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Force problems

• Kepler problem:

For x ∈ R2 solve:

ẍ = −
M

|x |3
x , F ∝

1

r2
.

Solution (I. Newton): Conic sections (with the origin in one focus).

• Hook’s law: For x ∈ R2 solve:

ẍ = −ω2x , F ∝ r .

Such a force produces a spherically symmetric hallo of dark matter by Newton’s
shell theorem.
Solution (R. Hook): Also conic sections (with the origin in the center).

• Bertrand theorem (1873) : No other central force problem has the property that
all bounded trajectories are also closed.
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ẍ = −
M

|x |3
x , F ∝

1

r2
.

Solution (I. Newton): Conic sections (with the origin in one focus).

• Hook’s law: For x ∈ R2 solve:
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Revolving orbits

• F ∝ 1
r3
:

Solution (Newton):

F (r)→ F (r) +
L2(1− k2)

r3
,

is equivalent to making k-th harmonic of solutions. L is the solutions angular
momentum. (Geogebra)

• Changing the force

F (r)→
a3

(1− br)2
F

(
ar

1− br

)
+

L2

mr3
(1− k2)−

bL2

mr2
,

is equivalent of making the following transform

r →
ar

1− br
, ϕ→

1

k
ϕ.

(Mahomed and Vawda in 2000)
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Nonlocal revolving orbits

Changing the force by

F (r)→ f ′F (f )−
L2k2

r3
+

L2f ′

f 3
,

where f ≡ f (r),

is equivalent to doing the following (nonlocal) transform

r → f (r), ϕ→
1

k

ϕ∫
ϕ0

f ′(r(t))r(t)2

f 2(r(t))
dt.

Special case:

1 f (r) = r . Newton

2 f (r) := ar
1−br

. Mahomed and Vawda.

3 No other local transform , i.e. f ′r2

f 2
= 1.

4 f (r) = r
1−ωr2 . Passing to a rotating frame of reference.

5 f (r) = r
1−ωr ln r

Particularly useful, yet without apparent interpretation.

ϕ→ ϕ+ ω

∫
rdϕ.
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Dark Kepler problem

• For x ∈ R2 solve:

ẍ = −
M

|x |3
x +

F

|x |
x − ω2x , F ,M ≥ 0,

Solution (2017): If
FL+ ωM = 0,

then the solution is Cartesian oval as viewed from the rotating frame of reference
(with angular velocity ω). (Geometer’s Sketchpad)
If not the transform E?αBα can be used to convert the problem into the previous
case.
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γ

x

O

P(x)

Pc (x)

p
r

pc
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Selected curves

r = a

Single point with distance a.

p = a Line dinstant a.

pc = a Involute of a circle with Pedal point at center.

p = r Cocentric circles.

p = sinαr Logarithmic spiral.

2Rp = r2 + R2 − |a|2 |x − a| = R.

L2

p2
=

m

r
+ c Conic section.
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= P(pc ).
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(
r ,
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(
r ,

r

p
pc

)
= 0.

r = ae
cosα
sinα

ϕ, ⇒ r ′ϕ =
cosα

sinα
r ⇒ p = |sinα| r .

f
(
r ,
∣∣r ′ϕ∣∣ , r ′′ϕ , ∣∣r ′′′ϕ ∣∣ . . . , r2jϕ , ∣∣∣r (2j+1)

ϕ

∣∣∣ , . . . , r (n)ϕ )
= 0,

⇓

P(f (p, pc , pcp
′
c ,
(
pcp
′
c

)′
pc , . . . , (pc∂p)

n−1p) = 0)

κ :=
r2 + 2r ′ϕ

2 − rr ′′ϕ(
r2 + r ′ϕ

2
) 3

2

, ⇒ κ =
1

rr ′
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f (p, r) = 0
P−→ f

(
r ,

r2

p

)
= 0,

f (p, r) = 0
Sα−→ f (αp, αr , ) = 0,

f (p, r) = 0
IR−→ f

(
Rp

r2
,
R

r

)
= 0,

f
(
p, r2

)
= 0

Ec−→ f
(
p − c, r2 − 2pc + c2

)
= 0,

f (p, r) = 0
DR=IRP−→ f

(
R

r
,
R

p

)
= 0,

f

(
1

p2
, r

)
= 0

Hk−→ f

(
k2

p2
−

k2 − 1

r2
, r

)
= 0.

f

(
1

p2
, r

)
= 0

E?c :=D1EcD1−→ f

(
1

p2
−

2c

r
+ c2,

r

1− cr

)
= 0,

f
(
pc , pcp

′
c , (pcp

′
c )
′pc , . . .

)
= 0

E−→ f
(
p, pc , p

′
cpc , . . .

)
= 0,

f
(
pc , pcp

′
c , . . . , (pc∂p)

n p
)
= 0,

Pc :=PE−→ f
(
r ,
∣∣r ′ϕ∣∣ , r ′′ϕ , . . . , r (n−1)

ϕ

)
= 0,

C :=ES 1
2
P

−→
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Theorem
Consider a dynamical system:

ẍ = F ′
(
|x |2
)
x + 2G ′

(
|x |2
)
ẋ⊥, (1)

describing an evolution of a test particle (with position x and velocity ẋ) in the plane
in the presence of central F and Lorentz like G potential. The quantities:

L = x · ẋ⊥ + G
(
|x |2
)
, c = |ẋ |2 − F

(
|x |2
)
,

are conserved in this system.
Then the curve traced by x is given in pedal coordinates by(

L− G(r2)
)2

p2
= F (r2) + c, (2)

with the pedal point at the origin. Furthermore, the curve’s image is located in the
region given by (

L− G(r2)
)2

r2
≤ F (r2) + c. (3)
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Example

Cassini oval from focus (Geometer’s Sketchpad)

|x | |x − a| = C ,

⇒

(
3C2 + r4 − |a|2 r2

)2
p2

= 4C2

(
2C2

r2
+ 2r2 − |a|2

)
.

⇒ ẍ =

(
8C2 −

16C4

|x |4

)
x +

(
|x |2 − |a|2

)
ẋ⊥.

Cassini oval from center (Geometer’s Sketchpad)

|x − a| |x + a| = C , ⇒
(
r4 + R2 − a2

)2
p2

= 4R2r2

⇒ ẍ = 4R2x + 4 |x |2 ẋ⊥.
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⇒ ẍ = 4R2x + 4 |x |2 ẋ⊥.
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Kepler problem in General relativity

r ′ϕ
2
=

r4

b2
−
(
1−

rs

r

)( r4

a2
+ a2

)
, (4)

where

rs :=
2GM

c2
, a :=

L

GMc
, b :=

cL

E
.

Hence
1

p2
= d +

rs

a2r
+

rs

r3
, d :=

1

b2
−

1

a2
.

Since p ≤ r we have
1

r2
≤ d +

rs

a2r
+

rs

r3
,

or
0 ≤ dr3 +

rs

a2
r2 − r + rs =: h(r).
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N = 2

a = 0.9

b = −1

c = 0.1

x0 = 1

h(r)

0

rs

N = 0

a = 0.9

b = 0

c = 0.7

x0 = 1

h(r)

0

rs

N = 3

a = −0.9

b = 2.7

c = 0.2

x0 = 1.7

h(r)

0

rs

N = 1

a = −0.1

b = 1

c = −0.8

x0 = 2.8

h(r)

0

rs
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