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αs current determination

PDG world average [PDG 2016]

α(MZ) = 0.1181± 0.0013 (1%)

4σ tension between determinations

lattice : α(MZ) = 0.1183± 0.0007

e+e−annihilation : α(MZ) = 0.1123± 0.0015

FLAG average [arXiv:1607.00299]

α(MZ) = 0.1182± 0.0012 (1%)

Λ
(5)

MS
= 211± 14 MeV (7%)
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http://pdg.lbl.gov/2015/reviews/rpp2015-rev-qcd.pdf
https://arxiv.org/abs/1607.00299


lattice determination

• aim for subpercent precision

• only nf + 1 masses from the hadron
spectrum are needed (mud,ms, . . . , αs)

• challenge: connecting low scale hadronic
quantities to perturbative definition of αs

• what are the limiting factors?
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strong coupling constant

αS(µ) = gS(µ)2/(4π) is scale (µ) and scheme (S) dependent

Q(µ) = c1αS(µ) + c2αS(µ)2 + . . .+O(αn+1
S ) +O (exp (−γ/αS))

lattice approach:

3 design short-distance Euclidean observables Q, UV/IR safe

3 compute them by Monte Carlo simulations

7 truncation of perturbative expansion

7 systematic errors in the lattice computations

7 number of quarks
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a problem of scales

• Q(µ) = lima→0Q(µ, a), deal with lattice artefacts

• match perturbative expansion: large µ or small αeff = Q/c1

• hadron mass/intermediate scales (
√
t0, w0, r0, r1)

• aµ, r0/a (amh) need to be measured on the same lattices

• r0 � L, µ� a−1 =⇒ µ� (L/a)× r−1
0 ' 5− 20 GeV
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lattice path integrals

Z =

∫
DUDψDψ̄ e−S[ψ,ψ̄,U ]

U(x, µ)

a

L

ψ(x) S =
∑
x,y∈Λ

ψ̄(x)D(x, y;U)ψ(y) + Sg[U ]

only inputs: amf , g

r0 � L, µ� a−1
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three examples

• Wilson lines [HPQCD10]

• current correlators [HPQCD14A]

• step scaling & gradient flow [ALPHA16]
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http://arxiv.org/abs/1004.4285
http://arxiv.org/abs/1408.4169
https://arxiv.org/abs/1607.06423


wilson lines

[HPQCD10] simulations with nf = 2 + 1

Yi = log〈Re Tr P exp−i
∮
C
dxµAµ〉 = Y

(
ai, (amq)i, α0, y

(1)
m , cn, d

)

Y
(
ai, (amq)i, α0, y

(1)
m , cn, d

)
=

=
(

1 + y(1)
m (2aml + ams)i

) 10∑
n=1,2,3,...

cn αV (d/ai)
n

ai =
r1

(r1/a)i

(
1 + r

(2)
1a (a/r1)2

i + r
(1)
1m(2r1ml)i

)
α0 = αMS(µ = 5 GeV, nf = 3)
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http://arxiv.org/abs/1004.4285


bayesian fitting

χ2 =
∑
i

[
Yi − Y

(
ai, (amq)i, α0, y

(1)
m , cn, d

)]2

σ2
Yi

+
∑
ξ

δχ2
ξ

prior for the fit parameters

δχ2
ξ =

∑
ξ

(ξ − ξ̄)2

σ2
ξ

conservative choices, but difficult to judge the impact of the priors
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error budget and results

lattice artefacts / poor convergence of pert th

α(5)
s (MZ) = 0.1184(6)
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moments of correlators

[HPQCD14A] simulations with nf = 2 + 1 + 1

Gn =
∑
t

(t/a)nG(t)

G(t) = a3
∑
x

(am0h)2 〈j5(x, t)j5(0)〉 , j5 = ψ̄hγ5ψh

reduced moments

R̃n =

G4/G
(0)
4 , n = 4

1
m0c

(
Gn/G

(0)
n

)1/(n−4)
, n ≥ 6

for n ≥ 4, R̃n are UV finite −→ lima→0 R̃n
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perturbative expression

R̃n →


r4

(
αMS, µ

)
×
[
1 + d4

(
αMS, µ

) 〈αsG2/π〉
(2mh)4 + . . .

]
, n = 4

rn(αMS,µ)
mc(µ) ×

[
1 + dn

(
αMS, µ

) 〈αsG2/π〉
(2mh)4 + . . .

]
, n ≥ 6

rn, dn known in pert th to NNLO, LO respectively

rn
(
αMS, µ

)
= 1 +

∑
j

rnj(µ)αMS(µ)j

µ = 3mh(µ)
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fitting form

R̃n =

{
1 n = 4

1/ξmmc(ξαµ) n ≥ 6

}
× rn

(
αMS(ξαµ), µ

)
×

(
1 + dn

〈αsG2/π〉
(2mh)4

)
×
(

1 + dh,cn
m2

0h −m2
0c

m2
0h

)
+

(amη

2.26

)2∑
i

ci(mη, n)
(amη

2.26

)2i

mc(µ), αMS(µ) obtained using RG evolution as functions of
αMS(5 GeV, nf = 4) = α0

mc(5 GeV, nf = 4) = m0
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error budget and results

Bayesian fit up toO(a20)

∆α = |c4/c1|α4
eff

α(5)
s (MZ) = 0.11822(74)
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schrödinger functional

1. Finite volume scheme µ = 1/L, µa� 1 =⇒ L/a� 1

σ(u) = g(2L)2
∣∣
g(L)2=u

step scaling: g(Lhad)2 −→ g(µ)2, µ = 2k/Lhad

2. compute in a large volume:

Lhad/a , r0/a =⇒
(
Lhad

r0

)
so that

µ = 2k
[(

Lhad

r0

)
r0

]−1

r0 is the physical input that determines αs
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lattice step scaling

Σ(u, a/L) = ḡGF(2L)2
∣∣
m=0,u=ḡGF(L)2
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beta function

β(g) = − g3

P (g)
, P (g) = p0 + p1g

2 + p2g
4 + . . .

log 2 = −
∫ √σ(u)

√
u

dx

β(x)

= −p0

2

[
1

σ(u)
− 1

u

]
+
p1

2
log

[
σ(u)

u

]
+

nmax∑
1

pn+1

2n
[σ(u)n − un]
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error budget and results

[1604.06193]

Λ
(3)

MS
L0 = 0.0791(21) (2.7%)

[1607.06423]

Lhad/L0 = 21.86(42) (1.9%)

[next step]

computation of Lhad in physical units (e.g. Lhad/r0)

↪→ approx. 4% accuracy on Λ −→ aim for percent accuracy

three independent methods all with percent accuracy
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http://arxiv.org/abs/1607.06423


light quark masses

• ETM14, nf = 2 + 1 + 1

M̂2
K0 − M̂2

K+ = (md −mu)

(
∂M2

K

∂m

)∣∣∣∣
m=mud

• QCDSF/UKQCD15: nf = 3 + QED

M2(ab̄) = M2
0 + . . .+β0(e2

u+e2
d+e2

s)+β1(e2
a+e2

b)+β2(ea−eb)2 + . . .

• RM123 11, MILC09: nf = 2, 2 + 1(
∆γ
K+ −∆γ

K0

)
−
(
∆γ
π+ −∆γ

π0

)
= ε

(
M2
π+ −M2

π0

)
• PACS-CS12: nf = 2 + 1 reweighting
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light quark masses

• BMW16: nf = 2 + 1 full QCD + quenched QED computation

ε = 0.73(2)(5)(17)

[1604.07112]
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light quark summary

BMW : mu = 2.27(6)(5)(4) MeV , md = 4.67(6)(5)(4) MeV ,

L Del Debbio Precision lattice QCD Quy-Nhon, September 2016 21 / 26



charm quark

Two complementary methods:

• mass of hadrons vs quark mass

Mhad(amc) = M exp
had =⇒ amphys

c =⇒ mc(mc)

• moments method described above

• choice of the heavy quark action
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charm summary
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b quark

problem fitting the different scales on current lattices, amb ' 1

• static action

• HISC relativistic action

• NRQCD effective description

• relativistic heavy quark action

• lattice HQET
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b quark summary
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outlook

• subpercent accuracy on αs - ILC EW fit
• impact on N3LO calculations
• taming of lattice systematic errors
• mc, mb at the percent level
• more results will become available: better understanding of syst err
• aggressive/conservative analyses
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