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The presence of chaos is an
integral part of the majority of
nonlinear dynamical systems,
which describe complex

physical, chemical, biological and
social processes and

phenomena.



We consider the method of localization and

stabilization of unstable singular points
and periodic solutions of discrete and
continues chaotic dynamical systems.

The idea of the method consists in
construction of a certain dynamical system
in the space of the greater dimension, for
which the assigned unstable point (periodic
trajectory) of the initial chaotic system is
the projection of it’s certain asymptotically
stable point (orbitally stable periodic
trajectory).



Localization and stabilization of unstable fized points
and unstable cycles of chaotic mappings

Let us consider a family of m-dimensional nonlinear smooth mappings
“n+1 — F(zn; #J): S ]Rm: (68)

where p is a scalar parameter and F'is a smooth vector-function. Let points
21 (), z5 (@), - .., 25 (p) be k-periodic points of the mapping (6.8), for which
equalities

25 () = F(z1 (1), ), 23 (1) = F (25 (), )5 - - - 27 () = F(z(p)s 1) (6.9)

take place. If k = 1, then point z7(u) is the fixed point of the mapping
(6.8). Usually there is a critical value pj, of the system parameter such
that the cycle (6.9) is a stable periodic trajectory of the mapping (6.8) in
the domain p < pj, whereas in the domain g > pj, the cycle (6.9) is an
unstable periodic trajectory of the mapping (6.8), which has in this case
other regular or singular attractors.



Let us consider a (m + 1)-dimensional mapping

Znp1 = F¥(zn, 1) + €(gn — ),

Gn+1 = Q(zn, 1) + B(qn — 1) + p, (6.10)

where e € R™, B € R, Q(z/(pn),) = 0,1 =1,... k. Clearly, that if the
cycle (6.9) is a periodic trajectory of the mapping (6.8), then each point
(z7 (@), pe), © = 1,...,k, is a fixed point of the mapping (6.10). Let us
calculate the Jacobi matrix of the mapping (6.10) at the point (27 (), p)

T = @g/gj )

All eigenvalues of the matrix J(p) at the point i are equal to zero if and
only if

il
Cm +1

Z JI_E(,ME):O? [: 1?...?m—|—1:, (611)
i=1



Theorem 6.1  If the determinant D of system of linear Egs. (6.11) is not
equal to zero, then there exists a value pyy > p. of the system parameter
such that for each pu € [uy, pury] the point (27 (u),p) is an asymptotically
stable fized point of the mapping (6.10) and can be localized and stabilized
in the domain of p € [ur, ;| by means of the iterative process (6.10) with
initial conditions qo = i, 20 = z; (1) Any other k-periodic point 23 (1),
j # i of the mapping (6.8) also can be localized and stabilized in the domain
of 1€ g, pty] by means of the Eq. (6.9).

In particular, mapping Q(z, 1) in (6.10) can be chosen in the form of
Q(Z; IJ) = @ (Flk(z,, i) - 3'1) Tt am(FTi(ZnIL) - 3m);

where parameters a;, ¢+ = 1,...,m, are set to either zero or unity so as

to satisfy the condition D # 0 for the determinant D of the linear system
(6.11).



Example 6.1 By way of cxample, we consider the logistic mapping
it = izl zp)y 3<p <4, (6.13)

The fixed point z*(u) = 1 1/p of the mapping (6.13) is an unstable
stationary point in the domain p > p* = 3. Moreover, if p > 3.57, then
the mapping (6.13) exhibits a chaotic behavior. Numerical experiments
showed, that the fixed point z*(p) of the mapping (6.13) can be localized
and stabilized at the intervals 3 < gt < 3.6 with the help of iterative process
(6.10) with § = —F, = 1 and ¢ = 0.5, calculated at the point u* = 3. Then
this fixed point can be localized and stabilized at the interval 3.6 < <4.25
with parameters #=1.6 and £ = 1, calculated at the point i = 3.6.
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Fig. 6.1 Bifurcation diagram of logistic mapping (6.13) and the system (6.10 stabilizing
it for k = 1(a) and for k = 2(b). Points A, B, C correspond to the period doubling
bifurcations of the mapping (6.13), and points 12, E correspond to the period doubling
bifurcations of the stabilizing mapping (6.10). Parts of a trajectory A—D and D — I/ are
obtained at the first and second iterations of the process of stabilization of the mapping
(6.10) accordingly at intervals 3 < p < 3.6 and 3.6 < p < 4.25,



Stabilizing system in the case of 2d mappings

Lptl = filu + &1 (q“ - ‘UJ),
Un+1 = féu + €2 (q“ - ‘LL):, (615)
n+1 = ﬂl[ff - mﬂ} + a; [f?k - :U’n] + ﬁ(q” - ﬂ) + 1y

Example 6.2 As an example we shall consider the Henon mapping

2
n’

Tpe1 =i+ 0.3y, —
n+l = | n (616)
Un+1 = Ip.

The fixed point 2*(p) = y*(u) = =0.35 + /0.1225 4 p of the mapping
(6.16) is an unstable stationary point in the domain s > u* = 0.3675. For
p = p* any of eigenvalues of the Jacobian of the mapping (6.16) is not
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Fig. 6.2 Two-dimensional diagram of the Henon mapping (6.16) and its stabilizing
system (6.15). The points a, b, ¢ correspond to period doubling bifurcations of the
mapping (6.16) and the points d, e, f correspond to period doubling bifurcations of the
stabilizing mapping (6.15).



Localrzation and stabilization of unstable fixed points
of chaotic dynamical systems

Let us consider a nonlinear dynamical system
t=F(z,p), xeR"™, (6.20)

given by the family F of smooth mappings. Let z*(u) be a fixed point
of system (6.20), where g is a scalar parameter. Just as in Sec. 6.2.1, we
assume that there exists a critical value p* of the system parameter such
that point z* (1) is the stable fixed point of system (6.20) for p < p*, and
is an unstable fixed point for p > p*.

Let us consider the (m + 1)- dimensional dynamical system .

T=F(z,pu)+elqg—p),

_ (6.21)
q=Q(x,p)+ Blg—p),

where Q(z*(p), ) = 0, and € = (€1,...,6,)" and 3 € R are contro’s



Let us calculate the Jacobian

J.,-._Jn

_ (0F [0z €
~\0Qfoxp) _ .

.!—! I,\'U.-)l-,!f '|'..l.

Hf
M

Ls
€1, - -+ Em, [ should satisfy the system of m + 1 linear algebraic equations

Y Jkp)=Chod k=1...,m+1. (6.23)

Theorem 6.4 If the determinant D of the system of linear Egs. (6.23)
is nonzero, then there exists a domain p* < p < pi such that for any
1€ [p*, ui] real parts of all eigenvalues of matriz J(u) are negative, and
the point (x* (1), p) s an asymptotically stable fized point of system (6.21).
Hence, the fized point *(u) of the dynamical system (6.20) can be localized

and stabilized in the domain p € [p*, i) with the help of system (6.21)
with initial conditions ro = x*(u*), go = JL.



Example 6.4 To illustrate the method, we consider the Rossler chaotic
dynamical system |

.
1

_(y + z):-
=1 + ay, (6.24)

hL s — 1)
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We localize and stabilize a fixed point of the system (6.24) with the help of the system

&=—(y+z)+eilg—p),

=z +ay+ealqg — p),

Z=b+z(x—p)+e3(qg—p),

Gg=—a1(y+z2)+ az(x + ay) + rLg(fH— 2(x — ,u,)) + 8(q — ),

The system (6.25) enables to localize and stabilize a fixed point of the
system (6.24) at the interval p* < pu < 4 for values of parameters g = —3,
e1 = —1,e9 =7/3, g3 = 1/6, calculated at the point p*. The interval of
localization and stabilization covers all domain of chaotic behaviour of the
Rossler system.

(6.25)



Localization and stabilization of unstable cycles of
'--"J L F UL LR L L.-HL.—I:L.-L'.I' l...f‘,
chaotic dynamical systems
Let us consider a nonlinear dynamical system
b=F(a,p), teR", peR, (6.26)

given by a family F’ of smooth mappings. Let 2*(¢, 1) be a closed periodic
trajectory (a limit cycle) of the system (6.26), depending on the system
parameter p. Without loss of generality, we assume that there exists a
critical value of the system parameter p* such that the trajectory z* (¢, u)
is an asymptotically orbitally stable cycle of system (6.26) for 2 < p*, and
the trajectory z* (1, ) is an unstable cycle of system (6.26) for g > p*. In

Let us consider the (m + k + 1)-dimensional system
y=Fy,p)+ Z(y,t, ) E(q — pe),
¢ =DQ(y,s,t, 1) + B(q — pe), (6.27)
§=C1Q(y,s.t, ),

0
Qy, 5,8, 1) = x(s, 1) — (0, ), Z(y,t, ) = /

Ax(0, 1)’

(6.28)



Theorem 6.5 There exist constant matrices E and D' of control param-
eters, vector C, scalar 3, and also the value of system parameter puj > p*
such that the cycle u™(t, 1) 1s an asymptotical orbitally stable limit cycle of
the system (6.27) for all values of the parameter p € [1*, pi].

Example 6.5 As an example we consider the Rossler dynamical system
(6.24). If o > 1.88, then the limit cycle of the system (6.24) loses stability,
and an irregular singular attractor appears in the system for p = 2.35. We
localized and stabilized the limit cycle of the system (6.24) with the help
of the expanded system

==y +2)+ (21161 + 21262 + 21363) (¢ — p),

=2+ ay + (29161 + 22262 + 20363)(q — ),

z=b+z(x —p) + (23181 + 23262 + 23363)(q — 1), (6.37)
q=ar(z(s) — 2(0)) +aa(y(s) — y(0)) +az(2(s) — 2(0)) +5(q — p),

5 =crap (2(s) — 2(0)) + eaa2(y(s) — y(0)) + caaz (2(5) - 2(0)),



Fig. 6.3 Stabilization of an unstable limit cycle of the Rossler system.

Fig. 6.3 shows: 1 is a chaotic trajectory of the Rossler system for p = 2.4;
2 1s a stable limit cycle of the Rossler system for the critical value p* = 1.85;
3 is a projection of the limit cycle of the system (6.37) stabilizing the
unstable limit cycle of the Rossler system (6.24) for p = 2.4.



Chaos control in equations with delay argument

Example 6.6 As an example, we consider stabilization of unstable fixed
nnmf in the nonlinear Mackev-Glass Pmm’rlfm

e e R W ol W ol o ol ol ol ol N R e e Tl R L ol e - e R Tt ———

Bobf™x (t — T)

= —azx(t) + 6.45
() " +an(t—7) (6:45)
hara 4. B and . are nositive constants ariph that A~ A~ NV and n R -~ 9
WIITLT I.IJU:, vV oalllul 1l alc PUDI.LIJ.\-‘G COILSUAIITS SUCI tildt I.LJU ~ W~ U dliud ) -~ L':,
6aB > fy, B = (ﬁ[] —a)/fBy. The Eq. (6.45) has the unique stationary state
TL ﬁﬂ T L [ K
t* =10 whlch loses stability for

a

. arccos(—a/b)
T>T = oa— ,

where b = a(nB—1)



For stabilization of unstable fixed point * of the Eq. (6.45) for 7 > 7*, we
consider the system

#t) = —az(t) + .ei“i”jﬁ;;—fr} et =) (6.46)
q(t) = —a(x(t) — 27) + Blq(?) - 7).
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Fig. 6.4 Solutions of the Mackey-Glass Eq. (6.45) (a) and the stabilizing it system
(6.46)(b) for the value of bifurcation parameter 7 = 5, where x* is the stationary solution.



Fig. 6.5 Stabilization of an unstable periodic solution of the Mackey-Glass Eq. (6.45).



Stabilization of a thermodynamaic branch in reaction—
diffusion systems of equations

Stabilization of zero solution of the Kuramoto-Tsuzuki equation

Wi =W+ (1 +ic))Waee — (L+ic) WIWI?, Wz, t) = u(z, )+iv(e, )
0<z<I, 0<t< 0, (6.54)

W(*rﬂ: U) = Wﬂ(x]a W;ﬂ(oa t) = Wx(lnt) 0.

Expanded stabilizing system

U = U+ Ugg — Cl Uz — (U2 +07)(u — co0) + €,

Ve = U+ Cligy + Vpp — (U + v?)(u + cov) + &1,
or=u-+fo, P=v+ P,

0<z<I, 0<t<o0,

u(z,0) = ug(x), v(,0) = wvo(x), (6.58)
o(x,0) = po(x),  ¥(w,0) = 1o (x),
2(0, t) = v, (l,1) =0,

uy(0,) = uy (1, ) = v
1) =

P ( ) (puﬂ( u:( ) 'l/Jm(ljt)IU
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Fig. 6.6 Stabilization of the zero solution of the problem (6.54) in a case when its
solution is: a) stable spatially homogeneous self-oscillating mode (I = 7, ¢1 = 5, ca = -2,
¢ = —4, f = -=3) and b) spatially inhomogeneous nonperiodic mode (diffusion chaos)
(l=mc1=0,co==D0,¢ ==4, f=-3).

{ [
U(t) = [u*(w,t)de and ®(¢) = [ (x, 1) du.
0 0
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