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The talk is based on publications:

- New approach to canonical partition functions computation 

in N_f=2 lattice QCD at finite baryon density. 

Phys.Rev. D95 (2017) no.9, 094506 

- Study of lattice QCD at finite baryon density using the   

canonical approach.  

EPJ Web Conf. 137 (2017) 07017 

- Sign problem in finite density lattice QCD.  

PTEP 2017 (2017) no.3, 031D01 



We study QCD in lattice regularization 

(aka Lattice QCD) 

Results (at μ=0) obtained via numerical

computation of the path integral 

have statistical as well as systematic

uncertainties.

Important: These uncertainties are under

control, i.e. they can be estimated and 

decreased. 
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Lattice QCD action





Fermion field integration





Sign problem 
-- In the integral

We use 
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Source: Quark-gluon plasma 5 



Methods to solve sign problem



Complex Langevin for Lattice QCD at finiteμ

- Complex Langevin                                              

- Density of states  

- Dual formulation

- Lefschetz thimble                                 



Notations



High and low temperature limits





Roberge,Weiss, 1986



QCD  phase diagram at imaginary µ 





Pressure obtained by two different methods

from  Phys.Rev. D95  (2017)  by F.Karsch et al.









in the confining phase (below Tc) we fit it to a Fourier 

expansion



These or similar fits were used before 

- Thermodynamics of two flavor QCD from imaginary chemical 

potentials 

M. D'Elia, F. Sanfilippo,  Phys.Rev. D80 (2009) 014502 

- Quark number densities at imaginary chemical potential in  N_f=2  

lattice QCD with Wilson fermions and its model analyses 

J. Takahashi, H. Kouno, M. Yahiro  Phys.Rev. D91 (2015) no.1, 014501 

- The QCD equation of state at finite density from analytical 

continuation 

J. Gunther, R. Bellwied, S. Borsanyi , Z. Fodor, S.D. Katz, A. Pasztor, 

C. Ratti.  EPJ Web Conf. 137 (2017) 07008 

- Higher order quark number fluctuations via imaginary chemical 

potentials in  Nf=2+1  QCD 

M. D'Elia, G. Gagliardi, F. Sanfilippo     Phys.Rev. D95 (2017) no.9, 

094503 





Problem: many functions provide good fits of data. 

Analytical continuation is ambiguous











Deconfining phase:



Relative deviationll



Confinement phase













C=0.033(10)



Conclusions



Backup slides



Main project: Study of the quark-gluon plasma using 

lattice QCD Supported by the Russian Science Foundation 

Leader:   A. Nakamura  

Main goal:      phase diagram of QCD  in µ-T plane

Machine :

10 nodes (2x Intel E5-2680-v2, 64Gb; 2 x NVidia Tesla K40X 

Kepler)

33 Tflops (peak);    23.5 Tflops (Linpack)

Code: Hybrid Monte Carlo code for GPU was created from 

scratch. Its performance is comparable to QUDA code (library for 

lattice QCD on GPUs    (http://lattice.github.com/quda)













Our result:  C=0.07   is  in nice agreement  with 

other results  for N_f=2 lattice QCD:

C=0.051(3)      De Forcrand, Philipsen, 2002

C=0.065(7)      Wu, Luo, Chen, 2007 
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