
August 23rd, 2017

3.2264d0

You Zhou (NBI) @ ICNFP2017, Crete 1

Correlations of anisotropic flow at the LHC

You	Zhou 
Niels Bohr Institute, University of Copenhagen

6th International Conference on New Frontiers in Physics (ICNFP2017), Crete



August 23rd, 2017

3.2264d0

You Zhou (NBI) @ ICNFP2017, Crete 2

Elliptic Flow
❖ “Elliptic flow, described by the Fourier coefficients of the azimuthal 

particle distributions w.r.t. the reaction plane, could be used to 
probe the Quark-Gluon Plasma.”

coordinate space Eccentricity

momentum space Elliptic Flow

J.Y. Olltriault, PRD 46, 229 (1992)
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3.2264d0

STAR Collaboration,  
PRL 86, 402 (2001)

ideal hydrodynamics

❖ The measured elliptic flow agrees with an ideal liquid (negligible 
specific shear viscosity η/s~0) 

First flow measurements at RHIC
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Glauber CGC

η/s, initial conditions

❖ Extracted η/s strongly depends on initial conditions
• η/s = 0.08 with Glauber-IS and 0.16 with CGC-IS —>100% uncertainty!
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Anisotropic Flow and symmetry planes

ΨRP

ΨRP: Reaction Plane

1992 2010

�!
V2

�!
V3

v2: Elliptic flow
v3: Triangular flow
…
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Flow vector     and     

❖ The anisotropic flow coefficients vn (magnitude of the nth-harmonic flow 
vector) have been measured in great detail (centrality, pT, η, PID)
—> constraints on the initial conditions, η/s, EoS, freeze-out conditions …

❖ The fluctuations of each individual flow harmonics have been 
investigated.

�!
V2

�!
V3

�!
Vn

�!
Vm

ALICE:
PRL107, 032301 (2011)

IP-Glasma:
PRL110, 012302 (2013)

vn measurements
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Constraint from higher harmonic flow

❖ vn measurements are also quantitatively described by hydrodynamic 
calculations using EKRT, AMPT, Trento initial conditions (not MC-
Glauber, nor MC-KLN) with different η/s(T)
• weak sensitivity to η/s(T)
• not easy to discriminate which set is the best

citation: 416 

EKRT: H. Niemi et. al,  PRC 93, 024907 (2016) ALICE Collaboration,  PRL 107, 032301 (2011)

v2

v3

v4
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Vn and Vm

2010

�!
V2

�!
V3

❖  General question:
• what are the correlations between vn and vm ?
• what are the correlations between ψn and ψm ?
• will these correlations provide new information ?
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Correlations of vm and vn

❖  A linear correlation coefficient c(vm, vn) was proposed to study the 
correlations between vm and vn:

• This correlation function is 1 (−1) if vm and vn are linearly (anti-linearly) correlated 
and zero in the absence of linear correlation. 

• negative correlations of c(v2, v3) and positive correlations of c(v2, v4)

• c(v2, v3) is sensitive to initial conditions and insensitive to η/s, c(v2, v4) is sensitive to 
both       c(vm, vn) is a new observable to constrain initial conditions and η/s.

• However, this observable cannot be accessible easily in flow measurements which 
relying on two- and multi-particle correlations.

c(vm, vn) =

⌧
(vm � hvmiev)(vn � hvniev)

�vn�vm

�

ev

H. Niemi et al.,
PRC 87, 054901 (2013)
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Correlations of vm and vn using ESE
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❖ Investigate the relationship between vn and vm using Event Shape 
Engineering (ESE)
• stronger anti-correlations between v2 and v3 in peripheral collisions

• can not quantify the correlation strength

ATLAS,   PRC92, 034903 (2015)
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❖  Symmetric Cumulants, SC(m,n),  
 measures the correlations of vn and vm 

SC(m,n)
A. Bilandzic etc,
PRC 89, 064904 (2014)

❖ By construction not sensitive to:
• non-flow effects, due to usage of 4-particle cumulant
• inter-correlations of various symmetry planes (ψn and ψm correlations)

❖ It is non-zero if the event-by-event amplitude fluctuations of vn and vm  
are (anti-)correlated.
• more details, see Section IV in: 

    http://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.064904

http://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.064904
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❖ The positive values of SC(4,2) and negative SC(3,2) are observed for all 
centralities. 
• suggests a correlation between v2 and v4, and an anti-correlations between v2 and v3.

• indicates finding                 in an event enhances the probability of finding             
and finding                  in that event.

Centrality dependence of SC(m,n)

v4 > hv4i
v3 < hv3i

v2 > hv2i
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ALICE : 
PRL 117, 182301 (2016)
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Non-flow contributions?

❖ SC(m,n) calculations from HIJING

❖ It is found that                  and                     in HIJING, but SC(m,n) are 
compatible with zero

-> suggests SC measurements are nearly insensitive to non-flow effects.

• non-zero values of SC measurements cannot be explained by non-flow effects, thus 
confirms the existence of (anti-)correlations between vn and vm harmonics.

⌦
v2mv2n

↵
> 0

⌦
v2m

↵ ⌦
v2n

↵
> 0
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❖ Correlations between different order flow coefficients provide stronger 
constraints on the initial conditions and η/s in hydrodynamic calculations than vn 
alone.

• previously “successful” hydro calculations fail to describe the data

Correlations of flow vectors
ALICE : 
PRL 117, 182301 (2016)

Hydrodynamics:  
PRC 93,024907 (2016J\

Symmetric cumulant:
PRC 89, 064904 (2014)
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Centrality percentile
0 10 20 30 40 50

〉
2 nv〈〉

2 mv〈
S

C
(m

,n
)/

0.5−

0

0.5

1

1.5

 = 2.76 TeVNNsALICE Preliminary Pb-Pb 

 PRL. 117 (2016) 182301〉2

2
v〈〉2

3
v〈SC(3,2)/

 PRL. 117 (2016) 182301〉2

2
v〈〉2

4
v〈SC(4,2)/

〉2

2
v〈〉2

5
v〈SC(5,2)/

〉2

3
v〈〉2

5
v〈SC(5,3)/

〉2

3
v〈〉2

4
v〈SC(4,3)/

 < 5.0 GeV/c
T

| < 0.8, 0.2 < pη|

ALI−PREL−118579Centrality percentile
0 10 20 30 40 50

S
C

(m
,n

)

0.2−

0.1−

0

0.1

0.2

0.3

6−
10×

 = 2.76 TeVNNsALICE Preliminary Pb-Pb 
SC(3,2) ( x 0.1) PRL. 117 (2016) 182301
SC(4,2) ( x 0.1) PRL. 117 (2016) 182301
SC(5,2) 
SC(5,3) 
SC(4,3) 

 < 5.0 GeV/c
T

| < 0.8, 0.2 < pη|

ALI−PREL−118575

SC and NSC with other harmonics

❖ SC(m,n) and NSC(m,n) with other harmonics:
• correlations between (v2, v5) and (v3,v5) observed

• anti-correlations between (v3, v4) observed

• |NSC(5,3)| > |NSC(5,2)| > |NSC(4,3)| as predicted by hydrodynamic calculations

SC(m,n) = hv2m v2ni � hv2mi hv2ni

VISH2+1, X. Zhu et al., PRC 95, 044902 (2017)

NSC(m, n) =
SC(m, n)
!v2

m " ! v2
n "
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SC and NSC with other harmonics

❖ Comparison to VISH2+1 hydrodynamic calculations 
• hydrodynamic calculation can not describe all data with one combination of initial 

condition and η/s

• tight constraints on initial conditions and η/s of QGP, in addition to SC(3,2) and SC(4,2).
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εn      

initial anisotropy and final state flow
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• Non-linear response 

- corresponds to lower order initial anisotropy coefficient ε2,3

- Vn projection on V2 or V3

- vn,m : magnitude of non-linear response in Vn

❖ Higher harmonic flow is modeled as the sum of linear and nonlinear 
response terms to the initial anisotropy coefficients εn

linear and non-linear response in Vn

linear responsenon-linear response

    Vn = V NL
n + V L

n

VNL
n = ! Vm

2,3

V L
n

Vn
• Linear response 

- expected to correspond to the cumulant-defined 
same order initial anisotropy coefficient εn’
- vnL: magnitude of linear response in Vn

  VNL
n

  VL
n
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VNL
n = ! Vm

2,3

V L
n

Vn

❖ ρ: ratio of  vn,m and vn:

• probes the correlations between different order flow symmetry planes

• Similar with previous “event-plane correlations” 

❖ χmn : non-linear response coefficient

�422 =
v4,22!
hv42i

�523 =
v5,32!
!v2

2 v2
3"

�6222 =
v6,222!

!v6
2"

! 633 =
v6,33p
hv4

3i

⇢422 =

v4,22
v4{2}

⇡ hcos(4 4 � 4 2)i

⇢532 =

v5,32
v5{2}

⇡ hcos(5 5 � 3 3 � 2 2)i

⇢6222 =

v6,222
v6{2}

⇡ hcos(6 6 � 6 2)i

⇢633 =

v6,33
v6{2}

⇡ hcos(6 6 � 6 3)i

L. Yan et al,
PLB744 (2015) 82

J. Qian et al,
PRC 93, 064901 (2016)

Non-linear mode-coupling
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vn : linear and non-linear terms

❖ non-linear component vn,m

• increase with increasing centrality

• becomes dominant in peripheral collisions

❖ linear component vnL

• plays dominant role in vn in central collisions

• weak centrality dependence

❖ results are quantitatively described by hydro with IP-Glasma & η/s = 0.095

• suggest a small η/s

 

 

ALICE,  
arXiv: 1705.04377
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vn : linear and non-linear terms

❖ non-linear component vn,m

• increase with increasing centrality

• becomes dominant in peripheral collisions

❖ linear component vnL

• plays dominant role in vn in central collisions

• weak centrality dependence

❖ results are quantitatively described by hydro with IP-Glasma & η/s = 0.095

• suggest a small η/s
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ALICE,  
arXiv: 1705.04377
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Centrality percentile
0 10 20 30 40 50 60

 nv 

0.005

0.01

0.015

0.02
 = 2.76 TeVNNsPb-Pb 

c < 5.0 GeV/
T
p0.2 < 

| < 0.8η|

4v

Centrality percentile
0 10 20 30 40 50 60

 ρ 

0.005

0.01

0.015

0.02

 (x1.5)5v

{2}4v
 L
4v
4,22v

{2}5v
 L
5v
5,32v

{2}6v
6,222v
6,33v

ALICE

Centrality percentile
0 10 20 30 40 50 60

 ρ 

0.005

0.01

0.015

0.02

 (x2)6v

IP-Glasma + MUSIC + UrQMD
{2}nv

 L
nv

n,mv

vn : linear and non-linear terms

❖ non-linear component vn,m

• increase with increasing centrality

• becomes dominant in peripheral collisions

❖ linear component vnL

• plays dominant role in vn in central collisions

• weak centrality dependence

❖ results are quantitatively described by hydro with IP-Glasma & η/s = 0.095

• suggest a small η/s

IP-Glasma: 
S. McDonald et al., 
arXiv: 1609.02958

 

 

ALICE,  
arXiv: 1705.04377
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probe of symmetry plane correlations

❖ ρmn

• Probes the symmetry plane correlations

• Agreement between ALICE and ATLAS (different eta coverage)

• Results are compatible with hydrodynamic calculations using IP-Glasma & η/s=0.095,

• calculations using MC-Glauber, MC-KLN initial conditions have difficulties to 
quantitatively describe the data.
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IP-Glasma: 
S. McDonald et al., 
arXiv: 1609.02958

ALICE,  
arXiv: 1705.04377
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❖ Χ422 is insensitive to η/s but sensitive 
to initial conditions

• unique observable to tune the initial 
conditions w/o influences from η/s 

• in favor of MC-KLN and IP-Glasma 
initial conditions than MC-Glb

❖ Χ532 and Χ633: very weak sensitivity to 
initial conditions, vary significantly 
with different η/s values. 
• Sensitive to η/s at freeze-out (poorly 

understood so far), not sensitive to η/s 
during the system evolution

• None of the hydrodynamic calculation 
quantitatively describes Χ532

❖ weak centrality dependence, 
suggests a small η/s.
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IP-Glasma:  S. McDonald et al.,  arXiv:1609.02958

MC-Glb&MC-KLN :  J. Qian, U. Heinz, PR93, 064901 (2016)

ALICE,   arXiv: 1705.04377

VNL
n = ! Vm

2,3

V L
n

Vn
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Similar results at 5.02 TeV

❖ Similar conclusion obtained in Pb-Pb collisions at 5.02 TeV
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MC-Glauber MC-KLN AMPT IP-Glasma EKRT

v2 ✓ ✓ ✓ ✓ ✓
vn ✘ ✘ ✓ ✓ ✓

(vn,vm) ✘ ✘ ✘ N/A ✘

(ψn,ψm) ✘ ✘ N/A ✓ ✓
χn ✘ ✘ N/A ✓ N/A

ICObservable

❖ We present the correlations between different order anisotropic 
flow, we also show detailed studies of mode-coupling of higher 
harmonic flow in Pb-Pb collisions.

❖ These measurements open new possibilities for investigation of the 
initial conditions and the η/s(T) which were not very well 
constrained by previous flow data.

Summary

this	talk

20
17  

a small η/s

✘/✓ : this talk
N/A: not available

this	talk

✘/✓ : not this talk
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❖ New observable: 
Symmetric 2-harmonic 4-particle Cumulants, SC(m,n), measures the 
correlations of vn and vm 

SC(m,n)
A. Bilandzic etc,
PRC 89, 064904 (2014)

❖ By construction not sensitive to:
• non-flow effects, due to usage of 4-particle cumulant
• inter-correlations of various symmetry planes (ψn and ψm correlations)

❖ It is non-zero if the event-by-event amplitude fluctuations of vn and vm  
are (anti-)correlated.
• more details, see Section IV in: 

    http://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.064904

B1

http://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.064904
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List of observables

❖ Observables based on 2- and multi-particle correlations
• can be directly obtained using Generic framework of multi-particle correlations

(details see back up slides)
A.Bilandzic, C.H. Christensen, K. Gulbrandsen, A. Hansen, and Y. Zhou, PRC 89, 064904 (2014)

10

v4,22 =
!v4 v2

2 cos(4! 4 " 4! 2)#
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!v4
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$ ! v4 cos(4! 4 " 4! 2)#                      

v5,32 =

hv5 v3 v2 cos(5 5 � 3 3 � 2 2)ip
hv23 v22i

⇡ hv5 cos(5 5 � 3 3 � 2 2)i                      

v6,222 =
!v6 v3
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!v6
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!v6
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❖ Higher harmonic flow are modeled as the sum of linear and nonlinear 
response terms to the initial anisotropy coefficients εn

•  

• the magnitudes of  Vn
NL (Vn projection on V2 or V3):

• the magnitudes of  Vn
L :

    

linear and non-linear response in Vn

linear responsenon-linear response

8

Vn = V NL
n + V L

n

v4,22 =
!v4 v2

2 cos(4! 4 " 4! 2)#
!

!v4
2#

$ ! v4 cos(4! 4 " 4! 2)#

v5,32 =

hv5 v3 v2 cos(5 5 � 3 3 � 2 2)ip
hv23 v22i

⇡ hv5 cos(5 5 � 3 3 � 2 2)i

v6,222 =
!v6 v3

2 cos(6! 6 " 6! 2)#
!

!v6
2#

$ ! v6 cos(6! 6 " 6! 2)#

v6,33 =
!v6 v2

3 cos(6! 6 " 6! 3)#
!

!v4
3#

$ ! v6 cos(6! 6 " 6! 3)#

  v L
4 =

q
v 2
4 {2}� v 2

4,22

v L
5 =

q
v 2
5 {2}� v 2

5,32

VNL
n = ! Vm

2,3

V L
n

Vn
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multi-particle correlations with an eta gap

v A
4,22 =

!! cos(4! A
1 " 2! B

2 " 2! B
3 )##

!
!! cos(2! A

1 + 2 ! A
2 " 2! B

3 " 2! B
4 )##

vA
5,32 =

hhcos(5'A
1 � 3'B

2 � 2'B
3 )iip

hhcos(3'A
1 + 2'A

2 � 3'B
3 � 2'B

4 )ii

vA
6,222 =

hhcos(6'A
1 � 2'B

2 � 2'B
3 � 2'B

4 )iip
hhcos(2'A

1 + 2'A
2 + 2'A

3 � 2'B
4 � 2'B

5 � 2'B
6 )ii

vA
6,33 =

hhcos(6'A
1 � 3'B

2 � 3'B
3 )iip

hhcos(3'A
1 + 3'A

2 � 3'B
3 � 3'B

4 )ii

η

sub-A sub-B

0

'B
k

'B
l'A

i 'A
j

v4,22 =
!v4 v2

2 cos(4! 4 " 4! 2)#
!

!v4
2#

$ ! v4 cos(4! 4 " 4! 2)#

v5,32 =

hv5 v3 v2 cos(5 5 � 3 3 � 2 2)ip
hv23 v22i

⇡ hv5 cos(5 5 � 3 3 � 2 2)i

v6,222 =
!v6 v3

2 cos(6! 6 " 6! 2)#
!

!v6
2#

$ ! v6 cos(6! 6 " 6! 2)#

v6,33 =
!v6 v2

3 cos(6! 6 " 6! 3)#
!

!v4
3#

$ ! v6 cos(6! 6 " 6! 3)#

A.Bilandzic, C.H. Christensen, K. Gulbrandsen, A. Hansen, and Y. Zhou, PRC 89, 064904 (2014)

❖ Here 3-, 4- and 6-particle correlations can be calculated via modified 
Generic framework (remove self-correlations, with NUA/NUE 
corrections)

B3
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NSC(3,2) vs pT

❖ ALICE NSC(3,2) measurements
• independent of pT, min cut in the centrality range <30%, 

• for centrality above 30%, a moderate decreasing trend with increasing pT, min range.

• calculation from AMPT-default (can not describe vn) agrees with data for 0-40% centrality

• other models overestimate NSC(3,2)         further improvement of initial state models

8

?
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Uncorrelated Linear and Non-linear response

❖ If the above equations are valid

• indicate Linear and Non-linear terms are uncorrelated 

• valid in hydrodynamic and AMPT calculations

❖ Agreement observed in data

• suggests uncorrelated (or very weakly correlated) linear and non-linear responses

L. Yan et al,
PLB744 (2015) 82
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ALICE,  arXiv: 1705.04377
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NSCv(3,2) and NSCε(3,2)

❖ NSC(3,2) in hydrodynamic calculations

• mainly driven by initial NSCε(3,2) for central- and middle-central collisions

• New approach to tune initial state models 

• independent of kinematic cuts

hv23 v22i
hv23i hv22i

⇡ h"23 "22i
h"23i h"22i

v2 ! ! 2
v3 ! ! 3

NSCv(3,2) NSCε(3,2)

VISH2+1, X. Zhu et al., PRC 95, 044902 (2017)


