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Microscopic foundations of dissipative fluid dynamics (I)

Boltzmann equation: k"0, fkx = C|[f]

where: k¥  particle 4-momentum
Jx single-particle distribution function

C[f] collision integral

—> 0'" and 1°* moment of the Boltzmann equation: Nt =C
0,IT" = C¥
where: N#* = /k k" fkx ~ particle no. 4-current,
T = /k k“k” fx energy-momentum tensor,
/ =g / (27r)3k0 , g: internal quantum no. degeneracy of momentum state

Note: C = /k [f] =0 and C¥ = /k kYC[f] = 0 for binary elastic collisions

(particle no. and 4-momenta are microscopic collisional invariants)

—> macroscopic conservation of particle number, o,N!=10
energy, and momentum! 9, T" =0
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Microscopic foundations of dissipative fluid dynamics (II)

general tensor decomposition with respect to u#* in Landau frame:

(where u” is 4-velocity of energy flow) NF = nut + nH

T = eutu” — (p + II) A + ¥

where: n = N*u, particle density (1)
e = THu,u, energy density (1)
p(e,m) pressure in a fictitious local-equilibrium state with given €, n
II=—3T*A, —p bulk viscous pressure (1)
nt* = A"N, particle diffusion current (3)
= AL TP shear-stress tensor (5)
with:  A# = g — ulu” 3-space projector onto direction orthogonal to u*

v _ 1 v v 1 v
Al =5 (ARAY + ABAY) — LA A L,

—> equations of motion not closed: n+n@+8-n=0
5 equations, 14 unknowns 4 (e+p+10)6 — 7" 8yu, =0
(e + p)u* = VH(p + II) — TIa* — A* 9,y

where: A = u"9,A comoving derivative
0 = 9,u* expansion scalar
VH# = A*Q, 3-space gradient orthogonal to u*

—> need 9 additional equations of motion for II, n*, w*¥!
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Microscopic foundations of dissipative fluid dynamics (III) I

Consider small deviations from local thermodynamical equilibrium:

Jx = fox + 0 fx I 16 fx| < | fox|
where fox = [exp (—a + BEw,) +a] ™' I

with: 3 =1/T , T temperature, a = Bu , p chemical potential,
FEy, = k*u, energy of particle in rest frame of fluid,

a = 1,0 for fermions/bosons, Boltzmann particles

— irreducible moments of 4 fy: phr ke = /k E; . k... kR §

where: Al#1-me) = Ab1he AVITVE
1... Z
AH1He  projectors onto subspaces orthogonal to u” |
g4

Vl---y
formed from A*” , symmetric in u;, v; , traceless,

2
Note: —%-po =1II, py =n*, py =7
matching conditions in Landau frame: n = ny — p;
€ = €9 — P2 =



6th Int. Conf. on New Frontiers in Physics ICNFP2017, Kolymbari, Crete, August 17 — 29, 2017 6

Microscopic foundations of dissipative fluid dynamics (IV) I

—> derive equations of motion for irreducible moments:

plbr i) = A1 Be @ O‘/k: E} | SRy ik

r V]_...VE

. ) : 1
— use Boltzmann equation: Ofk = —fox — I {kFV , (fox + 1) — C[f]}
ku

— system of infinitely many coupled equations for irreducible moments ph1i e,

completely equivalent to Boltzmann equation —> truncation required!

systematic power counting: ¢
Y P . Kn = mib Lmip 0, Knudsen number
L t1yia
11 nt 7 dand
Re!= — ~ — ~ — inverse Reynolds number
D n D

for £ > 3: pf1# ~ O(Kn?, KnRe ') = will be neglected (work to Oy)

eigenmode analysis: consider slowest eigenmodes to be dynamical,

take all faster eigenmodes equal to their asymptotic values

— allows to express all irreducible moments p,, pt, pt” for r > 0

by po = —%H, ph =nt, pt” = m*¥ and gradients of o, B, u*
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Microscopic foundations of dissipative fluid dynamics (V)

—> equations of motion for II, n*, wH":

Il + I = (b + K +J + R
T, n<F> 4+ nt* = geVFa + KF + JH + RH

Tp TSHYT 4w = 2m0 0t + KM+ JH + R

Kn?: K=Crwpw” + 8o oy, + (3607 + 6 (Va)2 + ¢ (Vp)2 + 66 V,uaVip + (G Via+ (s Vip,
IKCH =Rio" Vo + Ro o™ Voup 4+ k3 0 VEa + R4 0 VHp + ks w* Vo + Rg AP0 oy, + Ry VHO
KM = iy w)\(u W Mo @ M + T o.)\(u oV 4 M o.)\(u W s Vita VY o
+ 7 V(up V”>p + 77 V¢ V”>p + s VEvY o + o V(uVV>p
Re 'Kn: J = —ln, V,n* — i1, n#*V,,p — 6 0 11 — Ay, n*V a0 + A 7704
TH =1, w?’ n, — 0pp O — Ly VAIL+ £ AP VAT 4+ Ton L VAP — T T Voup — A 0¥ 11,
+ Aol VEFa — Ay ™™V,

T =21, 71')\<” WA — QT — T 7r>\<” o’ + AL o™ — 10, N V) p + £y VERY)

+ A RV where W’ = (VH*u” — VVut) /2
Re™*: R = @1 I + py myum + p3 Ty, G.S. Denicol, H. Niemi, E. Molnar, DHR,
RE = @, T iy, + 5 TI NP PRD 85 (2012) 114047,

R = g ILTH + 7 my* w9 + g nl# n¥) Erratum PRD 91 (2015) 3, 039902
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Anisotropic fluid dynamics I

Initial gradients in heavy-ion collisions are large

—> deviations from local thermodynamical equilibrium are large!

—> may invalidate dissipative fluid dynamics

Idea: “resum” dissipative corrections into single-particle distribution function,
e.g.: W. Florkowski, PLB 668 (2008) 32; M. Martinez, M. Strickland, PRC 81 (2010) 024906

-1

fOk — [eXp (_64 + Bu\/Eﬁu + 6 E}Z) + CL}

where FEy = —Il#k, , with [# direction of anisotropy, I#l, = -1, Fu, =0,
usually: I* = ~,(v,,0,0,1), v, = (1 — v)~1/2,

£ anisotropy parameter

—> in LR frame of fluid:

£>0

—> 5 conservation equations determine &, G,, u” (3)

—> need additional equation to determine ¢!
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Microscopic foundations of anisotropic dissipative fluid dynamics (I)

fi = fox + 0 fic = for + 0 fi I

If 6 fix ~ fox , choose fOk such that |5fk| < |f0k|
— improved convergence properties of expansion around fOk!

D. Bazow, U.W. Heinz, M. Strickland, PRC 90 (2014) 5, 054910
E. Molnar, H. Niemi, DHR, PRD 93 (2016) 11, 114025

—> irreducible moments of 6fk: pra e = /k E’ E: im .| el 5fk

W’hereo A{Hl'.'ﬂl} —_ E"‘u,l---'u,eAyl...Ve
’ - V1 lp D)

Ep e projectors onto subspaces orthogonal to both u# and I , formed from =#* ,
symmetric in p;, v; , traceless,
EHY = gt — utu” 4 MY 2-space projector onto direction orthogonal to both u* and I#

— derive equations of motion for irreducible moments:

s{pime} a r s 1.{v vt s £
= =M 'y a/k;Eku E;, vtk e}(sfk

TS ViV

—> use Boltzmann equation:

°
A

5Fi = —~Fo— gy {~BuDi (o + 85 + 9, (Fu+ 84) — OLF])

ku

where: D; = —1#0,, , VH = BHy,
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Microscopic foundations of anisotropic dissipative fluid dynamics (II)

Truncation: so far, no eigenmode analysis, only 14-moment approximation

A A 1 A
Define In’PQ(aa /Bua 6) = /k: Eku kl (_'=' Bkakﬁ)q .fOk

(2q)!!

—> the 14 moments are:

particle density n=f = Iig < P10 = 0 (1% Landau matching cond.)
particle diffusion in [#-direction n; = Ny + Por = I110 + Po1
energy density € = € = Ig — p20 = 0 (2"! Landau matching cond.)

heat flow in [#-direction M + p11 = I210 + P11

Pl = I220 <= pPo2 =0 (3rd Landau matching cond.)

transverse pressure P, =P + 3H = Iz — 5 Poo

particle diffusion in transverse direction V! = pj,

:u E
I|I

pressure in [*-direction

heat flow in transverse direction wi, = pho
shear-stress current in [#-direction wl, = ph

shear-stress tensor in transverse direction 7" = pf,
— Landau frame: M = W/, =0 <= py1=—-M, piy=0

—> eliminate all other moments by linear relation:
N Ng n () R
piy M= (1) Z X Phn " Vingm - where ¥, function of & Bu, &
n—=

for details, see E. Molnar, H. Nleml, DHR, PRD 93 (2016) 11, 114025
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Application to heavy-ion collisions (I)

Bjorken flow:

. “Pure” anisotropic fluid dynamics
J.D. Bjorken, PRD 27 (1983) 140

- (6fi =0 <= all ptaie = 0)
The space-time picture: — eqs. of motion for irreducible moments

become eqgs. of motion for moments I,,,4:

T = B-g* = condl,

(G + DIivjj0+ (6 — Digjjie0 5

OrLitjj0+ =Ci—1,
T

—> conservation equations:

. . A n
t=1,7=0: on+—=0
T

Cquiu brium

¢ + B
€ + ' _ o

i=2,j=0: 8.é+

-
— 2 equations, 3 unknowns: &, B, &
@_’ P@ — need additional equation to close
Ui equations of motion!

—> 1in principle, equation of motion for any moment fi+j,j,0 suffices,
but which one is the best choice?
E. Molnér, H. Niemi, DHR, PRD 94 (2016) 12, 125003
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Application to heavy-ion collisions (II)

assume relaxation-time approximation for collision term: C; ,; = —

—> study the following choices:

1) i=0,j=2:
(2) i=3,j=0:
B3) i=1,5=2:
(4) i=0,5=0:
(5) i=0,j=4:

6) i=1,j=4:

7
(7) in case particle number is not conserved: :t =1,3=0: 9.7+ — = —
-

. 3P -1 P-1T
o.P + ! 200 _ B 220
T Teq
- T300 — 21390 T300 — I300
01300 + = -
T Teq
. 31330 I350 — I3
O0rI320 + S —
T Teq
. Tooo — Io20 Tooo — Tooo
Orlopgo+ ———— = ———
T Teq
~ 5j440 — j46(] j440 - I440
Or1440 + = -
T Teq
. 51540 I540 — I5go
O-1540 + = -

Te q

A

A~

Litjjo0 — Litjj0

where I; j ;o = im0 I;yj 0

n — I00

Te q

Note: different moments probe fOk in different regions of momentum space!



6th Int. Conf. on New Frontiers in Physics ICNFP2017, Kolymbari, Crete, August 17 — 29, 2017 13
Application to heavy-ion collisions (III)
& =0, Th =300MeV, Teq = 1fm & =10, Tp = 300MeV, Teq = 1fm

1.0 A 1.0 A ]
no particle |

number o I
— 04 ~———r a o 1

tion: U IS
conservation: 0ol - s | s |

— B

00— —%—¢ % 10 12 14 16 00— —%—¢ % 10 12 14 16

T [fm]

all cases (1) — (7) give different results!

T [fm]

——> which one is the best?

—
—> comparison of case (1) to solution of Boltzmann equation
W. Florkowski, R. Ryblewski, M. Strickland, PRC 88 (2013) 024903

1.0F

£ =0, Ty=300MeV

‘.Q\ o | .5 a 7

=== dan/s=1 |/
== 4rn/s=10
----- 4mn /s =100 |
*  exact

o
. e
8 e
-
s

s
%
®,
-

* &,
-
e e B e e e B e Bl B e B B B R B R

2 4 6 8 10 12 14 16
T [fm]

1.0F

& =100, Tp =300MeV

oo o| = Teq = 1fm

- - ———
- =
.J—

- === dan/s=1 |/

== 4rn/s=10

----- 4mn /s =100 |
*  exact

8 10 12 14 16
T [fm]

—> relaxation equation for p, gives best match to solution of Boltzmann eq.!
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Application to heavy-ion collisions (V)

However: other moments not necessarily also agree well with Boltzmann equation

1.05

1.00+

& =0, To =300MeV

-\.. .
~. -
Hh"""'--—ﬁ ________________________
T [— Tq=1fm
=== 4dnn/s=1
== 4an/s=10

----- 4mn /s =100 [

> 4 6 8 10 12 14 16

1.05

1.00H
0.95H:

Eo =100, Tp =300MeV

& 0.90(4
OUEN:

£ 0.80]
= 0.75¢
0.70}
0.65}

0.60

NS — %= lfm
=== 4dnn/s=1
—-= 4 /s =10
---------------------- /s = 100 |
2 6 8 m 1& ...... 1,4 ...... 16
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Conclusions and Outlook I

1. Derivation of equations of motion of anisotropic dissipative fluid dynamics
from Boltzmann equation
E. Molnér, H. Niemi, DHR, PRD 93 (2016) 11, 114025

— still need to do eigenmode analysis!

2. Closure of equations of motion of “pure” anisotropic fluid dynamics
— best agreement to solution of Boltzmann equation provided by 2/
but: not all moments agree with solution of Boltzmann equation
E. Molnar, H. Niemi, DHR, PRD 94 (2016) 12, 125003
—> need to improve fOk?!



