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What is the inhomogeneous chiral phase?
"New phase where the quark condensates spatially modulate

NJL model within the mean field approximation (2-flavor) chiral limit

Lar = P [i + 2G ((0y) + iy 73 (i 3)) | o + G ()2 + (in®739)?)

Inhomogeneous chiral condensate
A(r) = (1) + i{Yivysm3)

cf. Conventional “homogeneous” condensate : A(r)= const.

Dual chiral density wave (DCDW) type - - - A(r)= _%eiqz T -
)
Real kink crystal (RKC) type - - - | N
Alr) = — 2 ( ‘2\/17)%1( 2\ .l).)M“‘ ,
: '__Q(._:' | + /v ‘ 1 + /’/ _ >
A i)

% A self-consistent solution of the 1+1 dimensional NJL model within MFA
G. Basar, et al., PRD 79, 105012 (2009)



Inhomogeneous chiral phase within MFA

¥chiral limit

TCP

\\
N -
\,\
‘"\\1 S t
A Y
\

homogeneous
\

- Homogeneously broken phase

- Inhomogeneous chiral phase

* Restored phase

restored

-

100}
— S0[™ RKC
o 60
=
f~ 40 f
20¢
0 Lo ,
- 260 280 300 320 340 360 380 400
4y IMeV]
020 ?I L[N S B D BN D B B S G _:
o5 | DCDW i
< ~ .
X . ]
- C 4
010 ™~ -
0.05 | \
0.00:1111 111%1111:—\%;
0.40 0.45 WA 0.50

-

D. Nickel,
PRD 80, 075025 (2009)

E. Nakano, T. Tatsumi,
PRD 71, 114006 (2005)



Inhomogeneous chiral phase within MFA
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Inhomogeneous chiral phase within MFA
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Goal

We analyze the effect of the quantum and thermal fluctuation
around R-boundary by approaching from the restored phase.

Tn

_____ . R-boundary is the 2nd order phase transition(PT)
A\ line in the both case of DCDW and RKC within MFA.

)
- Constitute the low-energy effective Lagrangian

+*

- Analyze the order of PT by considering the correction of
the loop diagrams

cf. FFLO superconductivity [Y. Ohashi, J. Phys. Jpn. 71, 2625 (2002)]
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Effective Lagrangian

Starting point is the NJ

model.

= / DyDy exp [ / dr / d’x &S‘%HG [(Y)* + (@Mf’f%ﬂ}]

~ [ oDrt exp[ [ [axg

0 —|—7T —I—Tan (S_l —a—i’y57a7ra)]



Effective Lagrangian

Starting point is the NJL model.

_ / DyD exp [ / dr / d°x &S‘%HG (YY) + (MWE’TW)Q}}]

/DUDW exp[ /dT/d3 0 —|—7T —I—Tan (Sl—a—i757'a7ra)]

‘ Expansmn about the boson field
Lot [ﬁg } Lo+ = Gps Qb gb + = (gb gb ) o qubqqgga




Effective Lagrangian

Starting point is the NJ

model.

7 = /me exp U CZT/CZSX &S‘lerG ()2 + wm%w)ﬂ}]

/Dam exp[ /dT/dS

0 —|—7T —I—Tan (S_l —0—2’757"%“)]

‘ Expansmn about the boson field

Low (67| = Lo+ 5 Gpsqbab + 2 (<5<5)2

-

P = Jdoqq o

Chiral pair fluctuation




Effective Lagrangian

Starting point is the NJL model.

- /me exp U CZT/CZBX &S‘lerG ()2 + wm%%)ﬂ}]

/DUDW exp[ /dT/d3 0 —|—7T ) + TrLn (Sgl —a—i’757'a7ra)]

‘ Expansion about the boson field

~ ~ ~

Les [55 } Lo+ G RIONOS I(égaﬁbaf D% = pgq0°

Y = S + &S + - - - [Chiral pair fluctuation
S =l ad® - ad)’ +af[

. Extremum at the finite wave number
00 0.5 1.0 15 2.0 Q/N

E. Nakano, T. Tatsumi, PRD 71, 114006 (2005)



Thermodynamic potential

¢
T o — [dr ClBXLe gb +5¢ T \ FlUCtuatiOﬂ
() = —Vln/DCW e~/ 9J rrldotod Order parameter

1

d>pid?
= (g + 5 / (P;;)GPQF(Q)(PM P2)®0(P1)%0(P2)

1 [ d*p1d®padipsd®p
—+ Z ! (272_‘_)12 L 4F(4) (p17 P2, P3, p4)¢0(p1)¢0(p2)¢0(p3)¢0(p4)




Thermodynamic potential

/ggng0+5

¢
T o — [dr [ d3xLest[do+0d T AN Fluctuation
= _VIH/D5¢ e~ 1 am] oo odl Order parameter

1 [ d’pd?
= Qo + 5 / 52)61)2@2)(101, P2)d0(P1)%0(P2)

3 3 3 3
L 1 [ 4P1d P20 P3d pafr(u
4! (27)12

(P1, P2, P3, Pz@ﬁo(P1)¢0(P2)¢0(P3)¢0(P4)

Analyze PT by calculating the coefficients including the fluctuations




Thermodynamic potential

/§52¢0‘|‘5§b

T o — [dr [ d3%Loss]boLd t "\ Fluctuation
() = —Vln/DCW e~ J ) rtlgotodl Order parameter
1 d>p1d°p
= o + 5 / (21%)6 2F(2)(P1, P2)®0(P1)%0(P2)
1 [ d°p1d°pad’p3d’py

—+ Z (27_‘_)12 F(4) (p17p27p37p4)¢0(p1)¢0(p2)¢0(p3)¢0(p4)

Analyze PT by calculating the coefficients including the fluctuations

No fluctuation case (MFA)

I'®)(p1,p2) = G, (iv,, = 0,p1)6%(p1 + P2) Static propagator

—1
ps

G (0, Pl)‘plzqc =0

-+ The 2nd order PT to the ICP occurs with the wave vector g_c.

» Phase transition at 7 =0

»*)No assumption about the inhomogeneous condensate




2nd order vertex function

52
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T In MFA changes to 7_R.



2nd order vertex function

52
6¢o(—q1)ddo(—a2)
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2nd order vertex function

52
6¢o(—q1)ddo(—a2)

= (2n)°6(q1 + qz2)[mr +¥(ai — q2)?]

$0=0 /

T In MFA changes to 7_R.

1
— 7 4+ AT
TR=TE Z/ 371r +v(p? —q?)? +04Vn\

Self-energy I =+ % . M
N 47T,yl/2 1/2

-

e ((h, Q2) = (27T)6

@lvergence at Tp — ()]




2nd order vertex function

0% Qefr

0¢o(—q1)dPo(—a2) = (2m)°0(q1 + q2)[7r + v(ai — @)”]

$0=0 /

T In MFA changes to 7_R.

Py [ AT 1
TR=T
& (27)3 TR + 7(P? — q2)2 + a|uvy)|

N Mg, 1
g 1/2 _1/2
Ay Tp

Self-energy II ="

A
-

(divergence at Tp — O)

0// \\
T PT point within MFA

Tr never vanishes.® No 2nd order PT




Dimensional reduction due to the temperature

The divergence vanishes at T=0
TR =7+ 11

Finite value even at 7 =0
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Dimensional reduction due to the temperature

The divergence vanishes at T=0

TR =7 + 11 ( :]
R P » 2nd order PT at 7p =0

Finite value even at 7 =0

Dimensional reduction

=y [ 4P !
) (27)? 75+ 1(p7 — @) + alunl

The leading contribution to the divergence comes from n=0.




Dimensional reduction due to the temperature

The divergence vanishes at T=0

TR — T;,H » (an order PT at 7r = OJ

Finite value even at 7 =0

Dimensional reduction

H—)\TZ/ d°p !
B (2m)3 TR + Y(P? — 42)? + vy,

The leading contribution to the divergence comes from n=0.

3
» H%)\T/ P !
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The number of the dimension reduce compared to T=0

» IR divergence becomes stronger.



Dimensional reduction due to the temperature

The divergence vanishes at T=0

TR — T;,H [an order PT at 7r = OJ

Finite value even at 7 =0

Dimensional reduction

H—)\TZ/ d°p !
B (2m)3 TR + Y(P? — 42)? + vy,

The leading contribution to the divergence comes from n=0.

» H%)\T/ dg) TR+7(]; *—q?)?

The number of the dimension reduce compared to T=0

» IR divergence becomes stronger.

cf. IR divergence of the NG mode destroys the condensate in iCP.

Quasi-long range order at 7' # 0 » Stable long range order at T'= 0

T.-G. Lee, et al.,, PRD92, 034024 (2015)
H. Hidaka, et al., PRD92, 034003 (2015)



4th order vertex function

1+ 2L(0)
1 —2L(0)

540
0¢0(d1)000(q2)0¢0(as3)ddo(qa)

I = (27)!2 = (27)°\

Po=0

53((11 +q2+93+q4)

Lk = T, e

4



4th order vertex function

540
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4th order vertex function

54Q

@ = (27) 2
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4th order vertex function

54Q

@ = (27) 2

1+ 2L(0
= (QW)ZE\ L )53((11 +q2 + 93 +q4)
$o=0
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S. A. Brazovskii,

»@(4) becomes negative} \ \A R (] st order PT)
-

N~

>

% The divergence remains even at T=0 L(0) ~ —7}51/2

Zh. Eksp. Teor. Fiz. 68 (1975)
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Effect on the particle number

Thermodynamic potential (Order parameter vanishes at the restored phase.)

) = ——1n/D5q§ exp

TrLn ( ) — — Z Gps )09 (—p) + 0(5¢4)}

d°p . d°p 1,
~ —2NfNCTZ/ e In | (W, + ip)? + p | + ZTZ/ (27)3 In Gpsl (v, P) + const.
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Effect on the particle number

Thermodynamic potential (Order parameter vanishes at the restored phase.)

) = ——1n/D5q§ exp

TrLn ( ) — — Z Gps )09 (—p) + 0(5¢4)}

d°p . d°p 1,
~ —2NfNCTZ/ e In | (W, + i) +p ] + ZTZ/ (27)3 In Gpsl (v, P) + const.

Contribution of the free quarks (MFA)  Contribution of the fluctuation

Quark number density
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Effect on the particle number

Thermodynamic potential (Order parameter vanishes at the restored phase.)

) = ——ln/Dégb exp

TrLn ( ) — — Z Gps )09 (—p) + 0(5¢4)}

d°p . d°p 1,
~ —2NfNCTZ/ e In | (W, + i) +p ] + ZTZ/ (27)3 In Gpsl (v, P) + const.

Contribution of the free quarks (MFA)  Contribution of the fluctuation

Quark number density
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Effect on the particle number

1

G (v, p) =~ . . ] ]
( ) T +v(p2 —¢2)* +alv,] The contribution at |p| ~ ¢, n ~0is dominant.

* a—MHpS(ZV’n? p) ~ a—MHps(Ov qC)



Effect on the particle number

1
7 +~(p|2 — ¢2)* +alv,| The contribution at |p| ~ ¢, n~0is dominant.
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Effect on the particle number

1
7 +~(p|2 — ¢2)* +alv,| The contribution at |p| ~ ¢, n~0is dominant.

GP(iv,, p) ~

0 0 /- 0 0
* 3—,LLHPS(ZVW p) ~ a—MHps(Ov qc)

0 d>p 1
flu 0
B 20T S(o,qC)TE:/
Op ° (27)3 7 + v (Ip|2 — ¢2)° + alvn)

~ 7~ 1/2 (divergence at 7 — 0)

2nd order PT (T =0)

/
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Effect on the particle number

1
7 +~(p|2 — ¢2)* +alv,| The contribution at |p| ~ ¢, n~0is dominant.

G (ivy, p) =~

3 0 . a 0
» a—MHpS(ZV’nv p) ~ a—MHps(Ov qC)

0 d>p 1
flu 0
B 20T S(o,qC)TE:/
Op ° (27)3 7 + v (Ip|2 — ¢2)° + alvn)

~ 7~ 1/2 (divergence at 7 — 0)

2nd order PT (7=0) 1st order PT (7r # 0)
/ n,
Considering the 4th order '[
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I / ~ Tlgl/Q
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Summary

- We constitute the effective theory described by chiral pair fluctuation.
- We expand the thermodynamic potential about the order

parameter and analyze the change of the coefficients.
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MFA : G_. can become negative. \is always positive. @ﬂd order P_D

can become negative  always positive

can become negative can become negative

: &

PT may be 1st order. PT is always 1st order.




