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Horndeski theory

S = /d“x\/fg(£2+£3+c4+,cs),
Ly = F(m, X),
L3 = K(m, X)On,
Ly = —Gy(m, X)R + 2Gyx(m, X) {(Dwf - W;NVW;IW] 7
p

1 . .
Ls = Gs(m, X)GH' 7.0, + §G5X {(Dwf = 30nm, " + 27, TP Y

where 7 is the Galileon field, X = g7 7, 7, = 0,7, T = V, V7,
Or = g“”v,,vuﬁ, G4X = 864/8)(
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Stability issue

The pathologies if any show up in the behaviour of small perturbations about
the background m

T="0+X
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Stability issue

The pathologies if any show up in the behaviour of small perturbations about
the background m

T="0+X

The quadratic Lagrangian in Minkowski space, that leads to a second order

field equation for x
1
L? = Ux - *V(a X)? = S W (2)

where U, V, W depend on time.
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Stability issue

1
L@ = U 2 - *V(a X)? = S W (3)

We will consider only high momentum regime.
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Stability issue

L@ = U 2—7V(a><) —%sz

We will consider only high momentum regime.

So U, V, W may be considered constant.
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Stability issue

L@ = U 2—7V(a><) —%sz

We will consider only high momentum regime.
So U, V, W may be considered constant.

Dispersion relation and energy density for x read:

Uw? = Vp2+ W,

1 . 1 1
T = EUXQ t5 V(9ix)* + 5 Wx*
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Possible types of pathologies

1., 1 1
SUX® = S V(0 = SWx?

2) _
L(X)_z

Uw?=Vp2+ W,

1 . 1 1
T = §UX2 t5 V(9ix)? + 5 Wx?

(a) Gradient instability:

Uu>0, V<o, oo U<0, V>0.
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Possible types of pathologies
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SUX® = S V(0 = SWx?

2) _
L(X)_z

Uw?=Vp2+ W,

1 . 1 1
T = §UX2 t5 V(9ix)? + 5 Wx?

(a) Gradient instability:
Uu>0, V<o, oo U<0, V>0.

"Frequencies” w are imaginary at high momenta
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Possible types of pathologies

1., 1 1
SUX® = S V(0 = SWx?

2) _
L(X)_z

Uw?=Vp2+ W,

1 . 1 1
T = §UX2 t5 V(9ix)? + 5 Wx?

(a) Gradient instability:
Uu>0, V<o, oo U<0, V>0.

"Frequencies” w are imaginary at high momenta

— perturbations grow arbitrarily fast
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Possible types of pathologies

1 1 1

L?) = ZUx? — ZV(8;x)? — =Wy

v = R UXT = S V(i) — S Wx
Uw? = Vp? + W,

1 . 1 1
TS = EUX2 +t5 V(0ix)* + 5 Wx?

(b) Ghost instability:
U<0, V<O0.
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Possible types of pathologies

1 1 1

L?) = ZUx? — ZV(8;x)? — =Wy

v = R UXT = S V(i) — S Wx
Uw? = Vp? + W,

1 . 1 1
TS = EUX2 +t5 V(0ix)* + 5 Wx?

(b) Ghost instability:
U<0, V<O0.

"Frequencies” w are real at high momenta
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L?) = ZUx? — ZV(8;x)? — =Wy

v = R UXT = S V(i) — S Wx
Uw? = Vp? + W,

1 . 1 1
TS = EUX2 +t5 V(0ix)* + 5 Wx?

(b) Ghost instability:
U<0, V<O0.

"Frequencies” w are real at high momenta

— in classical field theory the background is stable
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Possible types of pathologies

1 1 1

L?) = ZUx? — ZV(8;x)? — =Wy

v = R UXT = S V(i) — S Wx
Uw? = Vp? + W,

1 . 1 1
TS = EUX2 +t5 V(0ix)* + 5 Wx?

(b) Ghost instability:
U<0, V<O0.

"Frequencies” w are real at high momenta
— in classical field theory the background is stable

BUT quantum-mechanically unstable.
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Possible types of pathologies

1., 1 1
SUXZ = 5 V(0x)* = SWx?

2) _
Lg<>_2

Uw? = Vp>+ W,

1 . 1 1

(c) Tachyonic instability:

U>0, V>0, W<o.
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Possible types of pathologies

1., 1 1
SUXZ = 5 V(0x)* = SWx?

2) _
Lg<>_2

Uw? = Vp>+ W,

1 . 1 1

(c) Tachyonic instability:
u>o0, V>0, W«<O0.

"Frequencies” w are imaginary at sufficiently Jow momenta Vp? < |W/|
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Possible types of pathologies

1., 1 1
SUXZ = 5 V(0x)* = SWx?

2) _
Lg<>_2

Uw? = Vp>+ W,

1 . 1 1

(c) Tachyonic instability:
u>o0, V>0, W«<O0.

"Frequencies” w are imaginary at sufficiently Jow momenta Vp? < |W/|

— there are perturbations that grow
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Possible types of pathologies

1., 1 1
SUXZ = 5 V(0x)* = SWx?

2) _
Lg<>_2

Uw? = Vp>+ W,

1 . 1 1

(c) Tachyonic instability:
u>o0, V>0, W«<O0.

"Frequencies” w are imaginary at sufficiently Jow momenta Vp? < |W/|

— there are perturbations that grow

|~/2 is shorter than the characteristic scale of the

If time scale |W
background m, it is a problem
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Stable background case

1., 1 1
SUXZ = SV(0x)* = SWx?

2) _
Lg<>_2

Uuw? = Vp2+ W,

1 . 1 1
Tég) = EUX2 +t5 V(9ix)* + EWX2

u>0, V>0, W2>0.
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Stable background case

1., 1 1
SUXZ = SV(0x)* = SWx?

2) _
Lg<>_2

Uuw? = Vp2+ W,

1 . 1 1
Tég) = EUX2 +t5 V(9ix)* + EWX2

u>0, V>0, W2>0.

Different regimes of propagation of y—waves:
V>U superluminal propagation

V = U propagation at the speed of light

VU subluminal propagation
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In Horndeski theories only the scalar sector is potentially pathological.
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In Horndeski theories only the scalar sector is potentially pathological.

The following argument is formulated for £3 subclass of Horndeski theories +

gravity
1
L3 = 72—R+ F(X,m)+ K(X,m)Or
K
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In Horndeski theories only the scalar sector is potentially pathological.

The following argument is formulated for £3 subclass of Horndeski theories +
gravity
1
L3 = 72—R+ F(X,m)+ K(X,m)Or
K
In order to perform a stability analysis at the high momentum regime, one
needs to obtain the quadratic Lagrangian for perturbations.
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KYY approach

The method adopted in
T. Kobayashi, M. Yamaguchi and J. Yokoyama, 1105.5723
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KYY approach

The method adopted in
T. Kobayashi, M. Yamaguchi and J. Yokoyama, 1105.5723

1) Impose unitary gauge:

x=0
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KYY approach

The method adopted in
T. Kobayashi, M. Yamaguchi and J. Yokoyama, 1105.5723

1) Impose unitary gauge:
x=0

2) Plug perturbed metric into the action and expand it up to the second order
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KYY approach

The method adopted in
T. Kobayashi, M. Yamaguchi and J. Yokoyama, 1105.5723

1) Impose unitary gauge:
x=0
2) Plug perturbed metric into the action and expand it up to the second order

3) Integrate out all non-dynamical degrees of freedom
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DPSV approach

The method adopted in
C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, 1008.0048.
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DPSV approach

The method adopted in

C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, 1008.0048.

Originally applied to

1
L3 = —2—,‘? + F(X,7) + K(X, m)Or.
K
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DPSV approach

The method adopted in
C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, 1008.0048.
Originally applied to

1

E:
3 2K

R+ F(X,7) + K(X, m)Or.

Corresponding Galileon field equation (terms without second derivatives are
omitted):

—4FxxV, V1ot n0"m — 2Fx0On + 2KOn — 2K, xOn 0, m0" 1
—4KxxOrV,V, w0 n0"m — 2KxV V7V, V1 + 4K xV )V, 10" 70" 10
+4KxxV,V, VPV  motnd"m 4+ 2KxVHV, 7V VYT + 2Kx R,,,, 0" 10”7 = 0.
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Quadratic action for perturbations in L3

L3 = —;R—i— F(X,m)+ K(X,n)Or
K

in FLRW background
ds? = dt? — a°(t)dx>.
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Quadratic action for perturbations in L3

L3 = —;R—i— F(X,m)+ K(X,n)Or
K

in FLRW background
ds? = dt? — a°(t)dx>.

Parametrisation of metric perturbations (gauge partially fixed):

hoo =20, hoj = —0i3, hy = —a’ - 2(6;
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Quadratic action for perturbations in L3

L3 = —;R—i— F(X,m)+ K(X,n)Or
K

in FLRW background
ds? = dt? — a°(t)dx>.

Parametrisation of metric perturbations (gauge partially fixed):
hoo =20, hoj = —0i3, hy = —a’ - 2(6;
Galileon pertrubations about the homogeneous background

T — 7(t) + x.
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Quadratic action for perturbations in L3

L3 = —;R—i— F(X,m)+ K(X,n)Or
K

in FLRW background
ds? = dt? — a°(t)dx>.

Parametrisation of metric perturbations (gauge partially fixed):
hoo = 20, ho; = —0if3, hyj = —a*-2(5;;
Galileon pertrubations about the homogeneous background
7w — 7(t) + x.

We are interested in high momentum and frequency modes, therefore we
neglect terms in the action without derivatives of ¢ and y, as well as linear in

¢, x- But we keep all terms that include « and 9;/.
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The derivative part of quadratic action for metric and Galileon perturbations:
@ _ 3.3 3 2 ?C 2 ?25 2 '?23
Sgr+ga,—/dtdxa<—ng + 2o (S)e! g +;C e +
?% ?QX V23

22

Kxit? = 24—

)
+60al — —« Kyi2—
K

. 2 2
—6X§KX7'72+2Fa)'<+2/\€ B><+A 2 @)

where

A, B, X, 0O, A are some expressions of Galileon functions.
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Constraint equations for non-dynamical degrees of freedom:
V23 . 1
o il

1.
o= (C—XKX7'T2+AX>7
© \ kK

V25 1 V¢ | Vx

L, 1(T( . ., X .
22 w32 + 22 KXW2+e<ei—eXKX7T2+/\X+3@C+FX>~

a

C)

According to constraints « is linear in derivatives, while ?26 is quadratic.
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Integrating out o and ?25 results in
s |1 (1% 3\ /a. ;.\
gr+ga/ dtd xa 2 ?@—F; EX_CTF
2, (6)
1/ 1 d 2] 1\ (aVx V¢,
— 5 — X | =< — — - — —T7 .
72 \a-k2dt LO K a a a
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Integrating out o and ?25 results in
s |1 (1% 3\ /a. ;.\
gr+ga/ dtd xa 2 ?@—F; EX_CTF
2, (6)
1/ 1 d[a} 1\ (a%y V.
-5 X T | =| - — - = — T .
w2 \a-k2dt lO K a a a
The combination that enters here,
a .
X~ ﬂ-C )
a
is invariant under the residual gauge transformations

XX Gt (o CtED, asatb, foP-b

modulo the derivatives of the background terms, which are omitted. So the

action (6) is gauge invariant.
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DPSV approach analysis

The Galileon field equation for Lj:

—4FxxV, V1ot nd"m — 2Fx0On + 2KOn — 2K, xOn 0, m0" 1
—4KxxOrV,V, w0t nd"m — 2KxV V7V, V1 + 4K xV , V10" 70" 10
+4Kxx V,V, VPV motnd"m 4+ 2KxVHV, 7V VYT + 2Kx R,,,,0"' 10”7 = 0.
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DPSV approach analysis

The Galileon field equation for L3:

— 4FxxV,V, 70" 70" — 2FxOn + 2K, Or — 2K xOn0, 7m0
—4KxxOrV, V, w0t n0"m — 2KxV V7V, V' + 4K xV , V10" 70" 10
+4Kxx V,V, VPV, motnd"m + 2KxVHV, 7V VY1 + 2Kx Ry, 0410”1 = 0.

There is a specific set of terms with second derivatives that may in principle

arise in the perturbed Galileon equation:

% Vi, V%, 4, V2B,
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DPSV approach analysis

The Galileon field equation for L3:

—4FxxV,V, om0 1w — 2FxOn + 2K Or — 2K, xOr0, 7m0
—4KxxOrV, V, w0t nd"m — 2KxV V7V, V1 + 4K xV , V10" 70" 10
+4Kxx V,V, VPV  motnd"m + 2KxVHV, 7V VY1 + 2Kx Ry, 0" 10”1 = 0.

There is a specific set of terms with second derivatives that may in principle
arise in the perturbed Galileon equation:

Xa ?2X7 /& %a da ?2ﬂ

R. Kolevatov, S. Mironov, V.Rubakov, N. Suchov, VV On perturbations in Horndeski theories ICNFP 2017 16 / 25



The equation has to be invariant under gauge transformations

X=X+t a—a+b, B—B—&.
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The equation has to be invariant under gauge transformations

X=X+t a—a+b, B—B—&.

The only possible gauge invariant combinations of x, a and 3, which are

quadratic in derivatives
Q5 — ar) — P (?2X n ?257%) —o,

where Q and P are expressions with Lagrangian functions (for £3 these are F
and K).

This is the general form of the Galileon field equation after the trick.
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Gauging out am and ?267%

« and 3 in terms of ¢ and x:
= u + VX,
B = WC + zX,

where u, v, w and z are some functions.
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Gauging out am and ?267%

« and 3 in terms of ¢ and x:
a= ué + vy, (7a)
B =w(+zx, (7b)

where u, v, w and z are some functions.

Let us choose the following gauge fixing condition in the arbitrary form:
f=w(+zx = Ax,

where A = A(t) is some function of ¢.
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Gauging out am and ?267%

« and 3 in terms of ¢ and x:
a= ué + vy, (7a)
B =w(+zx, (7b)

where u, v, w and z are some functions.

Let us choose the following gauge fixing condition in the arbitrary form:

B =w(+zx = Ax,
where A = A(t) is some function of ¢.

Expressing ¢ and « from (7) gives
1
= — A —
(= (A-2)x

a:(%(A—z)—&—v))'(.
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The general form of Galileon equation with « and 3 expressed in terms of x

QK — ai) — P (?2X n ?257%) —0.
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The general form of Galileon equation with « and 3 expressed in terms of x

QK — ai) — P (?2X n ?257%) —0.
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The general form of Galileon equation with « and 3 expressed in terms of x

Q ()'('— (% (A—z)+ v) )'{7'1') -P (?2x+A€2)(7'r) =0.
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The general form of Galileon equation with « and 3 expressed in terms of x
Q@—(%m—zhw)ﬁ)—P(?%+A€aﬂ:m.
Since gauge invariance of field equations should be preserved modulo field

redefinition

u
A=——(A—2z)—v.
La—z)—v
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The general form of Galileon equation with o and 3 expressed in terms of x
o (i- (% (A=2)+v)ir) - P (?2X+A€2Xﬁ) —0.
Since gauge invariance of field equations should be preserved modulo field

redefinition
u

A:—W(A—z)—v.

=-1, —z—-v=

S |s
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The general form of Galileon equation with o and 3 expressed in terms of x
o (i- (% (A=2)+v)ir) - P (?2X+A€2Xﬁ) —0.

Since gauge invariance of field equations should be preserved modulo field

redefinition
u
A=——(A—2)—v.
L(A-z)-v
u
—=-1, —z—v=0 — |a=-p
w
as

a:ué—&—vj( and [ =w(+ zx.

QK — éit) — P (?2X n ?257%) —0.
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Now we can fix the gauge taking A = 0:
B=w(+zxy=Ax —0,
a=—3-0,

X = X — &7 = X.
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Now we can fix the gauge taking A = 0:
B=w(+zxy=Ax —0,
a=—3-0,

X = X — &7 = X.

The only degree of freedom that is left is x.
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Equivalence of KYY and DPSV approaches

Gauge invariant action:

. 2

gr+gal /dtd3xa [1 (12(§+3) (zX_Cﬂ')
1/ 1 dra sy v\
‘ﬁz(a.ﬂzdt[e} H> Faraid B
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Equivalence of KYY and DPSV approaches

Gauge invariant action:

1 /1% 3\/a. .\’
3 ~ a . _ .
gr+gal /dtd |jr <,€2 @2 + ) (aX Cﬂ-)

& (amlgl-3) (3%-34)

(a) KYY approach amounts to choosing unitary gauge: x = 0.

| S
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Equivalence of KYY and DPSV approaches

Gauge invariant action:

1 /1% 3\/a. -\°

gr+ga, /dtd3 Lr </<;2@2+) (zx—gw)
1/ 1 dra 39y v\
‘ﬁz(a.ﬂzdt[e} H> PRl I

(a) KYY approach amounts to choosing unitary gauge: x = 0.

(b) To restore the result of DPSV approach one needs to express ¢ in terms of x:
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Equivalence of KYY and DPSV approaches

Gauge invariant action:

1 /1% 3\/a. -\°

gr+ga, /dtd3 Lr </<;2@2+) (zx—gw)
1/ 1 dra 39y v\
‘ﬁz(a.ﬂzdt[e} H> PRl I

(a) KYY approach amounts to choosing unitary gauge: x = 0.

(b) To restore the result of DPSV approach one needs to express ¢ in terms of x:

(=Q-x

R. Kolevatov, S. Mironov, V.Rubakov, N. Suchov, VV On perturbations in Horndeski theories ICNFP 2017 22 /25



Equivalence of KYY and DPSV approaches

Gauge invariant action:

1 /1% 3\/a. -\°

gr+ga, /dtd3 Lr </<;2@2+) (zx—gw)
1/ 1 dra 39y v\
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(a) KYY approach amounts to choosing unitary gauge: x = 0.
(b) To restore the result of DPSV approach one needs to express ¢ in terms of x:

(=Q-x
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Equivalence of KYY and DPSV approaches

Gauge invariant action:

1 /1% 3\/a. -\°

gr+ga, /dtd3 Lr </<;2@2+) (zx—gw)
1/ 1 dra 39y v\
‘ﬁz(a.ﬂzdt[e} H> PRl I

(a) KYY approach amounts to choosing unitary gauge: x = 0.

(b) To restore the result of DPSV approach one needs to express ¢ in terms of x:
(=Q-x
Q = I{Kx’]:l'z
Both methods correspond to choosing a specific gauge in the gauge invariant

action.
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DPSV trick for L4

L3 = F(X,n)+ K(X,n)Omn,
L4 = —Gy(m, X)R + 2Gax(m, X) [(DW)Q — V.V, v*‘v"w} .
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DPSV trick for L4

L3 = F(X,n)+ K(X,n)Omn,
L4 = —Gy(m, X)R + 2Gax(m, X) [(Dw)2 — V.V, v*‘v"w} .

Extra terms with second derivatives of metric in the Galileon field equation:

2R, V!'1VYm Kx + 2RV, V! Gyx — 4R, VIV Gax+
HARVH TV Vo VP Gaxx — 16R,, V'V V ,oVPm Gaxx+

+8RL VIV TV, VP Gaxx — R Gar + 2RV ,mVHT Garx—
=88R, VHTVYT Ganx — 8Ryype VHTVPTVYVIT Gaxx + -+ =0,
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DPSV trick for L4

L3 = F(X,n)+ K(X,n)Omn,
L4 = —Gy(m, X)R + 2Gax(m, X) [(Dw)Q — V.V, v#v"w} .

Extra terms with second derivatives of metric in the Galileon field equation:

2R, V!'1VYm Kx + 2RV, V! Gyx — 4R, VIV Gax+
HARVH TV Vo VP Gaxx — 16R,, V'V V ,oVPm Gaxx+
+8RL VIV TV, VP Gaxx — R Gar + 2RV ,mVHT Garx—
=88R, VHTVYT Ganx — 8Ryype VHTVPTVYVIT Gaxx + -+ =0,
and Einstein equations
2G,, Gy + 2RV, 7V, Gax — 4R,V VP Gyx—
—4R,,,V, 7V T Gyx + 48, Rpoe VTV Gax—
—4R,p,e VTNV Gax + -+ = 0.
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Conclusion

1. Both KYY and DPSV approach correspond to a specific gauge choice.

R. Kolevatov, S. Mironov, V.Rubakov, N. Suchov, VV On perturbations in Horndeski theories ICNFP 2017 24 /25



Conclusion

1. Both KYY and DPSV approach correspond to a specific gauge choice.
2. If DPSV trick works, inevitably a@ = —f3.
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Conclusion

1. Both KYY and DPSV approach correspond to a specific gauge choice.
2. If DPSV trick works, inevitably a@ = —f3.
3. DPSV trick applies to £, case.
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Thank you for your attention!
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