
∂Ψ(x, t)

∂t
, (2)

For time-independent potentials

Ψ(x, t) = U(t, H)Ψ0(x) = exp(−iHt/~)Ψ0(x), (3)



The 4 Steps to solve TDSE

◮ STEP 1: Discretise the wavefunction Ψ on a grid of points
in the Cartesian coordinate space and approximate the
wavefunction over these grid points with Lagrange
interpolation polynomials

◮ STEP 2: Project the initial wavefunction, Ψ0, on a specific
irreducible representation subspace of the total angular
momentum, J (of dimension 2J + 1)

◮ STEP 3: Evaluate the action of the Hamiltonian operator H
on the projected wavefunction ΨJ

◮ STEP 4: Propagate ΨJ in time
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STEP 1: Lagrange interpolation polynomials and their
derivatives
B. Fornberg, A Practical Guide to Pseudospectral Methods, Cambridge
University Press, 1998

R. Guantes, S. C. Farantos, High order finite difference algorithms for solving

the Schrödinger equation in molecular dynamics, J. Chem. Phys. 111 (1999)
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STEP 2: Angular Momentum Projection Operators
(AMPO)
J.Broeckhove, L. Lathouwers, in: C. Cerjan (Ed.), Numerical Grid Methods and

their Applications to Schrödinger Equation, Kluwer Academic Publishers,

1993, pp. 49–56

(PJ)2 = PJ , (5)

(PJ)† = PJ , (6)

[H, PJ ] = 0. (7)



STEP 2: Angular Momentum Projection Operators
(AMPO)

PJ
MK =

2J + 1

8π2

∫

dΩD∗J
MK (Ω)R(Ω), (8)

DJ
MK (Ω) = e−iMφdJ

MK (θ)e−iKγ (9)

PJ =
∑

K

PJ
KK ,

∑

J

PJ = 1 (10)



AMPO (PJ) and Autocorrelation Functions (CJ)

CJ(t) = < Ψ(0)|PJexp(−iHt/~)PJ |Ψ(0) > (11)

= < Ψ(0)|exp(−iHt/~)|PJΨ(0) > . (12)

ΨJ(x) = PJΨ0(x) =
2J + 1

8π2

∫

dΩ
∑

K

D∗J
KK (Ω) R(Ω)Ψ0(x).

(13)



STEP 3: Matrix-Vector Multiplication

◮ In a discretised scheme and a FD approximation of the
Hamiltonian, this operation turns into a sparse
matrix-vector multiplication.

◮ The sparsity of the Hamiltonian depends on the length of
the stencil (ns = 2s + 1) employed in the calculation of the
Laplacian, which is a matrix with (3N − 3)(ns − 1) + 1
non-zero matrix elements per row.
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Nonzero Matrix Elements in Multidimensional
Harmonic Oscillators
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STEP 4: Time Propagation

Finite Difference of Second Order

Ψ(t + ∆) = Ψ(t − ∆) −
2i∆

~
HΨ(t), (14)

Chebyshev Expansion of the Time Propagator

Ψ(t + ∆) ≈
M
∑

k=0

ak Tk

(

−iH̃∆

~

)

Ψ(t). (15)



STEP 4: Autocorrelation Functions

C(t) =< Ψ(x, 0)|Ψ(x, t) >=

∫

Ψ∗(x, 0)Ψ(x, t)dx, (16)

and its Fourier transform
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Multidimensional Harmonic Oscillators (H.O.)

V =
1

2

Ndim
∑

i

k(i) (x(i) − x0(i))
2 , (18)



Execution times for different H.O. grid points.
Stencil 15 and integration time 1000 a.u.
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Execution times for a 3D H.O. and several stencils.
Number of grid points 32 and total integration time
1000 a.u.
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Bipolar expansion of a Gaussian function for diatomic
molecules
K. Kaufmann and W. Baumeister J. Phys. B 22 (1989)1
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R(Ω) YLM(φx , θx) =
∑

N

DL
NM YLN(φx , θx). (20)

∫
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KK (Ω)DL

NM(Ω) =
8π2
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(22)
To test numerical integration over Euler angles



H2 molecule
D. A. Morales, Supersymmetric improvement of the Pekeris approximation for

the rotating Morse potential, Chem. Phys. Lett. 394 (2004) 68
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H2 molecule
J. P. Killingbeck, A. Grosjean, G. Jolicard, The Morse potential with angular

momentum, J. Chem. Phys. 116 (2002) 447
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Triatomic molecule with 3D - Jacobi coordinates
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Water 3D: Partridge and Schwenke, JCP 106 (1997) 4618
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Water 3D: Partridge and Schwenke, JCP 106 (1997) 4618
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Filter Diagonalisation Lanczos Partridge and Schwenke

E E − Eref E E − Eref Eref ν1 ν2 ν3
4637.97 0.00 4637.97 0.00 4637.97 0 0 0
7789.61 0.01 7789.60 0.00 7789.60 0 2 0
8295.01 0.00 8295.03 0.02 8295.01 1 0 0
8393.95 0.02 8393.94 0.01 8393.93 0 0 1

10772.11 0.10 10772.11 0.10 10772.01 0 4 0
11413.11 0.04 11413.11 0.04 11413.07 1 2 0
11509.48 0.01 11509.48 0.01 11509.47 0 2 1
11839.51 0.01 11839.63 0.11 11839.52 2 0 0
11887.81 0.02 11887.92 0.09 11887.83 1 0 1
12083.12 0.03 12083.14 0.05 12083.09 0 0 2
14364.07 1.70 14364.07 1.70 14362.37 1 4 0
14471.62 0.02 14471.67 0.07 14471.60 0 4 1
14922.35 0.03 14922.48 0.16 14922.32 2 2 0
14966.63 0.01 14966.74 0.10 14966.64 1 2 1
15159.82 0.08 15159.82 0.08 15159.74 0 2 2
15237.65 0.00 15238.06 0.41 15237.65 3 0 0
15251.69 0.32 15251.69 0.32 15251.37 2 0 1
15507.09 0.23 15507.09 0.23 15506.86 1 0 2
17045.61 0.01 17045.61 0.01 17045.62 1 1 2
17844.65 1.54 17844.65 1.54 17843.11 2 4 0
17894.80 0.58 17894.81 0.59 17894.22 1 4 1
18092.49 0.81 18092.49 0.81 18091.68 0 4 2
18279.86 1.31 18279.87 1.31 18278.55 3 2 0
18290.84 0.41 18290.84 0.41 18290.43 2 2 1
18548.95 0.19 18548.95 0.19 18548.76 1 2 2
19176.11 0.72 19176.12 0.73 19175.39 0 0 4



6D Cartesian coordinates defined by Jacobi vectors

HΨ(x, t) = −
6
∑

i=1

~
2

2µi

∂2

∂x2
i

Ψ(x, t) + VΨ(x, t) = i~
∂Ψ(x, t)

∂t
.

(23)



Water 6D, v = 0 and J = 3
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ELanczos Eref Edif J Ka Kc

136.38 136.76 0.37 3 0 0
142.02 142.28 0.26 3 1 3
172.94 173.36 0.42 3 1 2
206.04 206.30 0.26 3 2 2
211.95 212.15 0.20 3 2 1
284.89 285.21 0.32 3 3 1
285.08 285.41 0.33 3 3 0



A Scheme for long time propagation in the GRID

Applications:Tinker, DL_POLY
Create initial data files

Read tcccgrid.conf file and setup VO, SE, 
StopTime, CheckStatusTime, NDays

SUBMIT

Cancel 
Resubmit

Resubmit
Aborted 

Same for

NDays

Check Output
      Error 

Done

Check Time

  Correct

Finish
Store data

ITIME  >= StopTime
ITIME  <  StopTime

Increase  ITIME

Start

Check Status



Conclusions

◮ GridTDSE a general purpose Fortran code for solving the
Time (IN)Dependent Schrödinger Equation in Cartesian
coordinates exists, but memory and CPUs are required.

◮ Calculations can be executed on the Grid by parametrising
them with the total angular momentum and the number of
vibrational eigenvalues to be filtered out.

◮ Computer Physics Communications, 180, 2025-2033,
2009.
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