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Abstract

We review recent developments in the construction of heterotic and type II string field
theories and their various applications. These include systematic procedures for determining
the shifts in the vacuum expectation values of fields under quantum corrections, computing
renormalized masses and S-matrix of the theory around the shifted vacuum and a proof of
unitarity of the S-matrix. The S-matrix computed this way is free from all divergences when
there are more than 4 non-compact space-time dimensions, but suffers from the usual infrared

divergences when the number of non-compact space-time dimensions is 4.
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1 Introduction and Motivation

In string theory the observables are S-matrix elements — also called amplitudes.? These are
the observables in field theories as well. However, the prescription for computing the S-matrix
in string theory is apparently different from that in quantum field theories. A g-loop, N-point

amplitude is given by an expression of the form:

/dm1...dm69_6+2]v F(ml,mz,...,mﬁg—6+2N) (11)

where m; are the parameters labelling the moduli space of two dimensional Riemann surfaces
of genus g and n marked points — also known as punctures. F({m;}) denotes a correlation
function of a two dimensional conformal field theory on the Riemann surface, with vertex
operators for external states inserted at the punctures and additional insertions of ghost fields
and picture changing operators (PCO) [1] that do not depend on the external states. In
particular, at any given loop order there is only one term, while in a quantum field theory
for a similar amplitude, there will be many terms representing contributions from different
Feynman diagrams. Given these differences, we may wonder if there is any similarity between
string theory amplitudes and ordinary quantum field theory amplitudes.

The closest comparison between string theory amplitudes and the amplitudes in an ordinary
quantum field theory can be made in Schwinger parameter representation of the latter, in which

we replace the denominator factors of each propagator by an integral:
(K> +m?) ' = / ds e W +m?) (1.2)
0

With this replacement, the integration over loop momenta takes the form of gaussian integrals,
possibly multiplied by a polynomial in momenta arising from vertices and propagators, and

the integrals can be easily performed. The result takes the form

/dsl...dsnf(sl,...,sn) (1.3)

where sq,...,s, are the Schwinger parameters for the n propagators and f({s;}) is some

function of these parameters that we obtain after integration over momenta. At a very crude

IThroughout this review string theory will mean superstring theory, which in turn will include the two
heterotic string theories and the two type II string theories, possibly compactified on some manifold with NS
(NSNS) background fields. We shall assume that there are some non-compact dimensions with flat Minkowski
metric that can be used to define the S-matrix.
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Figure 1: The left figure shows a Riemann surface near a separating type degeneration and the
right figure shows a Riemann surface near a non-separating type degeneration. The degenera-
tion happens when S; and Sy shrink to a point.

level, in string theory the parameters {m;} labelling the moduli space of Riemann surfaces
play the role of the Schwinger parameters {s;}, and the integrand F' appearing in (1.1) plays
the role of the function f appearing in (1.3).

In quantum field theories we typically have both ultraviolet (UV) and infrared (IR) diver-
gences. The UV divergences arise from regions of integration where one or more loop momenta
become large, while IR divergences arise from regions of integration where one or more propa-
gators have vanishing denominator. In the Schwinger parameter representation where all loop
momenta integrations have already been performed, the UV divergences arise from the region
where one or more Schwinger parameter vanishes, and the IR divergences arise from the region
where one or more Schwinger parameter becomes infinite.

The string theory amplitudes (1.1) also suffer from divergences. These divergences come
from near the boundary of the moduli space where the Riemann surface degenerates. As shown
in Fig. 1, the degeneration can be of two types — separating type degeneration in which the
Riemann surface breaks apart into two parts and non-separating type degeneration in which
the Riemann surface breaks into a lower genus surface with two extra punctures. Examination
of the integrand F' in (1.1) in this limit shows that the integrand behaves in a way similar
to the integrand f in the field theory expression in the limit where the Schwinger parameter
of a propagator approaches infinity. The corresponding field theory Feynman diagrams have
been shown in Fig. 2, where the thick lines represent the propagators with large Schwinger
parameters.

Since, in field theory, divergences for large Schwinger parameters represent IR divergences,

we conclude that the divergences in string theory, arising from degenerate Riemann surfaces,



Figure 2: The left figure shows the Feynman diagrams in field theory analogous to a separating
type degeneration and the right figure shows the Feynman diagrams in field theory analogous to
a non-separating type degeneration. The blobs represent arbitrary Feynman diagrams, and the
thick lines represent propagators whose Schwinger parameters go to infinity in the degeneration
limit.

Figure 3: A tree level diagram that encounters type 1 divergence when the total energy flow-
ing along the horizontal line exceeds the threshold for producing an on-shell single particle
intermediate state.



are IR divergences. Therefore, in order to deal with IR divergences in string theory, it will be
instructive to see what kind of divergences arise in quantum field theories in the large Schwinger

parameter regime and how they are resolved. They can be classified into two categories:

1. For k? +m? < 0, the left hand side of (1.2) is finite but the right hand side diverges. As
shown in Fig. 3, such a divergence can arise even at the tree level. In a quantum field
theory this is easily dealt with by working directly with the left hand side, i.e. in the
momentum space representation of the Feynman amplitudes. This option does not exist
in the conventional formulation of superstring perturbation theory. The second option,
which can be generalized to string theory [2,3], is to treat the Schwinger parameters
as complex variable and treat the integration over these variables as contour integrals
with the upper limit taken to be 700 instead of co. A closely related third approach is
to write the amplitude with the external momenta in the region where such divergences
are absent and then define the amplitude in other regions via analytic continuation.
Examples of such divergences in string theory include those arising from two or more
vertex operators in the world-sheet coming close, e.g. the apparent divergences in the

integral representation of Virasoro-Shapiro amplitude in certain kinematic regime.

2. For (k*+m?) = 0, both the left hand side and the right hand side of (1.2) diverge. These
are genuine divergences in quantum field theories in which some internal propagator is
forced to be on-shell. Examples of such diagrams are mass renormalization diagrams and
massless tadpole diagrams as shown in Fig. 4. In quantum field theory, these divergences
have standard remedies. For example, the presence of tadpole diagrams in a quantum
field theory indicates that the tree level vacuum is modified by quantum corrections.
We deal with these divergences by first constructing the one particle irreducible (1PT)
effective action, finding its extremum and then expanding the action around the new
extremum to reorganize the perturbation expansion. Similarly, the divergences associated
with the mass renormalization diagrams are removed by first finding the solution to the
linearized equations of motion of 1PI effective action around the extremum to determine
the renormalized mass of the particle, and then computing the S-matrix using the LSZ
prescription. In this approach, diagrams of the type shown in Fig. 4 never appear, but
we have to compensate for it in other ways that involve correcting the interaction terms
and/or masses. However, in conventional superstring perturbation theory, there is no

well defined procedure for removing these divergences, essentially due to the fact that at
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Figure 4: The figure on the left shows a divergence associated with massless tadpoles. The
thick line is forced to carry zero momentum due to momentum conservation. Therefore if
it represents a massless particle, the propagator diverges. The diagram on the right shows
divergences associated with mass renormalization. Requiring the external line to be on-shell
also puts the internal line marked by the thick line on-shell, causing a divergence.

each loop there is a single term, and there is no fully systematic procedure for removing
some parts of this contribution and compensating for this in other ways [4-17]. Even
when these divergences are absent, the final results for S-matrix computed using standard
rules have apparent ambiguities [18-20] which need to be absorbed into redefinitions of

moduli fields and / or wave-function renormalization factors [20,21].

One of our goals in this review will be to describe how superstring field theory can be used
to remove these divergences. Along the way, we shall also see various other applications of
superstring field theory. We shall mostly follow the approach described in [22-29].

What is superstring field theory? By requirement, superstring field theory is a quantum field

theory whose amplitudes, computed with Feynman diagrams, have the following properties:
1. They agree with standard superstring amplitudes when the latter are finite.

2. They agree with analytic continuation of standard superstring amplitudes when the latter

are finite.

3. They formally agree with standard superstring amplitudes when the latter have genuine
divergences. However, in superstring field theory we should be able to deal with these
divergences using standard field theory techniques like mass renormalization and shift of

vacuuln.



The question is: Does such a theory exist? For open and closed bosonic string theory such a
theory has been known to exist for a long time [30-35]. There have been various approaches
to constructing tree level open superstring and closed heterotic string field theories [36-65].
However, there is an apparent no go theorem ruling out the existence of such theories for type
IIB superstrings. It goes as follows. If we can construct an action for type IIB superstring
theory then by taking its low energy limit we should get an action for type IIB supergravity.
However, it is known that it is impossible to construct such an action due to the existence of
the four form gauge field with self-dual field strength in this theory. Therefore, it follows that
we should not be able to construct an action for type IIB superstring field theory. While this
does not rule out the possibility of having type ITA or heterotic string field theories, it shows
that there cannot be a generic formalism covering all superstring theories.

It turns out that there is a way to circumvent this no-go theorem as follows [23,25]. It is
possible to construct actions for heterotic and type II string field theories, but each of these
theories contains an additional set of “ghost”-like particles which are free. These additional
particles are unobservable since they do not scatter. Therefore, their existence can be ignored
for all practical purposes except that the fields corresponding to these particles are necessary to
construct the kinetic term of the action. Using this formalism one can now construct heterotic
and type II superstring field theories — collectively called superstring field theory — not only
at the tree level but also at the full quantum level [22,23,25]. In the following sections, we
shall describe the structure of these theories in detail. This construction closely follows the
structure of the closed bosonic string field theory [34], with few additional twists.

Once a superstring field theory is formulated, the divergences associated with massless
tadpoles and mass renormalizations, illustrated in Fig. 4, can be dealt with using standard
techniques of quantum field theory [22-24]. This leads to an unambiguous, divergence free
definition of S-matrix elements when the number of non-compact space-time dimensions is
> 5. Furthermore, this S-matrix can be shown to be unitary [26-28]. When the number of
non-compact space-time dimensions is four or less, there is another kind of infrared divergence
that comes from loops involving massless particles. These are reflections of the fact that we
cannot distinguish between a final state with no massless particles from a final state with
massless particles if the energy carried by the massless particles is sufficiently low? or if the
opening angle between two or more massless particles in the final state is sufficiently low. In

quantum field theory one can show that these infrared divergences go away if in the cross

2Such particles are called soft particles.



section we sum over final state soft particles and collinear massless particles— i.e. not calculate
the cross section for a fixed final state but a fixed final state accompanied by arbitrary number
of soft particles carrying total energy below some fixed value and/or almost collinear massless
particles with opening angle below some fixed value — and average over initial state soft and
collinear particles [66-69]. The analogue of this result for superstring field theory has not yet
been established, but we do not expect any unsurmountable difficulty in establishing this.

The rest of this review is organized as follows. In section 2 we describe the construction of
off-shell amplitudes of superstring field theory, without worrying whether they come from an
underlying superstring field theory. In section 3 we describe the condition under which the off-
shell amplitudes arise from the Feynman diagram of a superstring field theory, and explicitly
construct the action of the gauge fixed superstring field theory. In section 4 we describe
the quantum master action, whose Batalin-Vilkovisky (BV) quantization gives the gauge fixed
action of section 3. In section 5 we derive the Ward identities for the off-shell truncated Green’s
functions of this superstring field theory. At this stage this still remains a formal derivation,
since this Green’s function is divergent in the presence of massless tadpoles. We also describe
the construction of the effective action obtained by integrating out a subset of the fields of
the theory and also construct the gauge invariant 1PI effective action. These are free from
all divergences. In section 6 we describe how using the 1PI action constructed in section 5,
we can find the vacuum solution and expand the action around it to find the renormalized
masses and the unbroken (super-)symmetries. We also construct the Siegel gauge propagator
and the interaction terms of the action expanded around the vacuum solution so that the
Feynman diagrams computed using these vertices and propagators are free from tadpole and
mass renormalization divergences. In section 7 we derive the Ward identities of the divergence
free amplitudes computed from this new action. In section 8 we formulate the Feynman rules
of string field theory in momentum space as in conventional quantum field theories and show
that the rules for integration over the loop energies need to be modified in order to get UV
finite results. In section 9 we make use of the momentum space Feynman rules of section 8 to
prove unitarity of the S-matrix of superstring field theory. Appendix A contains a summary
of notations and conventions while the rest of the appendices provide various supplementary
material containing some details that were left out in the main text and also some simple
examples illustrating some of the points discussed in the text.

We end this section by describing some of the notations and conventions we shall use, as well

as the scope and limitations of this review. As already mentioned in footnote 1, superstring will
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refer to either of the heterotic string theories or either of the type II string theories, possibly
compactified on a manifold with NS (NSNS for type II) background. The latter restriction
is due to the fact that conformal invariance of the world-sheet theory will play an important
role in this construction and at present the world-sheet description of string theory in an RR
background has not been fully understood. If the pure spinor approach [70,71] can be made into
a fully workable formalism that works to all orders in superstring perturbation theory, then the
present approach may be extendable to RR background as well. We shall also keep away from
type I string theory, but we expect that this formalism can be generalized to type I theories with
minor changes.> We shall use the formalism of picture changing operators (PCO) to define
amplitudes in superstring theory. For on-shell amplitudes there is an alternative formalism
based on integration over supermoduli space [20,72-86]. So far, off-shell generalization of
these amplitudes have not been written down except for partial construction of tree level open
string field theory [87], but in future it may be possible to reformulate the whole analysis
described here by expressing the off-shell amplitudes as integrals over supermoduli spaces.

While our approach will be based on a manifestly Lorentz covariant formulation of super-
string field theory, there is an alternative approach, known as light-cone string field theory,
that only manifestly preserves the SO(d — 1) subgroup of the SO(d, 1) Lorentz group. This
approach has been successful for bosonic string theory [88,89], but there are various contact
term ambiguities when we consider superstring field theory which have not been completely
resolved [90-96].

We shall set o = 1 and define the mass® level of a state carrying momentum k to be
the eigenvalue of the operator 2(Ly + Eo) — k% where Ly and Ly denote zero modes of the
total Virasoro generators. Physically this gives the squared mass of the state at tree level if it
corresponds to a physical state of string theory.

Finally we would like to remark that in this review our focus will be on the application
of closed superstring field theory in making superstring perturbation theory well defined. For
instance, as mentioned earlier, one of the applications of this formalism is in proving the
unitarity of the theory in the situations when the perturbation theory can be trusted. Treating
the situation beyond perturbation theory, e.g., proving unitarity in the presence of black holes,
can’t be dealt in this approach. The close cousin of closed superstring theory, namely open

string field theory, has been used to construct non-trivial classical solutions, going beyond what

3 At loop level one needs to construct a field theory containing both open and closed string fields along the
lines described in [35].
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can be achieved in perturbation theory [97]. Similar applications of closed string field theory
remains beyond reach to this day despite some tantalizing numerical results in closed bosonic
string field theory [98].

2 Off-shell amplitudes in superstring theory

In this section we shall follow [99,100] to describe construction of off-shell amplitudes in su-
perstring theory without demanding that they arise from an underlying field theory. For defi-
niteness we shall restrict most of the discussions to heterotic string theory, and later comment

on the additional ingredients necessary for extending the results to type II string theory.

2.1 World-sheet theory

The world-sheet theory for any heterotic string compactification at string tree level contains
a matter superconformal field theory with central charge (26,15) and a ghost system of total
central charge (—26,—15). For the matter sector, we denote by 7T, and Tr the right-moving
stress tensor and its superpartner and by 7}, the left-moving stress tensor. They satisfy the

operator product expansion

T (2)T, =————+ - 2.1

(S Tnl10) = 5 Ty (21)
5 1 1 1

Tr(2)T == = T,

r(2)Tre(w) 2(z—w)3+2z—w m(W)t-es

T (2)Tr(w) 5 L T()+18T()+

z w) = = .

mAEIEE 2(z —w)? P W ’

_ _ 26 1

T.(Z = —
where - - - denote less singular terms.

The ghost system consists of anti-commuting b, ¢, b, & ghosts and the commuting 3,

ghosts. The (3,7) system can be bosonized as [1]
y=ne’, B=06e7 d(y)=e? 8(B)=¢, (22)

where &, 7 are fermions of conformal weights (0,0) and (0, 1) respectively and ¢ is a scalar with

background charge. The operator products of these fields take the form
c(2)b(w) = (z —w)™ + -, (2.3)

12



c(2)b(@) = (2 —@)~" + -,

E(2n(w) = (z —w) ™+,

e119(2) pa2¢(w) _ (z — w)—Q1tI2e(Q1+¢I2)¢(w) 4o
1

00(2) 00(u) =~ -,

where - - - denote less singular terms. The stress tensors of the ghost fields are given by

Ty =—2b0c+cdb, T,=—-2b0c+cdb, (2.4)
Ts4(2) = ;ﬁav + %’yaﬁ =Ty+Tye, (2.5)
where
T,c = —ndE, (2.6)
and X
T, = —§a¢a¢ —0%0. (2.7)

With this the total ¢ charge needed to get a non-vanishing correlation function on a genus
g surface is 2(g — 1). We assign (ghost number, picture number, GSO) quantum numbers to

various fields as follows:

c,¢:(1,0,+), b,b:(—1,0,4), ~:(1,0,—), B:(-1,0,—),
E:(=1,1,4), n:(1,-1,4), e?:(0,q,(-1)9). (2.8)

The ghost fields have mode expansions
b(z) = buz "% c(z) =) e b(E) =D b2 " @(z) =) ez
—n—3 —n4i —n— -n
B(’Z):ZBTLZ 27 V(Z)ZZ'}%Z +27 T](z):znnz 17 g(’z):zgnz .

(2.9)

Also useful will be the mode expansions of the total stress tensors of the matter + ghost SCF'T

T(z) =) L,z "2 T(z)=)» L,z "7 (2.10)

The BRST charge is given by
Qn= P dan() + § dean(e). (2.11)

13



where

I8(2) = &(2)T,,(2) + b(2)e(2)0e(z) (2.12)

98(2) = c(2)(Tin(2) + T~ (2)) +7(2)Tr(2) + b(2)c(2)0c(z) — iy(z)%(z) , (2.13)

and § is normalized so that § dz/z =1, § dz/z = 1. The PCO X is defined as [1,101]
1 1
X(2) = {Qp,&(2)} = cOE +*Tp — 2on e*? b — 70 (ne*d) . (2.14)

This is a BRST invariant primary operator of dimension zero which carries picture number 1.

We shall be working with the so called ‘small Hilbert space’ [1,101] where we remove the
zero mode of the ¢ field from the spectrum. This means that we only consider states that
are annihilated by 7y. In the vertex operators of such states factors of £ appear with at
least one derivative acting on them. Correlation functions of such vertex operators on any
Riemann surface naively vanish since ¢ being a dimension zero field has zero modes on all
Riemann surfaces and there is no factor of ¢ to absorb the & zero mode. For this reason it
will be understood that in any correlation function of vertex operators in the small Hilbert
space there is an implicit insertion of £(z) that absorbs the zero mode. Since only the zero
mode part of £ is relevant, the result is independent of where we insert £. Similarly it will be
understood that in all inner products we shall insert an implicit factor of &, in order to get a
non-vanishing result. For definiteness we can take these insertions to be on the extreme left
of the correlation functions. With this convention, a non-vanishing correlation function on a
genus g Riemann surface must involve equal number of insertions of 9§ or its derivatives and
n and its derivatives [101].

Finally to get the signs and normalizations of various correlation functions we need to
describe our normalization condition for the SL(2,C) invariant vacuum |0). Denoting by
|k) = e*%(0)|0) the Fock vacuum carrying momentum k along the non-compact directions,

we choose the normalization
<k’|C_15_1C()6061516_2¢(z)|/€/> = (QW)D(S(D)(]{? + k’,) . (215)

For type I string theories the world-sheet theory of matter sector has central charge (15, 15).
The ghost system now also includes left-moving (3,5) system so that the total central charge
of the ghost system now is (=15, —15). There will now be separate picture numbers and GSO
parities associated with the left- and right-moving sectors. The left-moving BRST current

7B(Z) now contains extra terms as in (2.13) and we have left-handed PCO X(Zz) given by

14



an expression identical to (2.14) with all right-handed fields replaced by their left-handed
counterpart. We work in the small Hilbert space annihilated by 7y and 7. The normalization
condition (2.15) will be replaced by

<l€’0715,1C0500151€72¢(Z)672(%(@)‘k/> = —(27T)D5(D)(k -+ k/> . (216)

As will be discussed in §4.4, the unusual minus sign on the right hand side of (2.16) allows us

to use a uniform convention for the normalization in the heterotic and type II string theories.
We denote by Hr the Hilbert space of GSO even states in the small Hilbert space of the

matter-ghost CFT with arbitrary ghost and picture numbers, with coefficients taking values

in the grassmann algebra, satisfying the constraints
|s) € Hr iff by|s) =0, Lgyl|s)=0, (2.17)

where?

1
2
The role of the constraints given in (2.17) will be explained while discussing off-shell amplitudes.

bE = (bo+by), Li=(Lo*Ly), ct==(cotar). (2.18)

In the heterotic theory Hs decomposes into a direct sum of the Neveu-Schwarz (NS) sector
Hys and Ramond (R) sector Hg. In the type II string theories the corresponding decom-
position is Hr = Hysns ® Hnsr © Hrys @ Hrr. For our analysis we shall in fact need a
finer decomposition. In the heterotic string theory we shall denote by H,, the subspace of
states in Hp carrying picture number m. m will be integer for NS sector and integer + 1/2
for R-sector states. Similarly in type II theory we shall denote by H,,, the subspace of Hr

carrying left-moving picture number m and right-moving picture number n. We also define

for heterotic : 7/{\71 =H_ 1D H_1), ’}QT =H_ 1D H_3p,

ET =H 1, 10 DOH 1 1 OH 110D H 1212

(2.19)
Hr=H_ 11D H 3201 DPH 132D H_3/2-3/

for type II {

The special role of ﬁT and Hr can be understood as follows. Using the bosonization rules
(2.2), the operator product expansion (2.3) and the mode expansion (2.9), one can see that
acting on a picture number p vacuum |p) = e?¢(0)|0) in the heterotic string theory, the modes
of 5 and 7 have the following properties:

1 3
Bnlp) =0 for n> At Ynlp) =0 for n2p+§. (2.20)

4The asymmetry due to the factor of % in the definition of ba—L and coi is just a convention which ensures the
simple anti-commutation relations {b1,cd} = 1= {b;,¢c; }.
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This shows that in H_; all the positive modes of § and <, beginning with 3,5 and 7;/s,
annihilate the vacuum. For any other integer picture number however there will be either
some positive mode of 3 or positive mode of v that will not annihilate the vacuum. As a
result by acting with these oscillators we can create states of arbitrary negative dimension.
For on-shell states this does not cause a severe problem since one can show that the BRST
cohomology is the same in all picture numbers [1,102], and therefore we can choose to work
in any fixed picture number sector modulo certain ambiguities related to boundary terms [20].
However, since in the string field theory all off-shell states will propagate in the loop, presence
of states of arbitrary negative weight will make the theory inconsistent. For this reason, we
restrict the off-shell states in the NS sector to have picture number —1. Similar analysis in
the R sector shows that only in picture number —1/2 and —3/2 sectors we do not have any
positive mode of g and  that does not annihilate the vacuum. There is still a milder problem
in the R sector since 79| — 1/2) # 0 and [y| — 3/2) # 0. Therefore we can create infinite
number of states at the same mass? level by applying these zero mode operators. We shall
argue at the end of §3.7 that the structure of the propagator in the R sector prevents this from
happening. If we take the interacting off-shell string states to have picture number —1/2, and
use an appropriate prescription for the propagators of Ramond sector string fields, then at any
mass? level only a finite number of states can propagate.

The above analysis can be easily generalized to type II string theory to illustrate the special
role of ’;QT and ﬁT.

For both heterotic and type II string theories we take |¢,) € Hr, |¢¢) € Hr to be appro-

priate basis states satisfying

<90$|C(;|903> = Ors , (905|05|S0i> = Ops - (2.21)

The second relation follows from the first. (2.21) implies the completeness relation

Do leneileg =1, Y leierde =1, (2.22)

acting on states in ﬁT and Hr respectively. The basis states ¢, and ¢¢ will in general carry
non-trivial grassmann parities which we shall denote by (—1) and (—1)7 respectively. In the
NS sector of the heterotic theory and the NSNS and RR sector of type II theory, the grassmann
parity of ¢, or ¢¢ is odd (even) if the ghost number of ¢, or ¢¢ is odd (even). In the R sector of
the heterotic theory and the RNS and NSR sector of the type II theory, the grassmann parity
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of ¢, or ¢¢ is odd (even) if the ghost number of ¢, or ¢¢ is even (odd). It results from the
ghost number conservation rule following from (2.15), (2.16) and (2.21) that

(=) = 1. (2.23)

We denote by &, and &} the zero modes of the PCOs:

d _ iz -
Xy = 5%@,%5 gx@. (2.24)

In the heterotic string theory we define

[ ]s)y if|s) € Hns
w@_{%b)ﬁMeHR’ (2.25)

while in type II string theories we define

|S> if ‘S> c HNSNS
) AXls) if|s) € Husr
Gl = Xols) if [s) € Hrns (2.26)

XoXy|s) if |s) € Hpr

Note that
[ng(ﬂ =0, [gvb(ﬂ =0, [g7QB} =0, (2-27)

The importance of these operators will become clear from §3 onwards.

One can define the correlation functions of the local operators of the world-sheet super-
conformal field theory on a general Riemann surface following standard procedure. The ghost
and picture number anomalies tell us that on a genus g Riemann surface we shall need total
ghost number 6 — 6g and total picture number of 2g — 2 to get a non-vanishing result for a
correlation function. In type II theory the required picture number is (29 — 2,2g — 2). This
fixes the required number of PCOs to be inserted on the Riemann surface for a given set of
external states.

Normally correlation function of a set of local operators encounters singularities when they
come close to each other. The correlation functions of the &, 7, ¢ system have additional
singularities known as spurious poles [101]. They occur even when all the vertex operators are
far away from each other and their origin can be traced to the appearance of v zero modes in the
presence of the insertion of the other operators. There are also more conventional singularities
that arise when two PCOs approach each other or a PCO approaches a vertex operator.

We shall collectively call these singularities spurious poles since they are not associated with
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degenerations of Riemann surfaces with punctures. In defining off-shell amplitudes we have
to be careful in avoiding the spurious poles. This is in contrast to the singularities that arise
from collision of vertex operators. These correspond to degeneration of Riemann surfaces with
punctures, and will appear as infrared divergences in the underlying superstring field theory

that can be dealt with using standard quantum field theory techniques.

2.2 Off-shell amplitudes

In this subsection we shall give a precise definition of on-shell and off-shell amplitudes of
superstring theory, but we shall begin our discussion with a qualitative description of on-
shell amplitudes. A g-loop on-shell amplitude in heterotic string theory with m external NS
sector states and n external R-sector states is expressed as an integral over the (6g — 6 +
2m + 2n) dimensional moduli space M, , of genus g Riemann surfaces X ,,, with m NS
and n R punctures. The integrand is expressed in terms of appropriate correlation functions
of the vertex operators of external states inserted at the punctures, ghost fields and PCOs
inserted at certain locations on the Riemann surface. The final result is independent of the
locations of the PCOs as long as they avoid spurious poles (discussed in appendix C) and satisfy
certain factorization constraints near the boundaries of the moduli space. These factorization
conditions tell us how the PCOs should be distributed among different component Riemann
surfaces and the neck in the degeneration limit, and will be discussed in §3.1. For type II
string the story is similar except that there are now four sectors and we have to insert both left
and right-moving PCOs. For simplicity we shall restrict our discussion to the heterotic string
theory.

We shall follow a convention in which the sum over spin structures will be implicit in the
integration over Mg, ,. If a Ramond puncture is present then the sum over spin structure
can be implemented by extending the range of integration over the location of a Ramond
puncture, since a translation of the Ramond puncture around a cycle of the Riemann surface
changes the spin structure. If there are no R punctures present then we can implement the
sum over all even (odd) spin structures by starting with a particular even (odd) spin structure
and extending the range of integration over the moduli, since a modular transformation mixes
different even (odd) spin structures. But we need to explicitly add the contributions from even
and odd spin structures.

Defining off-shell amplitudes in superstring theory requires extra data.® First of all since the

5Throughout this paper we shall mean by off-shell amplitude the analogue of the truncated Green’s function
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Local coordinates and PCO locations

,Pg’m’n

Mg,m,n
Figure 5: The space ﬁg,m,n as a fiber bundle.

vertex operators are not BRST invariant, the result depends on the choice of PCO locations.
Furthermore since the vertex operators are not conformally invariant, the result also depends
on the choice of world-sheet metric around the punctures. We shall parametrize the metric in
terms of the choice of local holomorphic coordinates around the puncture. If w denotes the
local holomorphic coordinate around a puncture, then we take the metric around the puncture
to be |dw|?®. But the result will now depend on the choice of the local holomorphic coordinate
— if instead of w we choose the local holomorphic coordinate to be some holomorphic function
f(w) then the metric will be given by | f'(w)dw|*. The only exception is a phase rotation of w
which does not change the metric.

The most convenient way of encoding the dependence on the extra data is to introduce an
infinite dimensional space ﬁgmn with the structure of a fiber bundle, whose base is M, , and
whose (infinite dimensional) fiber is parametrized by the possible choices of local coordinate
system around each puncture and the possible choices of PCO locations on the Riemann
surface [34,99,103]. This has been shown schematically in Fig. 5. The punctures will be taken
to be distinguishable, i.e. two points in M, ,, related by the exchange of two punctures will be
considered to be distinct points. Since My, ,, has real dimension (6g — 6+ 2m+2n), a section
of 7A5g7m7n will have the same real dimension. The off-shell amplitude is described as an integral

of a (6g — 6+ 2m + 2n)-form over a section of ﬁg,m,n.G It will also be convenient to introduce a

in a quantum field theory where the tree level propagators for external states are dropped. This is what integral
over moduli space of Riemann surfaces naturally computes.

6We cannot really choose a continuous section — in order the avoid spurious poles we have to divide the base
M m.n into small regions, choose different sections over these different regions and add appropriate correction
terms at the boundaries of these regions [99,100]. This has been discussed briefly in appendix C. The net result
is that in carrying out various manipulations we can pretend that we have continuous sections. This is how we
shall proceed.

19



a=2n=2

Figure 6: Two torus with two punctures.

space 7397%” that is obtained from ﬁgﬁmﬁn by forgetting about the PCO locations, i.e., 73977”7” has
a fiber bundle structure whose base is M, ,,, ,, and whose fiber contains information about the
possible choices of local coordinates around the punctures. Then ﬁg,m,n can also be regarded as
a fiber bundle with base ﬁg,m,n and the fiber parametrized by possible choices of PCO locations
on the Riemann surface.

We shall now turn this qualitative description of on-shell and off-shell amplitudes into fully
quantitative description. Our first task will be to introduce a coordinate system on ﬁgym,n. It is
easy to see that given a Riemann surface of genus g and m+n punctures, we can regard this as
a union of m+n disks {D,}, one around each puncture, and 2g — 2 +m + n spheres {S;}, each
with three holes, joined along 3g — 3+ 2m + 2n circles {C;}. An example of this for m +n = 2
and g = 2 has been shown in Fig. 6. Let w, denote the choice of local holomorphic coordinates
on D, such that the a-th puncture is located at w, = 0 and z; denote the local holomorphic
coordinates on S;. Then the Riemann surface is prescribed completely by specifying the spin
structure and the functional relation between the coordinates on the two sides of each overlap

circle Cy. This typically takes the form
Zi = fij (Zj> or z; = gia<wa> . (228)

In order to use a compact notation, we shall fix some orientation for each C and call o, and 7

respectively the coordinate systems on the left and right of C. Each o4 and 7, will correspond
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to one of the z; or one of the w,. Eq. (2.28) may now be reexpressed as
o, = Fy(7s) . (2.29)

Besides the spin structure, the functions { F;} contain complete information about the Riemann
surface and the local coordinate system around the punctures (which are taken to be w,).
Therefore they can be chosen to parametrize 7/597m7n. More specifically, if {u;} denote the
complete set of parameters labelling the functions {F;}, e.g. coefficients of Laurent series
expansion of these functions, then we can take {u;} to be the coordinates of ﬁg’myn. This is
clearly an infinite dimensional space. Once the coordinate system on ﬁg,m,n is fixed this way,
we can introduce coordinate system on ﬁgymyn by appending to the former the locations of
the PCOs. This introduces one complex coordinate for each PCO. If a PCO is located on
S; then we shall specify its coordinate in the z; coordinate system while if it is located on
D, we shall specify its location in the w, coordinate system. We shall denote collectively by
{ya} the locations of all the PCOs. We shall take the NS vertex operators to have picture
number —1 and the R-vertex operators to have picture number —1/2. Then by picture number
conservation we need precisely 2g — 2 +m + n/2 PCOs for non zero correlation functions.

The set {u;, yo } provides a highly redundant coordinate system on ﬁg,m,n, since a reparametriza-
tion of z; that is non-singular on .S; (with the holes cut out) changes the function F (and hence
some of the u;’s) if C; forms a boundary of S;. This also changes the coordinate y, of a PCO if
it is situated on S;. On the other hand such a reparametrization does not change the Riemann
surface or the local coordinates around the punctures or the physical location of the PCO.
Therefore we must identify points in the {u;, y,} space related by such reparametrizations. A
reparametrization of w, that is non-singular inside D, and leaves the location of the puncture
w, = 0 unchanged, changes the local coordinate around the a-th puncture but does not change
the Riemann surface. Therefore this moves us along the fiber of ﬁgmw However, if this trans-
formation is a phase rotation of w, then it does not have any action on 7597m7n and again we
must identify points in the {u;,y,} space related by such reparametrizations.

The tangent vectors of ﬁg,m,n are associated with infinitesimal motions in ﬁg,m,n. One set
of tangent vectors, associated with the changes in the PCO locations keeping moduli and local
coordinates fixed, are simply 9/0y,. The other tangent vectors d/du;, which are also tangent
vectors of ﬁg,m,n, are associated with deformation of the transition functions F,. For later use

9 OF oF,
B [8%] = Z%_aul dO'S b(Us) +Zf—aUl dO’S b(o‘S)7 (230)
5 O, s

we define
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where § includes a factor of 1/2mi for the first integral and —1/2mi for the second integral. b,
b are the usual ghost fields of the world-sheet theory. By definition, the contour traverses C,
keeping the patch covered by the o, coordinate system to the left. It is easy to verify that this
definition is invariant under the reversal of the orientation of C that exchanges o, and 7.
Suppose we want to compute an off-shell amplitude of m NS sector vertex operators
Ki,...,K,, € H_; and n R sector vertex operators Li,...,L, € H_y/2. In order to avoid
some cumbersome sign factors we shall from now on multiply each grassmann odd vertex op-
erator by a grassmann odd c-number so that the vertex operators of external states are always
grassmann even. In any equation we can always strip off these grassmann odd c-numbers from
both side to recover the necessary sign factors. We now describe the construction of a p-form
QY™™ ({K;},{L;}) on Pymn that can be integrated over a p-dimensional subspace of Py, —
henceforth referred to as an integration cycle. This is defined by specifying the contraction of
this p-form with p arbitrary tangent vectors of ﬁg7m7n which could be either of the type 0/0y,
or of type 9/du;. Denoting by Q™™ ({K;},{L;}) [0/0u;,,...0/0u;,,0/0yay..,...0/0ya,]
the contraction of the p-form with such vector fields, evaluated at some particular point in

7
Py mn, we take

QI(7Q7m7n)({Ki}v {LJ}) [a/aujw ce a/aujw a/ayakH’ T ’a/ayap]
- (_27Ti)_(3g_3+m+n) <B[a/auh] . 'B[a/aujk](_ag(yalﬁ—l) te (—8§(yap))

2g—2+m+n/2

[T XK. K.Li... Ln> : (2.31)

a=1
a;éak+1 yeeQp

Eg,m,n

We shall now explain the various parts of this formula. First of all this expression gives the
contraction of the p-form with the vector fields at some particular point in 75g7m7n. Associ-
ated with this point there is a specific Riemann surface ¥, ,, with m + n punctures, local
coordinates at each of these punctures and choice of PCO locations on the Riemann surface.

Y5 - - - Yag—24m+n/2 denote these PCO locations. (---) denotes correlation function on

ngmvn

the Riemann surface Y, ,,,. The actual computation of these correlation functions require

"The (—2mi) factor in the normalization differs from the ones used e.g. in [99] where 2mi was used. It
was shown in [24] that with the choice given in [99], for any complex modulus m = mpg + imy, dmy A dmp
represented positive integration measure, i.e. [ dm; A dmp integration over a region in the complex m-plane
gives positive result. This is opposite of the standard convention in which [ dmpg A dm; over a region gives
positive result. With the normalization convention given in (2.33) we can use the more standard normalization
for integration measure where [ dmpg A dm;y over a region gives positive result.
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detailed knowledge of the underlying SCFT. For simple background, explicit expressions of
these correlation functions can be found e.g. in [104,105]. The vertex operators {K;} and
{L;} are inserted at the punctures of the Riemann surface using the chosen local coordinates
corresponding to the particular point in ﬁg,m,n where we want to compute the left hand side.
B[0/0u;] has been defined in (2.30).

The expression (2.31) clearly depends on the choice of the PCO locations y,. It also depends
on the choice of local coordinates around the punctures. For example, if K, is a primary
operator of dimension (h, h) inserted at the a-th puncture at w, = 0, then under a change in
local coordinates from w, to w, = f(w,), the correlator is multiplied by a factor of |f’(0)|~2".
For non-primary states the transformation law is more complicated, involving mixing with other
descendants of the primary. Since the local coordinates around the punctures are defined only
up to a phase rotation, (2.31) is well defined only if the external states are annihilated by L ;
otherwise a phase rotation of the local coordinates will change the correlation function.

The above definition of Q™™ may look somewhat formal since Py, is an infinite di-
mensional space parametrized by infinite number of coordinates {u;,y,}. For any practical

") over a given p-dimensional subspace with fixed set of

computation we shall integrate Q,()g o
tangent vectors. In this case (2.31) can be used to find a specific p-form on this p dimensional
subspace of 7597m7n as follows. Let us suppose that ti, ..., denote the parameters that label the
p dimensional subspace of ﬁg,m,n. Then in general all the transition functions Fy and the PCO
locations {y,} will depend on the parameters {t;}. According to (2.30), (2.31), contraction of

Q™™ with a tangent vector 8/8t; will correspond to inserting the operator®

B, - 27{ s 45, (o, +Z?§ O 15 (s, —;X(za)%zjag@a) (2.32)

into the correlation function. Note the formal factor of 1/X(y,) — this simply means that we
have to remove the X (y,) factor from the rest of the operator insertion. The net integration

measure will be given by

29—2+m+n/2
(—2mi)~(B9=3+min) <Bldt1 ANBodiy A ABydty, [ X(ye) Kioo KLy, Ln>
a=1 2g,'m,n
(2.33)

8The first two terms are already present in the amplitudes of the bosonic string theory. The last factor is
needed when the PCO locations vary with moduli [101].
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This has no X(y,) in the denominator since the same 1/X (y,) given in (2.32) cannot appear
more than once due to the vanishing of the corresponding wedge product 0y, y*dt; A Opy“dts.
Single factors of X (y,) in the denominator get cancelled by the HZ‘(’: _12+m+n/ > X(ya) factor. We
emphasize again that the X (y,) in the denominator of (2.32) is only a formal way of writing
the final expression.

The p-form defined in (2.31) has several useful properties:

1. First of all recall that the coordinate system on 7f597m7n that we have used is highly
redundant. Consequently there are many vectors which actually represent zero vec-
tors of ﬁg,m,n. Examples of such tangent vectors are those generated by infinitesimal
reparametrization of z; together with a shift of the PCO locations on S; that keeps their
physical location unchanged. Such tangent vectors will be represented by some linear
combination of the vectors d/0u; and 9/0y“. We need to ensure that the contraction of
Q™™ with such vectors must vanish since they represent zero tangent vector. We shall

now show that this can be proved using standard properties of correlation functions of

conformal field theories on Riemann surfaces.

For definiteness, suppose that we make an infinitesimal deformation of the coordinate
system z; on Sy to z; +v(z1). Let us suppose further that Cy, Cy and C3 form boundaries
of 57 keeping S on the left, and that on S; there are insertions of PCOs at yy,...yn.
Then on C for 1 < s < 3, F, changes by v(z1), and for 1 < a < N, y,, changes by v(y,).
The relevant insertion into the correlation function upon contraction of Qég 1) with the

tangent vector induced by this deformation takes the form

Z]{ v(z1) zldzl—i-ZjI{ 1)b(21)dz ﬁ[lX(yﬁ

Mz

N
v(Ya)08(ya)) [T X (ys)

a=1 B=1
Ba

(2.34)

with the integration along C, Csy, C3 performed by keeping S; to the left. We can now

deform the integration contours into the interior of S;. The contour integral over z; can

be shrunk to a point giving vanishing contribution, while the integral over z; picks up

residues at y, due to the insertion of X(y,). It follows from (2.14) that these residues

are given by v(y,)0¢(ya). The sum of all the residues cancel the last term. Therefore we

see that the apparent tangent vector induced by a change of coordinate on .S; indeed has

vanishing contraction with Q™.
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2. Similarly contraction of Qz(,g’m’") with tangent vectors associated with phase rotation

w, — We+icw, of the w,’s can also be shown to vanish. If there are M insertions of PCOs
at y1,...yy on D, then the relevant insertion upon contraction with the corresponding

tangent vector takes the form

z'e%wab(wa)dwa — iej{wal_)(wa)dwa H X (yp)Va(0)

Ca Ca p=1
—ie>_(%a0€(ya)) [ [ X (ws)Va(0), (2:35)

where C, represents an anti-clockwise contour along the boundary of the disk D, around
the a-th puncture, and V, is the vertex operator inserted at the a-th puncture at w, = 0.
We can now deform the contour C, towards w, = 0. Sum of the residues at y, cancel
the last term as before, leaving us with the residue at w, = 0. This is proportional to
by |Va) and vanishes by eq. (2.17) since V, € Hrp.

3. QY™™ satisfies the important identity

Qz()g7m7n)<QBKla KQ, e Kma L17 e 7L’I’L) + e + Ql(lg7m7n)(K1’ K27 e Km7 Ll’ e 7QBLn)
= (—1)PdQT (KL, K, Ly L) (2.36)

The derivation of this formula can be found in [99]. We shall not repeat it here with
all the details but briefly indicate the general idea behind the proof. Let us pick some
convenient coordinate system {u;} on 7/597m7n, and use {u;} and the PCO locations {y,}
as the coordinates of ﬁg,m,n. We now take the contraction of both sides of (2.36) with
q tangent vectors of the form 0/du; and p — ¢ tangent vectors of the form 0/0y,, and
evaluate both sides using (2.31). Since on the left hand side we have Qp acting on all the
states in turn, we can deform the contour of integration defining ()5 into the interior of
the Riemann surface, picking up residues from the insertions of b, b ghosts in the B[0/0u;]
factors and also from the 0§ insertions. X insertions of course are invariant under @) pg.
One might also worry about possible residues from the spurious poles mentioned at the
end of §2.1, but as has been reviewed in appendix C, there are no spurious poles in the
argument of the BRST current [106,107]. Using the relations

{Qp,0(2)} =T(2), {Qp,0(2)} =T(2), (2.37)
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where T and T are the left- and right-moving components of the total stress tensor of the
world-sheet theory, we can see that the residue at B[0/0u;] generates a factor similar to
that in (2.30) with b, b replaced by stress tensors 7, T. This generates derivative of the
correlation function with respect to u;. On the other hand the residue at 9¢(y,, ) generates
a factor of 0X(y,) and this generates derivative of the correlation function with respect
to the coordinate y,. Putting all these results together one finds that the contraction of
the left and right hand sides of (2.36) with arbitrary set of tangent vectors agrees. This
establishes (2.36).

4. Since on a genus g surface we need total ghost number 6 —6g to get a non-zero correlator,
we see that QF™™ ({K;}, {L,}) is non-zero only if the total ghost number carried by {K;}
and {L,} is equal to 6 — 6g + p. On the other hand conservation of picture number is

automatic due to our choice of picture numbers of {K;} and {L,}, and the number of

PCO insertions in the definition of QY™™ ({K;}, {L;}).

We are now ready to define off-shell amplitudes. The off-shell amplitude of the external
states Ky,... K, Ly, ... L, is given by

/ Q((SZ7T€37—T|L-)2m+2n(K17 S Kma le s Ln) s (238)

where S, is a section of ﬁg,m,n. For on-shell external states this gives the usual on-shell
amplitudes and can be shown to be formally independent of the choice of S, ,,,. The proof
of this has been reviewed in §2.3. However for off-shell external states the result depends on
the choice of this section since the external states are not BRST invariant. We shall describe
in §5.4 and appendix E how physical quantities computed from off-shell amplitudes become
independent of the choice of the section.

As already mentioned in footnote 6, we cannot choose the section to be continuous, but
once we add correct compensating terms we can treat it as continuous in all manipulations.
We can further generalize the notion of a section by taking weighted averages of sections —
several sections S;}gm, . Sg(,k%n with weights wy, ... wy such that Zle w; = 1. If we denote

by Sgmn the formal weighted sum Zle w; Sﬁnn then by definition

=

/ Qe ion (Kt Ko Ly, L) = Yy /sw O on(K1s e Koy Lty L)
g,m,n i=1 g,m,n
(2.39)
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This is also a good definition of off-shell amplitude since for on-shell external states the result
reduces to the usual on-shell amplitude. We shall call sections of this kind ‘generalized sections’.
In all subsequent analysis whenever we refer to section, we shall actually mean generalized
section.

Some explicit examples of off-shell amplitudes computed using this prescription can be
found in appendix B.

The story in type II string theory is similar. For an amplitude with m NSNS states, n NSR
states, 7 RNS states and s RR states one has to work with the space 7,597m7n,r75 which has as its
fiber the choice of local coordinates at the punctures and locations of m +n + (r 4 s)/2 left-
moving PCOs and m+r+ (n+s)/2 right-moving PCOs. Construction of Qz(,g’m’n’r’s) proceeds in
a manner identical to that of heterotic string theory, with the contraction with tangent vectors

0/ 0, with g, denoting the location of the left-moving PCO, introducing a factor of —9¢ ().

2.3 Formal properties of on-shell amplitudes

Using (2.36) we can prove some useful formal properties of on-shell amplitudes [103], where
an on-shell state will refer to a state that is BRST invariant, but not necessarily a dimension
zero primary. First consider the situation where all the states Ky,... K,,, L1,... L, are BRST
invariant and one of them, say K, is BRST exact, i.e. K1 = @QpA. Then using (2.36) we get

O on(QBA Koy o Koy Ly, L) = dQ6 o (A Koy .o Ko, Ly Ly) . (2.40)

We now integrate both sides over S, ,,,». The left hand side gives the on-shell amplitude in
which one state is BRST exact. The right hand side is the integral of an exact form and hence
the integral vanishes provided we can ignore the boundary terms. This shows the decoupling
of pure gauge states. We emphasize however that this ‘derivation’ is formal since it ignores
possible contribution from the boundary terms. One of our goals will be to give a complete
proof of the decoupling of pure gauge states with the help of superstring field theory, without
having to worry about potential boundary contributions.

Next we shall consider the dependence of the on-shell amplitudes on the choice of the section
Sgmn- For this we again consider a set of BRST invariant states Ki,... K,,, L1,...L,. The
genus g amplitudes of these states is given by (2.38). Now if we choose a different section S, ,,, ,,
then it is possible to find a dimension 6g — 6 + 2(m + n) + 1 subspace U, ,,,, that interpolates

between S, and S/

o.m.n- Of course Uy, , 1s not determined uniquely. In this case we have

82/[97771771 = S, - Sg,m,n +V ;MM ) (241)

g,m,n
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S/

g7m7n

Vg’m7n Vg7m7n

Sg7m7n

Figure 7: The region Uy, » interpolating between two sections S ., and S, ,,-The subspace

Vg .m.n is part of the fiber of ﬁg,mm over the boundary of M, ,,, ,,. We shall choose the orientation

of S;van and Vg, to be outward from U, ,, ,, and that of S, ,, to be inward towards Uy, ..

where V, ,,, , denotes the intersection of U, ,,, with the fiber over the boundary of My, .

This has been shown pictorially in Fig. 7. We now get

(g:m;n) (g:m,n) _ (g,m,n) (g;m,n)
/ QGg—G-‘r?(m-‘rn) B / Q69—6-%—2(m+n) o / dQGg—6+2(m+n) - / QGg—6+2(m+n)
‘(l]’m,n Sg,m,n Z/{g,m,n Vg,m,n
_ (g,m,m)
- _/ Q6976+2(er11) : (242)
Vg,m,n
where in the last step we have used the fact that dQégg ’fgi)g(m \ny With BRST invariant arguments

vanishes due to (2.36). Therefore we see that the difference between the on-shell amplitudes
computed using the two sections vanishes up to boundary terms. We shall see in §5.4 and
appendix E that once on-shell amplitudes are defined using superstring field theory, the re-
sult can be shown to be independent of the choice of sections without having to make any

assumption about the vanishing of the boundary terms.

3 Superstring field theory: Gauge fixed action

A field theory of superstrings will produce off-shell amplitudes but not all off-shell amplitudes
may have field theory interpretation. In order to have a field theory interpretation the off-shell
amplitude must be expressed as the contribution from a sum of Feynman diagrams. Therefore
the section &g, » must admit a cell decomposition with each cell describing a section over a

codimension zero subspace of M, »,, such that
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e the integral of Qégg’z?iém +on, OVer a given cell can be interpreted as the contribution from

one particular Feynman diagram of superstring field theory, and

e the sum of the contribution from all the cells has the interpretation of the sum over all

the Feynman diagrams.

We shall now describe under what conditions this holds. From now on we shall refer to the
segments of S, , corresponding to individual Feynman diagrams as section segments of the

corresponding Feynman diagrams.

3.1 Condition on the choice of sections

One of the key properties of Feynman diagrams is that a pair of Feynman diagrams can be
joined by a propagator to make a new Feynman diagram. A related property is that two
external legs of a single Feynman diagram can be joined to make a new Feynman diagram
with an additional loop. Now, each Feynman diagram of superstring field theory is expected
to correspond to an integral of {2 over a section segment. This means that there must be an
operation that takes the section segments of two different Feynman diagrams and gives the
section segment of the new Feynman diagram obtained by joining the two by a propagator.
There must also be another operation which acts on the section segment of a single Feynman
diagram and generates a section segment of the new Feynman diagram obtained by joining
two external legs of the original Feynman diagram. Our first task will be to describe these op-
erations.” Again for simplicity of notation, we restrict our analysis to heterotic string theories;
the analysis for type II string theories is more or less identical.

For reasons that will become clear in due course, the operation of joining two legs of
two different Feynman diagrams or two legs of the same Feynman diagram, is played by an
operation on Riemann surfaces known as plumbing fixture. First recall that for each external
leg of a Feynman diagram we have a puncture on the corresponding Riemann surface, and
that for a given choice of section segment, we also have a choice of local coordinates at the
punctures and the PCO locations on the Riemann surface. The operation of joining a pair of
external legs of a Feynman diagram (or of two Feynman diagrams) will be represented by the

operation of identifying the local coordinates w; and wy around the corresponding punctures

9Tn the usual world-sheet approach to string perturbation theory, these properties are encoded in the fac-
torization properties of the amplitudes [108].
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via the relation
wiws =e ¥ 0<s< oo, 0<6<2r. (3.1)

This is known as the operation of sewing the regions around the punctures to each other since
as we traverse towards w; — 0 we emerge in the wy plane away from 0. This also induces local
coordinates around the punctures of the new Riemann surface [109-111] and PCO locations
on the new Riemann surface from those on the original surfaces that are being sewed. We
shall now verify that the new family of Riemann surfaces generated by this way satisfies the
properties that are required to be satisfied by the section segment of a new Feynman diagram
obtained by joining two legs of the same Feynman diagram or two legs of two different Feynman
diagrams.

If the punctures that are being sewed lie on two different Riemann surfaces g, ,,,, », and
Y g2, ma,ns» then for given s, 0 plumbing fixture generates a new Riemann surface ¥4, 1 g, mi+mo—2,n14ns
if the punctures are NS punctures, i.e. they have NS sector vertex operators inserted. Similarly,
the sewing process generates a new Riemann surface X, 1 g, m, 4mo,n,+no—2 if the punctures that
are being sewed are R punctures. When we sew the regions around two punctures on the
same Riemann surface ¥, ,, the result is a new Riemann surface Xgi1 -2, O Xgi1mn—2.
In all cases this operation also generates local coordinate systems around the punctures of the
new Riemann surface and the PCO locations on the new Riemann surface from those on the
original Riemann surface(s). There is a slight subtlety in the case of sewing R punctures that
we shall illustrate using the case of sewing two different Riemann surfaces. If we consider two

Riemann surfaces g, m, n, and Xg, m, n,, then the total number of PCOs is given by

n n
2g1—2+m1+71 + 2g2—2+m2+72
ny+n
= 2(q1+92) =2+ (M1 +mg —2) + 12 2
ny +ng — 2
= 2(gl+gz)—2+(m1+m2)+%—1. (3.2)

The equality in the second line shows that the number on the left hand side is precisely
equal to the required number of PCOs on Xy 4 g, m,+mo—2,n14+n,- HOwever equality in the third
line shows that the number on the left is one less than the required number of PCOs on
2 g1 +go,m1+ma.mi+na—2- 11 other words when the sewing is done at the R punctures, we need to
insert an extra PCO on the final surface. We shall use the symmetric prescription that the

new PCO location is taken to be the average over a circle around one of the punctures, i.e. we
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msert

j[@;{(wl) — ]{ %X(w), (3.3)

wq
where § includes a factor of 1/27i and the integration is carried out over an anti-clockwise
contour. The equality of the two terms in this equation follows from (3.1) and the fact that
X is a dimension zero primary operator. A similar analysis involving sewing two punctures
on the same Riemann surface shows that we need a similar insertion when the punctures
that are sewed carry Ramond sector vertex operators. Note that for sewing R punctures this
requirement automatically makes the final section a generalized section in the sense described
in (2.39), since the extra PCO insertion, instead of being at a single point, is taken to be an
average over a continuous family as given in (3.3).

Now a Feynman diagram does not represent a single Riemann surface but a whole family of
Riemann surfaces belonging to the section segment of the Feynman diagram. Therefore given
two Feynman diagrams, we can get a subspace of 75g1+92,m1+m2,2,n1+n2 or 7591+92,m1+m2,n1+n2,2
by plumbing fixture of all Riemann surfaces corresponding to the first Feynman diagram to all

Riemann surfaces of the second Feynman diagram. The resulting subspace has dimension
691 —6—|—2m1 —|—2n1 +6g2 —6—|—2m2—|—2n2—|—2 = 6<g1 +92) —6+2(m1+m2+n1 +no —2) . (34)

The last additive factor of 2 on the left hand side comes from the parameters (s, §). We shall re-
fer to this operation as plumbing fixture of two section segments. The right hand side of (3.4) is
precisely the required dimension of a section of 7’591+g2,m1+m2,27m+n2 and ’ﬁgﬁg%mﬁmmﬁm,g.
Therefore we see that it is consistent to interpret this subspace of 75g1+g2,m1+m2_27n1+n2 or
7591+927m1+m27n1+n2_2 as the section segment of the new Feynman diagram obtained by joining
the original Feynman diagrams by a propagator.!® A similar analysis shows that when we gen-
erate a new Feynman diagram by joining two of the legs of a Feynman diagram by a propagator,
it is consistent to interpret the family of Riemann surfaces, obtained by the plumbing fixture
of the section segment of the original diagram at two of its punctures, as the section segment of
the new Feynman diagram. Once we have chosen this interpretation, the section segments of
all Feynman diagrams are obtained from the section segments of Feynman diagrams contain-
ing a single interaction vertex and no internal propagators via repeated operation of plumbing

11

fixture."* We shall denote by ﬁg,m,n the section segments of Feynman diagrams containing

10Tt will be understood that we sum over all intermediate states propagating along the internal propagator.
1 One must distinguish between the interaction vertices of superstring field theory — a notion in the second
quantized theory — and the vertex operators acting on the Hilbert space of the first quantized theory.
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a single interaction vertex and no internal propagators, contributing to a genus g amplitude
with m external NS sector states and n external R sector states. To simplify notation, we shall
often refer to them as section segments of the interaction vertices of superstring field theory.
Of course, the requirement that the sum of the section segments of different Feynman diagrams
generates a full (generalized) section S, ,,, puts strong restriction on the choice of ﬁgmn.

The s — oo limit in (3.1) describes degenerate Riemann surface. We shall see in §3.4 that
the parameter s plays the role of the Schwinger parameter s appearing in (1.2) in quantum
field theory. Therefore we see that the type 1 and type 2 divergences discussed in §1 are both
associated with degenerate Riemann surfaces.

We shall now outline a systematic algorithm for generating section segments satisfying
these requirements, generalizing the corresponding algorithm for bosonic string field theory
[33]. We begin with the section segments of genus zero three point interaction vertex — they
are appropriate subspaces of ﬁo,g,o and 50,172. Since the base is zero dimensional, they just
represent a point on the fiber. They have to be chosen such that they are symmetric under the
exchange of the punctures, e.g. for NS-NS-NS vertex an SL(2,C) transformation exchanging
a pair of punctures should exchange the corresponding local coordinates and leave the PCO
location unchanged. This will encode another important property of a Feynman diagram,
i.e. a Feynman diagram containing a single interaction vertex and no internal propagators is
symmetric under the exchange of external legs. Typically this will require averaging over the
choice of PCO locations, i.e. using generalized sections. Furthermore these section segments
must avoid spurious poles. For 75071,2 this condition is trivial since there are no PCO insertions,
while for 7’5073,0 this condition simply means that the single PCO insertion that is needed should
not coincide with any of the punctures. We shall call these section segments ﬁoy&o and ﬁo,lz
respectively — in this case they also represent the full sections Sp30 and Sp;2. Now we can
construct the section segments of tree level four point function corresponding to s, t and u-
channel diagrams by plumbing fixture of two of the section segments of tree level three point
functions. These will be appropriate subspaces of 7507470, 7507272 or 7307074. These together will
not, in general, give full sections of 7507470, 730,272 and 750,0’4. We fill the gap by section segments
Ro.4.0, Ro22 and R4 and interpret them as the section segments of the elementary four point
interaction vertices. This has been shown schematically in Fig. 8. Again we have to construct
them avoiding spurious poles, maintaining exchange symmetry and the requirement that at

the boundary they join smoothly the section segments of the s, t and u-channel diagrams so
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Figure 8: The section of 7307m7n for the 4 point amplitude at genus 0. The solid lines represent
the section segments of the s, t and u-channel diagrams. The dashes lines, which are chosen
to ‘fill the gap’, represent the section segment of the elementary four point vertex. While in
this one dimensional projection the dashed lines seem to form disconnected sets, typically they
form a connected subspace of Py, ,, when we consider their extension into other directions.
Degenerate Riemann surfaces sit in the interior of the solid lines.

that together they describe a smooth section of Py, for m +n = 4.12

Similarly by plumbing fixture of two legs of Ro 30 and Rg 12 We can generate section seg-
ments of the one loop tadpole diagram, given by a subspace of 7517170. In general this will not
generate a full section of 751717_0 and we fill the gap by including a section segment ﬁm,o which
we interpret as the genus 1 contribution to the elementary 1-point vertex of string theory.
This procedure can be repeated ad infinitum, generating, for all g, m,n, the section segments
ﬁg,m,n of the elementary vertices at genus g with m external NS-sector legs and n external R
sector legs. At each stage, we first construct the section segments of all the Feynman diagrams
obtained by joining lower order vertices by propagators, and then ‘fill the gap’ by appropriate
choice of the section segment ﬁg,m,n of the elementary vertex.

An interesting question is: what happens if the section segments of the Feynman diagrams
with one or more internal propagators, when projected to M, , ,,, overlap instead of leaving
gaps. Since we have defined the integration measure on ﬁg,m,n, there is in principle no difficulty

in filling the gap even in this situation. This has been illustrated in Fig. 9. However we shall

20f course in the interior of ﬁ07470, ﬁo,gg and ﬁ070,4 there may be discontinuities of the kind mentioned in
footnote 6 in order to avoid spurious poles.
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Mﬂﬂn.n

Figure 9: A case where the projection to My, of section segments of s and t-channel dia-
grams, shown by the solid lines, overlap. We take care of this by joining the end points as shown
by dashed line. This effectively removes the overlap portion by adding negative contribution.

see in §3.7 that by ‘adding stubs’ in the definition of interaction vertices it is possible to arrange
that the Feynman diagrams containing one or more internal propagators cover only a small
part of M, ,,, , near the boundary of the moduli space. In that case there is no overlap of the
kind shown in Fig. 9 in the contribution from different Feynman diagrams.

There is one more constraint that we need to impose on the section segments R ., - 75977,17”
admits a Zs action under which all the transition functions Fs appearing in (2.29), the local
coordinates around the punctures and the PCO locations are complex conjugated. We require
ﬁg,m,n to be invariant under this Zs, symmetry, i.e. given any point on ﬁg,m,n, its Zo image
must also be in ﬁgymyn. Again this may require us to average over section segments. This
condition on ﬁ%mm is necessary for establishing reality of the superstring field theory action
discussed in §4.4.

A key property of the section segments ﬁgmn is that they do not contain any degener-
ate Riemann surface. Indeed all degenerate Riemann surfaces are associated with Feynman
diagrams with at least one propagator, and occur in the limit when the s parameter of the
plumbing fixture corresponding to one (or more) of the propagators approaches infinity. For
example all degenerate 4-punctured spheres on Sy, , with m +n = 4 come from s, t and u
channel Feynman diagrams, and ﬁ(),m,n is free from degenerate 4-punctured spheres.

There is one issue that should still worry us. We have mentioned before that in defining the

off-shell amplitudes the sections S, , must be chosen to avoid spurious poles. Now since the
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choice of ﬁg,m,n is up to us, we can follow the procedure of [99,100] — reviewed in appendix C
— to choose them avoiding spurious poles. But now the section segments of Feynman diagrams
with one or more propagators are fixed by the section segments ﬁg,m,n of the constituent
vertices. Therefore we have to check if these section segments also avoid spurious poles. This
issue will be addressed in §3.7 where we shall argue that under certain conditions, once we
choose ﬁgm,n avoiding spurious poles, the section segments of all other Feynman diagrams also
avoid spurious poles.

Before concluding this section, we would like to emphasize that there are possible choices
of sections of 7f597m7n which violate these conditions. For example we could choose the sections
of ﬁg,m’n arbitrarily without having any relation to each other. Integrating Qégg’lnézém 4op, OVer
such sections will define some off-shell amplitudes but they will not have the interpretation as

being given by a sum over Feynman diagrams.

3.2 Identities for section segments of interaction vertices

A special role in our analysis will be played by the section segments ﬁg,m,n of the elementary
vertices. Therefore we shall now analyze some of the essential properties of ﬁg,m,n. As already
mentioned, R, is taken to be symmetric under the exchange of any pair of NS-punctures
and also under the exchange of any pair of R-punctures. This needs to be achieved, if neces-
sary, by taking ﬁg,m,n to be formal weighted average of subspaces related by these exchange
transformations. Plumbing fixture of Ry, 1y m, and Ry, mym, at an NS puncture produces a
section segment which we shall denote by Ry, my.ny © Rypmans. On the other hand, plumbing
fixture of Ry, my.ny and Ry, mym, at an R puncture produces a section segment which we shall
denote by Ry, iminy * Rgpmams- The information about the insertion of the extra PCO (3.3)
will be included in the definition of ﬁgl,mhm *ﬁg%m%nz. Similarly, we denote by VNsﬁgmm
the section segment produced by plumbing fixture of a pair of NS punctures of ﬁg,m,n and by
V rRy.mn the section segment produced by plumbing fixture of a pair of R punctures of Ry .-
Each of the subspaces ﬁgl,mhm o ﬁgz,m%m, ﬁgl,mhm *ﬁg%mwz, \V4 Ngﬁg,m,n and VRﬁg,m,n has
two special boundaries. The one corresponding to s — oo corresponds to degenerate Riemann
surfaces, and will not be relevant for our discussion below in this subsection. The other bound-
ary contains the Riemann surfaces obtained by setting s = 0 in the plumbing fixture relations
(3.1). We shall denote them by {Ry, min1s Rasmoms br A Rarmimi Rasmams by ANsRgmn and
ARRymn respectively. Therefore {Ry, my.ni, Rapmams } TePresents the set of punctured Rie-

mann surfaces that we obtain by sewing the families of Riemann surfaces corresponding to
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Rgimym and Ry, myny at NS punctures using plumbing fixture relation (3.1) with the param-
eter s set to zero. {Ry, mymny; Rasmams } has a similar interpretation except that the plumbing
fixture is done at Ramond punctures, and we insert an extra PCO given by (3.3) around the
punctures. Analogous interpretation holds for A Nsﬁg,m,n and A Rﬁg,m,n. The orientations of
Ao B and Ax B will be defined by taking their volume form to be ds A df A dV4 N\ dVg where
dV, and dVp are volume forms on A and B respectively. This implies that the volume forms
on {A, B} and {A; B} will be given by —df A dV4 A dVp, the extra minus sign accounting for
the fact that the s = 0 boundary is a lower bound on the range of s. Similarly the orientation
of VysA and VA will be defined by taking its volume form to be ds A df N dV,, and conse-
quently the orientation of AygA and ArA will be given by taking their volume forms to be
—dO N dVy.

We have argued before that ﬁgmn does not contain degenerate Riemann surfaces, i.e.
the base of R, .. does not extend to the boundaries of My, . However R, does have
boundaries, and these are given by the s = 0 boundaries of the Feynman diagrams with one
propagator, since Ry ., is designed to fill the gap left by Feynman diagrams built by joining

lower order vertices with propagators. Therefore we have

aﬁg,m,n = -3 Z Z Z S 917m1 NOR ’R’Q%m%”? }]

91,92 mi,ma ni,n
g1+92 g mi+mgog=m+2 nj+ng=n

) Z Z Z S[{RgthnI’ Rgz,mz,nz }]

91,92 my,mg ny,ng
91+92=9g mi+mo=m njtng=n+2

_ANSﬁg—l,m—i-Zn - ARﬁg—l,m,n—iQ ) (35)

where S denotes the operation of summing over inequivalent permutations of external NS-sector

punctures and also external R-sector punctures. Therefore for example S[{R g, my.n1» Rasimams })

mi1+mo—2
1—1

(”1:”2) inequivalent permutation of the external R-sector punctures. These simply reflect sum
1

involves sum over ( ) inequivalent permutations of the external NS-sector punctures and
over inequivalent Feynman diagrams. The minus sign on the right hand side'® reflects that
ﬁg,m,m ﬁghml,nl °© ﬁgz,m%nw ﬁgl,mh”l *ﬁgmmz,nz? VNSﬁg—LWW?,n and vRﬁg—Lmﬂﬂ-? will all
have to fit together so they they form a subspace of the full integration cycle used for defining
the off-shell amplitude. Therefore the boundary of R, will be oppositely oriented to those

of Rgl min1 © RgQ Mo Rgl min *RQQ mama VNSRg 1m+2,n and VRRg 1.mn+2. LThe factors of

13This minus sign will eventually cancel the minus sign in the integration measure —df A dV4 A dVp or
—dO N dVy4.
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1/2 in the first two terms on the right hand side account for the double counting due to the
symmetry that exchanges the two Riemann surfaces corresponding to Ry, my.ny and Ry my .-
There are also implicit factors of 1/2 already included in the definitions of Ayg and Ag (and
also Vg and V) to account for the fact that the exchange of two punctures that are being

sewed do not generate new Riemann surface. This will become relevant later, e.g. in (3.8).

3.3 The multilinear string products and their identities

Given a set of external NS states K, ..., K, € H_; and external R states Ly,..., L, € H_1)s,
all rendered grassmann even by multiplying the states by grassmann odd c-numbers if necessary,

we now define

o0
{Ki.. KnLi.. L} =Y g% / Qe on(K1s o Koy Ly L) (3.6)
90 Ry,mn

where g, is the string coupling. This has the interpretation as the contribution to the off-shell
amplitude with external states Ki,..., K,,, L1,..., L, due to the elementary vertex. This is
by construction symmetric under K; <+ K; and L; <+ L;. We shall extend its definition to
arbitrary arrangement of NS and R states inside the product {{---} by declaring the product
to be completely symmetric under the exchange of any states. This means that if we have an
arbitrary arrangement of NS and R vertex operators inside {---}, we first rearrange them so
that all the NS sector vertex operators come to the left of all the R sector vertex operators,
and then use (3.6).

Using (2.31), (3.6) and the ghost number conservation law that says that on a genus g
surface we need total ghost number 6 — 6g to get a non-zero correlator one can show that
{A;... Ay} — where each A; now represents either an NS state or an R state — is non-zero

only if
N

> (ni—-2)=0, (3.7)

i=1
where n; is the ghost number of A;. In the following, a state A; will denote an NS or R sector
state, unless mentioned otherwise.

As a consequence of (3.5), the vertex {---}, for any set of states A,..., Ay € 7-A[T, can be
shown to satisfy the identity

Z{[Al A (QeA)Ai . ANY

37



- _% > > {Ai - AjesHerAjy - Ay B esleg Gler)

£,k>0  {ig;a=1,...L},{j;b=1,...k}
k=N {ia}U{ip}={1,...N}

1
-5 92 { A .. Anpspr B (06]co Glet) - (3.8)

The proof of this goes as follows [22,23,99].1 First using the definition (3.6) and the
identity (2.36) we convert the left hand side of (3.8) into an integral of dQégg’:néiém 4on_1 OVer
Rymn- Using Stokes’ theorem, this can now be expressed as an integral of Qé%’flﬁ’gm o1 OVeT
ORg.mn- We then use (3.5) to express this as the integration over the s = 0 boundary of other
section segments of various Feynman diagrams with a single propagator — either connecting
two elementary vertices or connecting two legs of a single elementary vertex. For definiteness
let us consider the case where we have a propagator connecting two elementary vertices —
the analysis in the other case is very similar. We need to compute correlation function on
the sewed Riemann surfaces corresponding to this Feynman diagram and integrate it over the
section segments of the constituent elementary vertices and 6. There is no integration over s

since we integrate over the s = 0 boundary. Contraction of Q with 9/06 inserts an integral

into the correlation function according to (2.31), (2.30), (3.1). Here w; denotes the local
coordinate around one of the punctures that is sewed and the integration contour keeps the
region described by w; coordinate system, |w;| > e~%/2, to the left. Therefore the contour is
a clockwise contour around w; = 0. The (—27i)~! factor has its origin in the prefactor in
(2.31) and the —i factor arises from the factor —i multiplying # in the exponent of (3.1) and
the definition of B[0/0u;] given in (2.30). In R sector we also have to insert the operator
[ dw; X (w;) /w;.

We now insert into the correlation function a complete set of states at |w;| = 1 and |wy| =1
using

D Il =1 (3.10)

where {|xs)}, and independently {|x%)}, denote a complete set of states in the full Hilbert space
of matter-ghost SCFT satisfying

14 The analysis of [22,23,99] was done for the 1PI vertices and hence did not have the terms involving A x5 and
Ap in (3.5) and the last term on the right hand side of (3.8). But inclusion of these terms is straightforward.
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Figure 10: Insertion of complete set of states at two ends of a neck.

This has been shown in Fig. 10 for general s > 0. For s = 0 the circles at |w;| = 1 and |wy| =1
coincide with a relative twist angle # and the segment of the Riemann surface between the
two vertical circles in Fig. 10 disappears. Using the standard relation involving factorization
of correlation functions on Riemann surfaces, we can now express the correlation function on
the sewed Riemann surface in terms of product of correlation functions of x, and x/. inserted

on the original Riemann surfaces and the matrix element

(2 (i) (X

2w _
) [ wewwowghm>=um—%w%gm». (3.12)

The —b, factor comes from terms inside the square bracket in (3.9) after taking into account
the fact that the w; contour runs clockwise around the origin. G simply encodes the fact that
for sewing R punctures we have extra insertion of Aj. Integration over 6, together with the
prefactors on the left hand side of (3.12), produces the factor of (27)~" [ dfe=*(Fo—Lo) = O10.Lo-
Now the b, factor in (3.12) tells us that if we divide the basis states {|x,)}, {(x4|} into those
annihilated by b, and those annihilated by ¢, then both (x.| and |y,) must belong to the
second set, and the ;1 factor tells us that we can restrict the basis states to those annihilated
by L. Therefore we have |x%), |x:) € ¢ Hr and the conjugate states |xs), |x,.) € Hr. Finally
the picture number conservation, together with the fact that the number of PCO insertions
on each of the component Riemann surfaces are chosen such that we satisfy picture number
conservation when all external states have picture numbers —1 or —1/2, tells us that |xs), |x.) €
7. Therefore we can replace |ys), |x.) by the basis states |¢,) and |¢,) of Hr satisfying (2.22).
Comparing (3.11) with (2.22) we see that the corresponding conjugate states (X%, |x») are given
by (¢¢lc, and ¢y |p¢) respectively, and we can replace (3.12) by

(@ileg (=bg )eo Gler) = —(wileg Gler) (3.13)
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A similar analysis can be carried out for the case where the propagator joins two external lines
of a single elementary vertex.

The correlation function(s) on the original Riemann surface(s), present before sewing, are
now integrated over the corresponding section segments ﬁg/7m/7n/ to generate the various factors
of {---} on the right hand side of (3.8). The minus signs on the right hand side of (3.8) arise
from the product of three minus signs. The first minus sign originates from the fact that the
integration measure in {A, B} and {A; B} is —df A dV4 A dVp and that in AygA and AgA is
—df N dV4. The second minus sign comes from the minus signs on the right hand side of (3.5).
The third minus sign arises from the minus sign on the right hand side of (3.13).

The normalization of the last term on the right hand side of (3.8) requires additional
explanation. The factor of 1/2 compensates for the fact that the exchange of the two punctures
that are being sewed gives rise to the same Riemann surface after sewing. The g2 factor reflects
that the operation of sewing two legs of the same vertex increases the number of loops by one
and therefore gives an additional factor of g2. This is correlated with the ¢g29 factors in the
definition (3.6) and could change in other conventions e.g. we may replace g> by —g? or +ig?
in all formulee. Another important difference between the second term and the first term on
the right hand side of (3.8) is that in the first term the ghost and picture numbers of ¢, and ¢,
are fixed by the ghost and picture numbers of the vertex operators A;. In particular we have
demonstrated above that picture number conservation forces ¢, and ¢, to be in 7—AlT. However
this is not the case for the last term — we could change the ghost and picture numbers of ¢,
and @ by opposite amount without violating ghost or picture number conservation. We need
to sum over all ghost number states consistent with ghost number conservation. However as
far as picture number is concerned, we know from the analysis of [1] that every physical state
has a representation in every picture number differing by integers. Therefore we need to fix
the picture numbers of ¢, and ¢, to avoid over counting. We have taken both ¢, and ¢, to be
in ﬁT, i.e. in picture number —1 for NS sector states and picture number —1/2 for R sector
states. Consequently ¢¢ and ¢¢ will belong to ﬁT. As discussed below (2.20), this choice
avoids states of arbitrarily large negative conformal weight from propagating in the loop. This
still leaves us with the possibility of infinite number of states of the same conformal weight in
the R sector propagating in the loop, but we shall argue in §3.7 that this is prevented by the
presence of G in (3.13).
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3.4 The propagator

We shall now describe the propagator that represents the plumbing fixture (3.1) of section
segments as an algebraic operation on the corresponding Feynman amplitudes obtained by
integrating €2 on the section segments. This analysis is more or less identical to the one that
lead to (3.13) [22,23,99], so we shall be brief. The only difference is that instead of fixing s at
zero and integrating over 6 we now also have integration over s. We insert a complete set of
states around |w;| = 1 and |wy| = 1 and manipulate the expression as described below (3.8).
The integration measure requires us to insert an additional factor of

B [%1 __ [ 74 (wib(ws)dw; + wb(:)di:) | = b (3.14)

in (3.13) due to the contraction of Q with d/9s. Since the integration measure is ds A df, by
will be inserted to the left of b;. The evolution of the state from |ws| = 1 to |wy| =€ in

78(L0+L0)

Fig. 10 is generated by the operator e . Therefore the integration over s produces a

factor of -
/ ds 675(L0+L0) = (L(] + [_/0)71 . (315)
0

After inserting (3.14) and (3.15) into (3.13), we arrive at the following operational expression
for the propagator. Let us suppose that f(Aj,... A, ps) denotes the contribution to the off-
shell amplitude from a specific Feynman diagram with external states Ai,... A, ps € ’}QT
and g(By,...B,, ;) denotes the contribution from another Feynman diagram with external
states By, ... B,, @, € ﬁT. Now we can construct a new Feynman diagram with external states
Ay, ... Ap, By, ... B, by joining ¢, and ¢, by a propagator, and summing over s and r. Its

contribution is given by'®

—f(A1, o Ay s) 9(Br, ... Buyor) (@ileq b3 (Lg) T Gler) (3.16)

with the minus sign originating from the minus sign on the right hand side of (3.13). Note that
f and/or g may have odd grassmann parity from the grassmann odd numbers hidden inside the
A;’s, so one should be careful about their relative positioning. Similarly if f( Ay, ..., A,, ¢s, ©r)

denotes a Feynman diagram with external states Ay,..., A,, s, @, and if we consider a new

15The expression for the propagator is somewhat different from the standard one (see e.g. [24,25]) where
the propagator contains a b, instead of a ¢, . This difference can be traced to the inclusion of the ¢, in the
normalization (2.21) of the basis states.
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Feynman diagram obtained by joining ¢, and ¢, by a propagator and summing over all choices
of ¢, i, the new Feynman diagram is given by

1 — — c
=505 [(Ar - Ay s, 00) (Lo b5 (L) Gley) (3.17)

To summarize, the off-shell amplitudes for given external states can be computed as the
sum of all Feynman diagrams contributing to the amplitude, where the Feynman diagrams are
computed using the elementary N-point vertices {A4; ... Ay }} and the propagator described in
(3.16), (3.17).

Since the Loy + Lo eigenvalue is given by (k? + C')/2 where C' is the mass? level of a state,
by comparing (3.15) with (1.2) we see that up to a normalization factor of 2, the plumbing

fixture parameter s corresponds to the Schwinger parameter of quantum field theories.

3.5 Action

Given the Feynman rules derived above, the next question is: can we write down an action
that gives rise to these Feynman rules? In this subsection we shall describe such an action.
The first task will be to introduce the dynamical fields of the theory. Using the standard
identification between the wave-function of the first quantized theory and fields in the second
quantized theory, the fields in string field theory are represented as states in the SCFT. Since
we have taken the off-shell states to be elements of 7:ZT, it would be natural to take the string

field |) to be an element of Hr. We shall impose the further restriction
b)Y = 0. (3.18)

This can be motivated as follows. We can decompose Hr into a direct sum of two subspaces,
one annihilated by b and the other annihilated by ¢g, with the BPZ inner product being non-
zero only among the states in different subspaces. Using this we can divide the basis states
¢ of Hrp and @5 of Hr into those annihilated by by and those annihilated by c¢i. Now the
propagator given in (3.16), (3.17) is non-vanishing if both ¢ and ¢¢ are annihilated by ¢j and
therefore if both ¢, and ¢,, that are inserted into the amplitudes f and g, are annihilated by
by. This is the reason for restricting the string field |¥), that takes part in the interaction, to
the subspace annihilated by b .
For reasons that will be explained below, we shall introduce another set of string fields
\@) € Hr, satisfying
bE|) =0. (3.19)
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Both |¥) and |¥) will be taken to be grassmann even, in the sense that if we expand these
fields as

B) = "Wl W) =Y wlel),  biles) =0, bfles) =0, (3.20)

then v, and i/;r, which are the dynamical variables of the theory, will be grassmann even
(odd) if the basis state it multiplies is grassmann even (odd). Note that the sum over r in
(3.20) contains integration over momenta and a sum over infinite number of discrete labels.
Therefore the set of string field components {t,.}, {QZT} actually represent an infinite set of
fields in momentum space.

We now take the action'®

1

B 1
92

Sg f 2

. (3.21)

~ ~ ~ 1 .
(Wlcg g Ly GIW) + (¥leg 03L3|W>+Zg{{qf b
n=1

The interaction term clearly gives the correct elementary interaction vertex. To check that the

propagator comes out correctly we express the kinetic term inside the square bracket as

I, ~ Ars Brs Js
_5(% wr) <B7¥; 0 ) (%) ) (3.22)

where
Ars = (0Sleg g LGl9l),  Brs = —(pslcg e Liles), Bl = —(¢llcgcg Liler) . (3.23)

In (3.22), (3.23) it is understood that the sum over r, s runs over only those basis states |¢,),

|06), s, |¢¢) that are annihilated by bf. It is now easy to see that the propagator, given
by the inverse of the matrix (ATS Brs ), takes the form

BT 0
0 Pst
(5 ) (3:24)

where

Py = —(gflcg by (L) Mes),  Pay = —{@eleg b (L) 7Hel),  Ra = —(#fleg b (L§)'Glel)
(3.25)

16We shall work in the convention in which the path integral is carried out with the weight factor e®. In
the various normalization and sign conventions that we shall be using, this is the correct sign for the euclidean
path integral in both the heterotic and the type II string theory. This will be discussed in §4.4. The Lorentzian
signature case requires changing the weight factor to e**. The effects of this have been discussed in §4.3.
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where now s,t run over those basis states |p,), |[©9), |pe), |p¢) that are annihilated by ¢ .
However, using the fact that b commutes with L$ and G, we can see that even if we relax this
constraint on the basis states, only the basis states annihilated by ¢j will give non-vanishing
matrix element. Therefore while computing Feynman diagrams using this propagator, we shall
relax this constraint on the basis states.

We now note that since the interaction term involves only the |U) field, only the 1, — 1)
component of the propagator is relevant. Therefore the relevant component of the propagator is
Ry, which agrees with what appears in (3.16), (3.17). On the other hand the W field describes
a set of free field degrees of freedom that completely decouple and have no relevance for the
interacting part of the theory. This will be elaborated further in §6.1.

If we had introduced only one set of fields |¥) instead of two sets of string fields |¥) and
\\TJ>, then the kinetic term would have been given by the inverse of the propagator given in
(3.16), (3.17). However the operator X, appearing in the Ramond sector propagator does not
have a well defined inverse on off-shell states.!” Having two sets of string fields allows us to
invert the propagator without having to invert Aj.

Finally one remark about the normalization of the propagator. The presence of 1/¢? fac-
tor in the action (3.21) will give an additional multiplicative factor of g? in the propagator.
On the other hand for this action the contribution to the Feynman diagram containing a
single interaction vertex and no internal propagators, with external states Ay, ... Ay, will be
g 2{A; ... Ax}. In our analysis in §3.3 we have taken this to be {A; ... Ay}. Therefore the
Feynman diagrams of §3.3 correspond to g times the Feynman diagrams computed from the
action (3.21). Tt is easy to see that this compensates for the absence of the g2 factors in the

propagator in §3.4 if we express the composition rules (3.16) and (3.17) as

—0, 2 f(A1, . A ) X 972 g(By, ... Bayor) X g2 (@5le bg (L) 7'Glel) x g2, (3.26)
and .
—5952 F(AL, A s, 00) % g2 (08]cg by (L) 1Glet) x g2 . (3.27)

Now the first three factors of (3.26) and the first two factors of (3.27) have the correct normal-
ization of an amplitude / propagator computed from the action (3.21). The multiplication by
the final factor of g* converts the contribution to the Feynman diagrams back to the normal-

ization convention of §3.3.

17This is related to the difficulty in writing down a covariant action for type IIB supergravity. With the
doubling trick one can write down such an action [112].
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Since the propagators and vertices obtained from this action are exactly what we found in
§3.3 and §3.4, the off-shell amplitudes computed using this action agree with those obtained

. . (g,m,m)
by integrating Q69—6+2m+2n OVer Sy .-

3.6 Degeneration limit

The requirement that the amplitudes arise from the sum over Feynman diagrams of an under-
lying field theory puts restriction on the arrangement of the PCOs in the degeneration limit —
not only for off-shell amplitudes but also for on-shell amplitudes. This restriction comes from
the fact that near separating type degenerations in which a Riemann surface breaks apart into
two Riemann surfaces X4, , n, and Xy, p, n,, the PCOs must be arranged so that there are
2g1 — 2+ my + ny/2 PCOs on the first Riemann surface and 2g, — 2 + ma + ny/2 PCOs on
the second Riemann surface. This rules out some otherwise natural choices. For example for
computing the genus one two point function of two NS sector fields, we cannot choose the two
PCOs to be on the two NS sector vertex operators to convert them into zero picture vertex op-
erators. To see this note that in the degeneration limit in which two NS sector vertex operators
come together, describing a separating type degeneration in which the Riemann surface splits
into a one punctured torus and a three punctured sphere, we shall have both PCOs on the
three punctured sphere if we take the two PCOs to be on the two NS sector vertex operators.
This is the wrong choice since according to the general criterion mentioned above, there should
be only one PCO on the sphere and one PCO on the torus. If we are not careful in making the
right choice we can actually get wrong answer for various physical quantities [24]. However it
is often simpler to first find the wrong answer which is easier to calculate, and then add to it
the difference between the right answer and the wrong answer. The latter is the integral of a
total derivative in the moduli, and as a result picks up contribution only from the boundary
terms. Analogous situation also arises while computing on-shell amplitudes as integrals over

supermoduli space [20].

3.7 Role of stubs

Although the section segments R, ,,, have to satisfy the constraint given in (3.5) and the
requirement of symmetry under the exchange of punctures, there is still a lot of ambiguity in
choosing these regions. This affects the definition of the string interaction vertex {---J}. As

will be discussed in §5.4 and appendix E, physical quantities do not get affected by this change
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in the interaction vertex.

There is one particular class of deformations of R, .., known as the operation of adding
stubs, that is worth mentioning [33,113,114]. Adding stubs of length In A corresponds to scaling
the local coordinates by some real number A > 1, i.e. if w;’s are the original local coordinates at
the punctures, we take the new coordinates to be w; = A w;. Comparing the plumbing fixture
relation (3.1) with the new relation wywy = e=5= we see that 5 = s — 2In A. Therefore when
s varies from 0 to oo, the original variable s varies only in the range 2In A < s < oco. For large
A this means that s is large over the whole range 0 < s < oo and hence the Riemann surface
is close to degeneration. Therefore when we add large stubs to the interaction vertices, all
the Feynman diagrams with one or more internal propagators will represent Riemann surfaces
close to degeneration and most of the moduli space away from the degeneration will be in the
Feynman diagrams with a single elementary vertex and no propagators.

If we have a vertex where the external states have conformal weights h;, then a change
of local coordinates from w; to w; = Aw; will rescale the interaction vertex by A~". For
large A, this will suppress contribution from states with large h; propagating in the internal
legs of the Feynman diagram. Due to this suppression factor the contribution falls off rapidly
for large h;, and for sufficiently large A the sum over internal states in a Feynman diagram
does not lead to any divergence despite there being infinite number of fields — the number of
fields grows as exp[cv/h] [115] for some positive number ¢ whereas the suppression factor is of
order exp(—hlInA). In fact this convergence can be made faster by adding larger stubs. This
suppression factor is also responsible for UV finiteness of the Feynman amplitudes since it
generates an exponential suppression factor for large euclidean momenta flowing in the loops.
This will be elaborated further in §8.1.

Having long stubs has a special advantage in superstring field theory where we also have
PCO insertions. Since the choice of Ry, is up to us subject to the boundary conditions
(3.5), we can choose the PCO locations in the interior of R, following the prescription
reviewed in appendix C so as to avoid spurious singularities. However once R, ,,.,’s have been
chosen, the section segments of all other Feynman diagrams having one or more propagators
are completely fixed by the plumbing fixture rules. The question we need to ask now is: are
the associated PCO locations such that we do not encounter any spurious singularities?

We shall now argue that as long as we attach sufficiently large stubs to the vertices, the
Feynman diagrams with one or more propagators are free from spurious poles as long as ﬁg,m,n

avoid spurious poles by a finite margin (i.e. do not come too close to spurious poles). This
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is simply a consequence of the fact that the contribution from the Feynman diagrams are
obtained by multiplying the propagators and vertices and summing over internal states and
integrating over momenta. We argued above that the sum over internal states and integral
over momenta can be made to converge fast due to the exponential suppression factor due to
stubs. Therefore as long as the elementary vertices themselves are finite, the contribution from
Feynman diagrams with propagators will also be finite.

Note that this argument assumes that for fixed momentum, the conformal weight of the
vertex operators is bounded from below. As argued below (2.20), this is true for states in Hy
and ﬁT, but may fail in the other picture numbers. There is still a possible subtlety in the
Ramond sector, since in the picture number —1/2 sector there are infinite number of states at
the same mass? level created by the action of the ~y, oscillator. In the conjugate —3/2 picture
the infinite number of states at a fixed mass? level are created by the action of the 3, oscillator.
However we shall now argue that the Ramond sector propagator (¢¢|cybd (L)1 X|¢¢) given
in (3.16), (3.17) prevents all but a finite number of these states from propagating. For this
consider the infinite tower of states created by the action of fy oscillators on a —3/2 picture
state. Since 5 has ghost number —1, these states will have arbitrarily low ghost numbers.
Now A} acting on such a state will give a state of picture number —1/2 and arbitrarily low
ghost numbers. But such states do not exist in the picture number —1/2 sector; here at a
fixed mass? level we can only have states with arbitrarily large ghost numbers created by o
oscillators. This shows that the A, factor in the propagator must annihilate all but a finite
number of states created by the [y oscillators. Since now we have a finite sum, our previous
argument shows that the Feynman diagrams computed with this propagator must be free from
spurious singularities.

This argument has been somewhat abstract; but we shall illustrate this with a simple

example in appendix D.

4 Superstring field theory: Master action

In this section we shall show that the action given in the last section can be regarded as the

gauge fixed version of a more general action satisfying BV master equation. Our analysis will

follow [25].
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4.1 Batalin-Vilkovisky quantization

In the standard Faddeev-Popov quantization of gauge theories, we first fix the gauge, introduce
ghosts and then carry out the path integral. In contrast in the BV formalism we first introduce
ghosts, expand the field space by introducing an anti-field for every field, construct the master
action, then fix the gauge and finally carry out the path integral. In this subsection we shall
give a lightning review of the BV formalism [113,114,116-118].

For simplicity we shall work with a system with finite number of degrees of freedom {¢, } but
this analysis can easily be extended to field theories. {¢,} could include both grassmann even
and grassmann odd variables. Suppose further that the classical action has a gauge invariance
generated by a set of parameters {\,}. {\,} may also include grassmann even and grassmann
odd variables. Furthermore there may be gauge invariance of the {\,}’s — deformations of
{Ao} that do not generate any change in {¢,}’s — generated by a set of parameters {{,}. This
may continue arbitrary number of steps. The BV prescription tells us to introduce a ghost
variable ci for each Ao carrying grassmann parity opposite to that of ., a ghost variable céz)
for each &, carrying grassmann parity equal to that of & and so on. Let us collectively call
all these variables {®,}. These will be called ‘fields’. Next for each field ®, we introduce an
anti-field @ that carries grassmann parity opposite to that of ®,. Given any pair of functions
F(®,®*) and G(®, ®*) of all the fields and anti-fields, we now define the anti-bracket

OrF 0,G OgpF 0LG

1F.G} =55 00 00 0, (41)
and the A operator
podr o (4.2)
00,09 '

where the subscripts L and R of 0 denotes left and right derivatives.
The master action S(®, ®*) is a function of ® and ®* that satisfies the BV master equation

%{5, SI+AS =0, (4.3)

and reduces to the classical action in the g, — 0 limit if we set ®; = 0. Note that at this
stage we have not done any gauge fixing. Since the action has an overall factor of g;2, the
classical master action S, obtained from S by taking the g, — 0 limit, satisfies the classical

master equation {Sy, Sy} = 0.1 Tt follows from this that the classical master action has a

8The classical master action is to be distinguished from the classical action. The latter is obtained from the
former by setting all the anti-fields to zero.
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gauge invariance [118]

o 8RSCI aRScl * x * aR‘S’cl 8RSCZ *
5D, = {@T,T{%Aﬁ 5 AS}, 5O = {cpr, A bt 55 AS} , (4.4)

where A, A¥ are the infinitesimal gauge transformation parameters which are independent of
the fields and carry grassmann parities opposite to that of @4, ®*. The master action S must
be chosen so that (4.4) reproduces the gauge transformation laws of the classical theory when
we set the anti-fields to zero and take the classical limit. The quantum generalization of this
result was discussed in [119], but we shall not require it for our analysis.

In the BV formalism the gauge fixing corresponds to choosing a Lagrangian submanifold
defined as follows. Let us suppose that we find a complete set of new variables =,.(®, ®*) and
Z5(P, ®*) such that

{253 =0=A{5E}, {55} =0, (4.5)

and

A0, A dor = [ d=, A d=:. (4.6)
11 11

Then = = 0 Vr describes a Lagrangian submanifold. It can be shown that the physical

r

quantities computed via path integral with integration measure
[[d®. rdo; T 6(E)e’ (4.7)
' T

is independent of the choice of the Lagrangian submanifold. If we make the trivial choice
=, = ®,, ZF = ®* then we get back the original integral over ®, weighted by e°. This has

T

unfixed gauge symmetry and therefore is not amenable to perturbation theory. On the other

*

hand a judicious choice of =,, =

can fix the gauge and give us a path integral amenable to
perturbation theory. The particular choice that will be relevant for our analysis is the exchange
of a certain number of fields with the corresponding anti-fields accompanied by a sign. This
clearly satisfies (4.5), (4.6). The corresponding gauge fixing condition involves setting to zero
certain set of fields and the anti-fields of the complementary set.

We can choose a slightly more general gauge = = = where =, are c-number background
fields, and construct the 1PI action for =Z,’s by first computing the generating function of
Green’s function of =, and then taking its Legendre transform. The resulting action may be
written as S1pr({Z,},{=7}) where =, are the Legendre transformed variables. Operationally

S1pr can be constructed by summing over 1PI graphs based on the action .S, with = set equal
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*
r

—_
—

to = and =Z,’s regarded as the quantum fields. At the end we set the external Z,’s to Z,s.

*

* as fields and conjugate anti-fields respectively, and define a new

If we now regard =, and =
anti-bracket between functions of =,, =* by replacing ®,, ®* by Z,, =* in (4.1), then S;p;

can be shown to satisfy the classical BV master equation {S1ps, S1pr} = 0 [116]. Therefore it

will be invariant under the gauge transformation (4.4) with S, replaced by Sip; and @, O

*

replaced by =,., =.

4.2 The master action of superstring field theory

In the next three subsections we shall show that the action (3.21) arises from gauge fixing of a
theory in the BV formalism [25], generalizing the corresponding results in open bosonic string
field theory [120,121] and closed bosonic string field theory [33,34,122,123]. For this we have
to first specify the full field content of the theory, identify which of these are fields and which
are the conjugate anti-fields and write down the master action satisfying (4.3). It turns out
that in the BV formalism we have two sets of string fields: |¥) € Hy and |¥) € Hy without

any further restriction. The action is given by

S = = | —5 (PG QuGIT) + (Fs Qul¥) + 3~ 49"} - (4.8)

The division of the components of ¥ and ¥ into fields and anti-fields proceeds as follows [25]:

1. We divide ”HT and Hp into two subsectors: ﬁJr and 7:Z+ will contain states in ﬁT and
ﬁT of ghost numbers > 3, while #H_ and H_ will contain states in 7—ALT and 7:le of ghost

numbers < 2. We introduce basis states |, ), |¢, ), |¢7) and |@]) of H_, H_, H, and

H, satisfying orthonormality conditions'®

(@rla|ei) = 0" = (@il |9r), (@l |@%) = 6" = (@i leo ler ), (4.9)

and the completeness relations
SO F s + ) 18D B leg =1, D> G ) @hleg + D18 (@ leg =1, (4.10)

acting on states in ﬁT and 7-I,T respectively.

9By an abuse of notation we are using the same indices 7, s to label the new basis even though the label
runs over a smaller set for the new basis compared to the old basis {|¢,)}, {|¢%)}-
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2. We now expand VU, U as
v) = Z\sor W+Z 1)Ly
1~ 5oy ~,
¥) — 5610) = Z| Y +Z D7) (4.11)

Here ¥, 7., 7% and 7, label the grassmann parities of ¥, ", w;‘ and f@r respectively.
They in turn can be determined from the assignment of grassmann parities to the basis
states as described below (2.22) and the fact that |[¥) and |\T/> are both grassmann even.

3. We shall identify the variables {WJZT} as ‘fields’ and the variables {w;f,%f} as the
conjugate ‘anti-fields’ in the BV quantization of the theory. It can be easily seen that "
and ¢ carry opposite grassmann parities as do 1f/;7" and 1,/;: This is consistent with their

identifications as fields and conjugate anti-fields.

4. Given two functions F' and G of all the fields and anti-fields, we now define their anti-
bracket in the standard way:
F F F F
(F.G) = Or @LC*? . 0R~ @LNG B Or : oG _ @RN 8L~G’ (4.12)
YT OUr gy g OUy OUT gy Sy

where the subscripts R and L of 0 denote left and right derivatives respectively.

5. We also define
Or OLF Or OLF

o O gy o
Using (4.8) (4.10), (4.11) and (4.12) one gets, after some algebra,

gi{S. S} = —22 {U ' QpU} — Z —{wswm}}{{wﬂ"}} (@Cleg Gles) . (4.14)

AF = (4.13)

Here |¢,)’s denote the original choice of basis states in ’;QT before splitting it into ”ﬁi. On the

other hand using (4.8) (4.10), (4.11) and (4.13) we get

AS =

1 o
292 2=l or B eilco Gler) - (4.15)

Using the identity (3.8), and eqs. (4.14), (4.15) one can show that the action S given in (4.8)

satisfies the quantum BV master equation

%{&5}+ﬁx9:o. (4.16)
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With the interpretation of fields and anti-fields described above, we can regard the ghost
number 2 components of U, U as matter fields, i.e. analogue of the fields {¢,} in §4.1, the
ghost number < 1 components as ghosts and ghost number > 3 components as anti-fields. If
we set all the anti-fields to zero, then it follows from (3.7) that the dependence on the ghost
fields also drop out and the action becomes a function of the matter fields only. The g, — 0
limit of this describes the classical action. This has the same form as (4.8) with U, 7 replaced
by Uy € Hr, Uy € Hr carrying ghost number 2, and {---} replaced by {:--}o denoting the

genus zero contribution to (3.6):

1 1

—5(Valey QpG|Va) + (Vulcg Qs Va) + %{{wz}}o . (4.17)
n=3

Sy = —
T2 2

The sum over n in the interaction term begins at n = 3 since one and two point functions on

the sphere vanish in any SCFT.

4.3 Perturbation theory in Lorentzian signature space-time

The Feynman rules derived from the action (4.8), as described in §3, generate Euclidean Green’s
functions. We can get the Lorentzian Green’s functions from these by analytic continuation.
If {pf'} for k = 1,... N denote the zero components of the Euclidean external momenta in a
Green’s function, and if {p}} denote the zero components of Lorentzian momenta, then they
are related as p? = ip?. This means that up to an overall normalization, the Lorentzian Green’s

functions f({p?}) are related to the Euclidean Green’s functions fz({pF}) via the relation

FUpR)) = fe({pi/i}) - (4.18)

Therefore for real {p}}, euclidean Green’s functions compute f({upl}) = fe({plu/i}) with u
on the imaginary axis. Given this we can determine f({p}}) via analytic continuation of the
function f({up?) from the imaginary u axis to u = 1 along the first quadrant of the complex
u-plane.

However, for some applications it is useful to work directly with the Feynman diagrams in
the Lorentzian theory. For this we need a weight factor e** instead of ¢ in the path integral.

In this section we shall discuss its effects on the various equations derived earlier.

1. In the Feynman rules, the effect of replacing e by ™ is to multiply the propagator by —i

and the vertices by 7. Since the amplitudes are normalized so that the contribution to the
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amplitude from an elementary vertex is given by the vertex without any normalization,
each amplitude is also multiplied by an overall factor of i. Therefore this would leave

(3.16) unchanged, but would require us to multiply (3.17) by a factor of —i.

. The S — iS replacement will change the BV master equation (4.3) to
1
5{8,5}—1’AS:O. (4.19)

It will also introduce factors of +¢ into various other equations. One quick way to
determine the various extra factors of ¢ in various expressions is to note that replacing S
by S in the exponent of the weight factor of the path integral can be achieved by changing
g% to —ig?. Therefore in any expression we can recover the factors of 7 by replacing g2 by
—ig?. The expressions for the vertices and the propagators are exceptions to these rules
since, as has been discussed at the end of §3.5, we have explicitly stripped off factors of

g2 from these.

. As an application of the above rules, we see that we need to multiply the last term in (3.8)
by a factor of —i, and multiply the genus g contribution in (3.6) by a factor of (—i)?. One
can easily verify that the action (4.8) satisfies the modified BV master equation (4.19)
once we take into account these changes in (3.8), and that the modified version of (3.8)
holds if we use the modified version of (3.6). The factor of (—i)? inside the sum in (3.6)
may appear to be somewhat strange, but this factor has a straightforward interpretation.
In the Lorentzian theory, while defining the correlation function on a genus g Riemann
surface, we have to trace over states of the SCF'T running in the loop. This in particular
includes integration over g loop energies. Each of these integrals can be performed after a
Euclidean rotation k° — ik¥. These changes of variables generate a multiplicative factor
of 19 that cancels the (—i)¢ factor coming from the effect of changing S to iS. Therefore
it is natural to absorb the factor of (—:)? into the definition of the correlation function

on the genus g Riemann surface and continue to use (3.6) without any change.

4.4 The reality of the action

So far we have not described whether the string field components v, and QZT appearing in

the expansion of ¥ and U are real or imaginary, or whether they have a more complicated

transformation under complex conjugation e.g. complex conjugate of a particular 1, may be
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related to a linear combination of the other vs’s. The correct rule is determined by requiring
that the action S is real, i.e. it remains invariant under complex conjugation.?’ This rule has
been determined in [27] and has been reviewed in appendix F, but we do not need the details
for the rest of the analysis. The result that is of importance is that it is possible to assign
reality conditions on the ,’s that make the action real.

Once the reality condition is determined one can also check if the action has the correct
sign. For example in the convention described in footnote 16, in which we use e as the weight
factor in the euclidean path integral, the kinetic term of a physical real boson ¢ of mass m in
momentum space must have the form — [ dk ¢(—k)(k* +m?)¢(k). It turns out that with the
normalization condition (2.15), (2.16) the actions for both heterotic and type II string theories
have the correct sign.?! This can be checked, for example, by computing the kinetic terms for
the graviton field in both theories using the conventions and reality conditions described in

appendix F.

4.5 Gauge fixing

In the BV formalism, given the master action we compute the quantum amplitudes by carrying
out the usual path integral over a Lagrangian submanifold of the full space spanned by ¥" and

Y. It is most convenient to work in the Siegel gauge
~ 1~
b)) =0, bi|¥)=0 = b (|\If> — §Q|\If>) =0. (4.20)

To see that this describes a Lagrangian submanifold, we divide the basis states used in the
expansion (4.11) into two classes: those annihilated by b and those annihilated by ¢f. These
two sets are conjugates of each other under the inner product (4.9). Now in the expansion
given in (4.11), Siegel gauge condition sets the coefficients of the basis states annihilated by
cg to zero. Since in this expansion the fields and their anti-fields multiply conjugate pairs of
basis states, it follows that if the Siegel gauge condition sets a field to zero then its conjugate
anti-field remains unconstrained, and if it sets an anti-field to zero then its conjugate field
remains unconstrained. Therefore this defines a Lagrangian submanifold.

It is now straightforward to verify that with the constraint (4.20), the action (4.8) reduces
to the gauge fixed action (3.21). Therefore it reproduces correctly the off-shell amplitudes

20For real grassmann variables {c;}, the complex conjugate of c; .. .c, is taken to be ¢, ...c; as usual.
21 [27] used a different sign in (2.16) and therefore had a different sign of the action for type II string theory.
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described in §3.

5 Ward identities, 1PI action and effective action

In this section we shall show how from the superstring field theory described above, we can
derive Ward identities for off-shell Green’s functions and partially integrate out degrees of
freedom to construct 1PI effective action and other types of effective action. Our discussion

will mainly follow [29].

5.1 Ward identity for off-shell truncated Green’s function

Let G(A1,...Ay) be the full off-shell ‘semi-truncated’” Green’s function with external states
Ay, ... Ay, obtained by summing over all Feynman diagrams with external states Aq,... Ay,
but dropping the tree level propagators of the external states.?? We impose Siegel gauge
condition on the internal states, but take the external states Ay, ... Ay to be arbitrary elements
of ﬁT. These Green’s functions can suffer from divergences of type 1 mentioned in §1, but since
we have a field theory they can be handled using representation of the Feynman diagrams as
integrals over momenta and sum over fields instead of the Schwinger parameter representation.
This will be discussed in more details in §8.1. GG does not suffer from divergences associated with
mass renormalization since the external states are off-shell. However it may suffer from tadpole
divergences if massless tadpoles are present. In such cases the manipulations described below
are formal. Nevertheless they are useful since later we shall carry out similar manipulation
with quantities which do not suffer from such divergences.

Let us now consider the combination Zf\il G(Ay, ... Ai1,QpA;, Ait1, ... Ax). Since in a
given Feynman diagram each A; must come from some vertex {---}, the sum over i can be
organized into subsets, where in a given subset ()p acts on different external states of the same

vertex. This can then be simplified using (3.8). This gives

G(A17 s Ai—h QBAia Ai—l—l s AN)

N
—1

7

1 el AC
= _5 Z Z G(Aiu e Aie? @S)G<90T7Aj1 s Ajk)«pslco g|907«>

k>0 {ig;a=1,...£},{jp;b=1,...k}
L+k=N {ia}U{ip}={1,...N}

22In the world-sheet description, this is the amplitude computed by the integral of Qé%’fgi)gm yon(A1, .. AN)

with N = m + n over the full section Sy m n of 7597m7n.
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1

_% Z Z |:—G(A“,---AQ;QBSDS)G(SDT"Ajl"‘Ajk)

k>0  {ig;a=1,...£},{jp;b=1,...k}
=N iy Oy =1, N}

(DG A A )@, A A (e b (L) G5)
2

_%8 [ —G(A1, ... AN, QBps, ©r) — (—1)*G(Ayq, ... AN, ©s, QBQOT)] (¢|co b (L) 1G et .
(5.1)

The first two terms on the right hand side represent the contribution from the right hand
side of (3.8) when we use (3.8) to simplify the contribution from individual vertices of the
Feynman diagram. The other two terms on the right hand side come from the fact that while
using (3.8) for a given vertex, we have to subtract the terms where Qg acts on the legs of
the vertex connected to internal propagators since on the left hand side of (5.4) Qp only acts
on the external states. The third term represents the contribution from a graph in which a
propagator connects two otherwise disjoint Feynman diagrams and there is a ()g insertion on
one of the ends of the propagator. The last term represents the contribution from a graph in
which a propagator connects two external lines of a connected Feynman diagram, and there
is a (Qp insertion at one of the ends of the propagator. The overall minus signs in front of
the third and the fourth terms come from having to move these from the left hand side of
the equation, where they appear naturally, to the right hand side. The minus signs inside the
square brackets come from the ones on the right hand sides of (3.16) and (3.17). The (—1)
factors arise from having to move () through ¢,. In the third term, we have included a factor
of 1/2 to compensate for the double counting associated with the {i,} <> {J,} exchange. The
1/2 in the last factor arises from the right hand side of (3.17).

Using the completeness relation (2.22) and (2.27) we can now move ()p inside the matrix
element (p¢|cy b (Lg)1G|¢¢) in the third and the fourth terms, e.g. we have

Qples) (@ileg by (Ly)'Gler) = Quby (L)™' Gler) = lws) (wilcy Qsbg (Lg)'Gles) . (5.2)

and

(1) Qpler) (¢elco by (L) THG|e5) = Qrler) (¢leo by (L) 7'Glel) = Qpbd (L) 'G|#E)
= o) (@ileg Q@uby (L) 'Gles) = ler) (ilco by Qu(L) ' Gles) - (5.3)

56



This allows us to express (5.1) as

N

> G(AL. . Ay, QpAi At Ay)
i=1

1 — c
- _5 Z Z G<Ai17"'Aiz7908)G(§0T=Aj1“'Ajk)<90§|co g|90r>

£,k>0  {ig;a=1,...£},{jp;b=1,...k}
£+k=N {ia}U{sp}={1,...N}

1 ol
_5 93 G(A17 s ANa Ps gp?”) <(20§‘CO g‘¢r>

1
3 2 S Gl A )Gl Ay A (e {Qe 0 (L) 610

k>0 {ig;a=1,...£},{jp;b=1,...k}
L+k=N {ia}U{jp}={1,...N}

1 . - c
+5 95 (AL - An, 95, 00) (95lcg {Qp, b HEG) TG 1) - (5.4)

Using the relations Qpby + by Qs = L one can now show that on the right hand side of
(5.4) the third term cancels the first term and the fourth term cancels the second term. This

gives us the Ward identity for the off-shell Green’s function

N
> G(AL . A, QpAi Ay .. Ay) = 0. (5.5)
i=1
We remind the reader again that this identity is formal if there are massless tadpoles present

in the theory.

5.2 Ward identity for 1PI amplitudes and 1PI action

Historically, 1PI effective action was constructed before the introduction of the BV master
action [22,23], and the properties of the 1PI effective action were studied directly using the
world-sheet description of the interaction vertices. Here we shall follow a slightly different
approach in which we regard the 1PI action as the one derived from the BV master action
following the procedure described in the last paragraph of §4.1, and derive its properties from
the properties of the BV master action. This makes it manifest that the Green’s functions
computed using tree graphs of the 1PI action are identical to the ones computed using the
full set of Feynman diagrams of the master action, so that we can use either description for
studying their properties.

The 1PI effective action described at the end of §4.1 can be constructed using the 1PI

amplitudes in the Siegel gauge, but we take the external states to be general elements of Hr
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without satisfying any gauge condition. This implements the general gauge choice = = =
described in §4.1. Let {A4;...A,} denote the 1PI amplitude of the external states A;,... A4,
obtained by summing over all the 1PI graphs. This is well defined even if the theory has
massless tadpoles, since the sum of 1PI diagrams does not include the tadpole diagrams.
{A; ... Ay} will satisfy an identity similar to (5.4) with G(A,,... A,) replaced by {A; ... A,},
and without the third term on the right hand side of (5.4). This is due to the fact that
by definition, 1PI amplitudes do not include sum over Feynman diagrams in which a single
propagator connects two other Feynman diagrams. Therefore the first term on the right hand

side remains uncanceled and we arrive at the identity:

N
D {A1 Ai(@QpA)Ain ... Ay}
=1
1
= 3 > >, {Ai - Ao Her Ay Aj Kl Glel) - (5.6)

k>0 {ig;a=1,...£},{jp;b=1,...k}
l+k=N {ia}U{jp}={1,...N}

We can now construct the 1PI action by replacing {---} by {---} in (4.8):
1] 1,~ o~ S
Sirr = i |50 QuGI) + (@l Qslw) + 3 1wy (5.7

The variables Z,, =¥ described at the end of §4.1 are identified as the components 9", J”, (I
and ¢ of U and W described in (4.11). The anti-bracket is defined as in (4.12) and one can

verify using (5.6) that the action (5.7) satisfies the classical master equation

{Sipr,Sipr} =0. (5.8)

This is in accordance with the general result in the BV formalism described at the end of §4.1.
Using (5.6) one can also show that as expected from (4.4), the action (5.7) is invariant
under the gauge transformation

e}

0%) = QplA) +n§‘ﬁg[\v Al 10%) = Qp[A) Zﬁ [wA] (5.9)
where [A) is an arbitrary grassmann odd state in Hr, |A) is an arbitrary grassmann odd state
in ”;QT, and given a set of states Ay,... Ay € 7:[\T, we define a state [A; ... Ay] € ﬁT via the

relation

<A0|CE|[A1AN]> = {AoAl...AN}, (510)
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for any state Ay € Hr.

The semi-truncated Green’s functions G introduced in §5.1 can be computed by summing
over tree level Feynman diagrams of the 1PI action. This however can suffer from divergences
associated with massless tadpoles. We shall address this in §6.

The 1PI amplitude is given by an expression similar to (3.6)

{Ki. KnLi.. . L}=> g% /R O on (K1 Koy Ly L) (5.11)
g=0

g,m,n

where R, , now denotes a subspace of 75/g7m7n given by the union of the section segments of
all 1PI Feynman diagrams of genus g, and m NS and n R punctures. The relation (5.6) can
also be derived using an identity similar to the one given in (3.5), with R replaced by R and
the A terms being absent:

aRgﬂnm = _% Z Z Z S[{Rghmhnnngzm"bz,w}]

91:92 mi,mg ny,ny
g1+92=9 mi+mo=m+2 ni+no=n

_% Z Z Z S[{Rgl,ml,nl; Rgz,mz,ng }] . (512)

91,92 miy,ma n1,n2
g1+92=9 m1+m2:m ny +n2:n+2

This again follows from the requirement that the regions R, ., and their plumbing fixture
(3.1), with the two punctures that are sewed now always lying on different Riemann surfaces,
give the full section Sy, [22,23]. The requirement of the punctures lying on different Rie-
mann surfaces is a reflection of the fact that the tree level graphs computed with 1PI vertices

reproduce the full amplitude.

5.3 Effective superstring field theory

Let us suppose that we have a projection operator P on a subset of string fields satisfying the

conditions
[PbE] =0, [Pcf]=0, [PLf]=0, [P,G]=0, [P,Qp =0. (5.13)

An example of P would be the projection operator on the mass? level zero fields — fields whose
tree level propagator in the Siegel gauge takes the form of that of a massless field. P could
also be a projection operator into fields of any other fixed mass? level or a set of mass? levels

e.g. all fields below a certain mass? level. Another example of P in toroidally compactified
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string theory, relevant for possible construction of double field theory [124], is the projection
on fields whose contribution to the mass comes only from the momentum and winding modes
but not from oscillator modes. In what follows we shall not assume any property of P other
than the one given in (5.13).

Consider a set of P invariant off-shell states ay,...ay. We denote by {a; . ..ax}. the total
contribution to the amplitude with external states aq,...ay from all the Feynman diagrams of
superstring field theory, but with the propagator factors appearing in (3.16), (3.17) replaced
by (0% by (Lg)~1G(1 — P)|¢). This removes the contributions of P invariant fields from
the propagator. Therefore {a;...ay}e can be regarded as the contribution to the off-shell
amplitude due to the elementary N-point vertex of the effective theory, obtained by integrating
out the P non-invariant fields. Even in the presence of tadpoles of mass? level zero fields, these
amplitudes do not suffer from tadpole divergences of the kind mentioned at the beginning of
§5.1 as long as P invariant subspace includes the mass? level zero fields. We can now repeat
the argument leading to (5.4) with G(---) replaced by {---}.. On the left hand side of (5.4)
and the first two terms on the right hand side of (5.4) we simply replace G(---) by {---}.,
but in the last two terms of (5.4) the propagator factors will now have additional insertions of

(1 — P) since this is the propagator used in the definition of {---}.. This gives

N
Z{{al e &i71<QBai>afi+1 e &N}}e
i=1

— _% Z Z {{ah Ce Clie(,Ds}}e{{Spraj1 s a]k}}6<90§‘cag‘907c“>

k>0 {ig;a=1,...L},{jp;b=1,...k}
k=N {ia}u{ip}={1,...N}

1 C — C
-3 g2 {ar...anpsor e (08 co Glet)

1
5 Z Z fai - aioshefrag, - aj e

k>0 {ig;a=1,...L},{jp;b=1,...k}
L+k=N {ia}U{jp}={1,...N}

x(pSlco {QB, by Y(Lg ) 'G(1 — P)ley)
by g aveuo boletles 1Qs, BEHES) 601~ Pty (5.14)

Now the third and the fourth terms on the right hand side cancel the first and the second
terms only partially, leaving behind terms proportional to (¢¢|cy G P|¢S):

N

Z{al Ce ai_l(QBai)aiH Ce aN}e

i=1
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1
= -3 2 > - aeblean o aiBeletlen 6 Pl

£,k>0  {ig;a=1,...L},{jp;b=1,...k}
L+k=N {ia}U{jp}={1,...N}

1 — c
—5 0:far - anesor ke (Kleg G Pler) - (5.15)
If we denote by {|xo)} and {|x)} the basis states in PHy and PHy respectively, satisfying

(Xalco IX5) = das:  (X5Ico [Xa) = Gap; (5.16)

then we can express (5.15) as

N
Z{{al e ai_l(QBa,-)aHl e CLN}}’6
i=1
1
= -5 > S fan o axedefow - a e (X lG GING)

£,k>0  {ig;a=1,...£},{jp;b=1,...k}
L+k=N {ia}U{ip}={1,...N}

1 C — C
—5 95 flar - anxaxsde (Xl Glx) - (5.17)
Given the identity (5.17) one can now construct the effective string field theory action of

P invariant fields II € P’;QT, Il € PHr satisfying BV master equation:

e

= |~ 2 MG QugI + (i@l + 3 .| (5.18)
The proof that it satisfies the master equation follows from (5.17) in a manner identical to that
described in §4.2. This action contains the full information about the amplitudes involving
external P invariant states. Even though we shall carry out our subsequent analysis with
the full string field theory action, all the analysis can be repeated with the effective action
described here.

The utility of the effective action constructed above lies in the fact that if P projects to finite
dimensional subspaces of 7-A[T, ﬁT for a given momentum, then there are only a finite number
of fields and we do not have to deal with sum over infinite number of intermediate states in
Feynman diagrams. In particular construction of the propagator in the shifted background, to
be described in (6.39), will require inverting a finite dimensional matrix. However for this to
be useful, we need to ensure that that we do not integrate out any field that can appear as

initial or final state in the scattering amplitude. For a given amount of center of mass energy
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E..., this can be achieved if we integrate out all fields whose masses are larger than FE,,, but
keep all fields whose masses are less than E,,,.
Following procedure similar to that for the original action, we can also construct a 1PI
effective action for the restricted string fields, with the 1PI action taking the from
1] 1,= _ = =1
Seapr = g_g —§<H’Co QpG|II) + (e, Qp[M) + ; E{H el s (5.19)
where the 1PI vertex {a;...an}. is given by the sum of all 1PI Feynman diagrams derived

from the action (5.18) with external states ai,...ay. It satisfies the identity

Z{al - Qi1 QBaz)az—H aN}e

— _5 Z Z {ai, .. ai,XatedXsas - - aj te(Xalco GIX5) . (5.20)

£,k>0  {igsa=1,...0},{jp;b=1,...k}
k=N {ig}U{jpt={1,...N}

Finally note that although the construction of the vertices {-- -} and {- - -} described above
seems to require summing over infinite number of P non-invariant intermediate states in string
field theory amplitudes, we could proceed differently, namely take the off-shell amplitude for P
invariant states and subtract from this the contribution from intermediate P invariant states.

As a simple example we can consider the tree level contribution to {a; ... a4}e. This is given
by

{{a’l SR a4}}e Gtree ay, . )

(

Gtree(a ag, Xa) Gtree(Xﬁ’? as, CL4) <XQ|CO b+(L )_1g|X§>
(
(

0
Gtree ai, as, on) Gtree(Xﬂv as, CL4) <XQ|CO b+(L3)_1g|X%>
Gtree ai, Ay, Xa) Gtree(Xﬁ; g, a3) <Xa|CO b+(L3)_1g|X%> (521)

- - -

where Gy denotes the full tree level amplitude. This expresses {a;...a4}. in terms of
amplitudes involving P invariant states only. The detailed procedure for doing this in the
general case has been described in [29]. In this approach neither the construction of the
interaction vertex of the effective field theory nor further manipulations involving it require
having to explicitly deal with P non-invariant states. Therefore the full analysis may be carried

out only with finite number of states.
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5.4 Field redefinition

As discussed in §3.7, there is a lot of freedom in the choice of the section segments R, -
This includes in particular the freedom of adding stubs to the vertices as described in §3.7.
These different choices will lead to different superstring field theory action. It was shown
in [114] (in the context of bosonic string theory) that these different actions are related to each
other by a symplectic transformation of the fields. For 1PI effective action described in §5.2,
these different choices correspond to ordinary field redefinitions [22,23], and therefore leave
the physical quantities like the renormalized masses and S-matrix invariant. This has been

reviewed briefly in appendix E.

6 Vacuum shift, mass renormalization, unbroken (su-
per)symmetry

So far we have described the construction of string field theory / effective field theory in
the original background described by world-sheet superconformal field theory, that solves the
classical equations of motion of string field theory. In this section we shall describe, follow-
ing [22-24], how to systematically take into account the effect of quantum corrections on the
vacuum and mass spectrum, and also analyze the fate of global symmetries under quantum
corrections. Although we shall present our analysis using the full 1PI effective action of super-
string field theory, it holds also for the 1PI effective action given in (5.19) in which a subset of

string fields have been integrated out.

6.1 Equations of motion

The equations of motion of the 1PT effective string field theory, obtained by varying (5.7) with

respect to the string field components, takes the form
Qe(|¥) — G|¥)) =0,
~ o 1
v —— " =0 6.1

with [A; ... An]| defined as in (5.10). Multiplying the second equation by G from the left and

adding it to the first equation we get
— 1

Qp|V) + Z mg[‘lﬂ%l] =0. (6.2)
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This is the interacting equation of motion for the |¥) field. Given a solution to (6.2), the second
equation of (6.1) determines ¥ up to addition of free field equations of motion Qg|6¥) = 0.

This shows that the degrees of freedom contained in U are free fields.

6.2 Vacuum solution

Our first task will be to look for solution(s) to (6.2) that describes the quantum corrected
vacuum state.?® Now it follows from the ghost number conservation law (3.7), and the definition
of [---] given in (5.10), that [A; --- Ay] has total ghost number 3 + S~ (n; — 2). Therefore
we can look for solutions to (6.2) with string field carrying ghost number 2 only, i.e. only the
matter fields setting all other fields to zero, since in this case both terms in eq. (6.2) will have
ghost number 3. While looking for vacuum solutions we shall focus on this sector. In the same
spirit we shall set the R-sector fields to zero and restrict to string field configurations carrying
zero momentum while looking for vacuum solution. In type II string theory we shall set NSR,
RNS and RR sector fields to zero, although in principle we could also look for vacuum solutions
with non-zero RR background. In this case once a solution to (6.2) has been found we can find
solution to (6.1) by setting ¥ = U since in the NS sector of the heterotic theory and NSNS
sector of type II theory, G is the identity operator. So we focus on (6.2).

Since [ | — the n = 1 term on the right hand side of (6.2) — gets non-zero contribution from
Riemann surfaces of genus > 1 due to non-vanishing one point function {A}, |¥) = 0 is not
a solution to the equations of motion (6.2). We shall now describe a systematic procedure
for finding the vacuum solution |Wy,.) — a solution to (6.2) in the NS sector carrying zero
momentum [22]. This solution is constructed iteratively as a power series in the string coupling

4

gs starting at order g,.2* If |¥}) denotes the solution to order g* then the solution to order

gt is given by

W) = —2— 3 ﬁ(l —PYGIU] + ) (6.3)

23In most cases the procedure described here yields results in agreement with the ad hoc procedure described
in [125].

24We are assuming here that the vacuum solution admits an expansion in powers of g,. This includes the
case of perturbative vacuum where the solution will have expansion in powers of g2 — we simply will get
[Wort+1) = |Par) for all integer k. However an interesting situation arises in SO(32) heterotic string theory
compactified on a Calabi-Yau manifold where the vacuum solution has leading contribution of order g;. Our
analysis includes this case as well. There may also be cases where the vacuum solution has an expansion in
powers of g& for some « in the range 0 < o < 1. Our analysis can be extended to this case as well by replacing
gs by g& everywhere in this subsection.
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where P the projection operator into zero momentum LJ = 0 states and |t ;) satisfies®

oo

1
PlYpgi1) = [r41), Qpl¥r+1) = — 2; (n—1)!

Possible obstruction to solving these equations arises from the failure to find solutions to (6.4).
It can be shown that [22] the solution to (6.4) exists iff

PGUI Y + O(gF?). (6.4)

S
n—

o0

un(0) = Y o (Ol G110 ) = O™, (6.5)

for any BRST invariant zero momentum state |¢) € Hr of ghost number two and L{ = 0.

n=1

Therefore &.1(¢) represents an obstruction to extending the vacuum solution beyond order
g*. Tt was also shown in [22] that as a consequence of |¥;) satisfying the equations of motion
to order g*, the condition (6.5) is trivially satisfied if |¢) is BRST exact. Hence the non-trivial
constraints come from zero momentum non-trivial elements of the BRST cohomology — the
zero momentum mass? level zero physical bosonic states. These obstructions correspond to

the existence of massless tadpoles in the theory. Therefore the absence of massless tadpoles to

k+1

order g

will correspond to (6.5).
While finding solutions to (6.4) we have the freedom of adding to [ix11) any state of the

form

Z UalPa) (6.6)

where {|pa)} is a basis of zero momentum, NS sector BRST invariant states in Hy and a,’s
are arbitrary coefficients. Some of these a,’s could get fixed while trying to ensure (6.5) at

higher order. Those that do not get fixed represent moduli and can be given arbitrary values.

6.3 Expansion around the shifted vacuum

In this section we shall expand the action around the vacuum solutions and study its properties.
However first we need to define some new quantities that will make our task easier.
Given a string field configuration |W.,.) satisfying (6.2), we define

1
{Al...Ak}”EZm{\PQMAl...Ak}, for k>3,

n=0

25Gince we are dealing with NS sector states, there is no distinction between ﬁT and 7-A£T. Therefore G in
(6.3)-(6.5) can be replaced by identity operators.
25The bracket {A; A2} and [A;]” are defined to be zero in order to isolate the quadratic terms in (6.17).
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=1
[Al...Ak]”zZn[\IfcacAl Ay, fork>2,

n=0

{A}" =0, ["=0, {414} =0, [A]"=0

3

~ 1 —~
Qsl4) = QplA) + ) —G[Wi, A for |A) € Hr.
n=0

[Ay ... Ay]" € Hyp satisfies the relation
(Aoleg |[Ar ... An]") = {AoAs ... A} VAo € Hr.

Qp defined in (6.7) can be expressed as

o0

~ 1
QB:QB+QK7 KlA EZE Vac
n=0

@ g and K act naturally on states in ﬁT. We also define

Qp=Qs+KG.

@ p acts naturally on states in ﬁT.

Y

(6.8)

(6.9)

(6.10)

Using the definition of K given in (6.9), the equations of motion (6.2) satisfied by |Wy.c),

and the identities (2.27), (5.6) one can prove the following useful identities:

QpK +KQp+ KGK =0,

Q56 =GQp.
Q4 =0, Q%=0

and

(Alcg QsIB) = (QpAley|B), (Bl QplA) = (QpBleg | 4)

(6.11)

(6.12)
(6.13)

(6.14)

where (QpA| and (QpB| are respectively the BPZ conjugates of Qp|A) and Qp|B). Finally

one can show using (5.6), (6.2) that

Z{m Ai(QpA)Ajs ... Ax}!

_ _5 3 > {Ai - Aot {or Ay A Y edleo Gler) -

2,k>2  {ig;a=1,...L},{jp;b=1,...k}
L+k=N {ia }U{jp}={1,...N}
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This generalizes similar results in tree level open and closed bosonic string field theories [30,126].

We are now ready to expand the action around the vacuum solution. Defining shifted fields
) = [¥) = [Wyac),  [P) = [¥) = [Vyae) = [V) — [Wyac) (6.16)

the 1PI action (5.7) and the gauge transformation laws (5.9) can be written as

1 ~ ~ ~
Slp[ = gs_2 —§<CI)|CEQBQ|CD> + <CI)|CEQB|CI)> <<I)|CO K|(I) + Z {(I)n}// vaC7 (617)

n3
A Ooln// Ooln
IMWIQMM>+2;EQ@JW, 6®) = Qu|A) + K|A) Z;Epr (6.18)

where Sy, is the value of the 1PI action (5.7) for the vacuum solution. The equations of motion
derived from (6.17) are
Qp(|P) —g@)) =0, (6.19)

o0

QB|CI) + K|®)

1=, (6.20)

Applying G on (6.20) and using (6.9), (6.19) we get

Q5|®) " =0. (6.21)
Therefore the linearized equations of motion for |®) are
@B’q)linear> =0. (622)

There are families of solutions to (6.22) which exist for all momenta, — these are pure gauge
solutions of the form @B|A) for some |A). There are additional solutions which appear for
definite values of k% — these represent the physical states and the values of —k? at which these
solutions appear give the physical mass? of the states.

We shall now describe a systematic procedure for finding the solutions to (6.22) in a power
series expansion in g, [22,23]. It is clear that for perturbative solutions, the value of —k?
should differ from the tree level values of the mass? — that we have called mass? level — by a
term of order g,. Let us suppose that we want to find the solution to (6.22) for —k? close to

some particular mass? level. We denote by P, the projection operator to states in ﬁT carrying

67



this particular mass? level. If |®,) denotes a solution to (6.22) to order g" then we determine

|®,,) in the ‘Siegel gauge?® using the recursion relation:

n
Do) = [n), |Ppi1) = —2%(1 — R)GK|®)) + |¢n), for 0<l<n—1, (6.23)
0
where |¢,,) satisfies
Polén) = [¢n) , (6.24)
Qplon) = —PGK|®,_1) + O(g"). (6.25)

The projection operator (1 — P) in (6.23) ensures that L eigenvalue of the state is always of
order unity or larger in magnitude, and the (LJ)~! operator in (6.23) never gives any inverse
power of gs. As a result (6.23) leads to a well defined expansion of |®,) in powers of g,
expressing it as a linear function of |¢,). After solving for |®,) this way we solve (6.24),
(6.25) to determine |¢,). Since for given momentum P, projects onto a finite dimensional
subspace of Hr, (6.25) gives a finite set of linear equations. It will have a set of solutions
which exist for all momenta. These are of the form P()@ g|A) for some ghost number 1 state
|A) carrying momentum k, and are associated with pure gauge states. There is also another
class of solutions which exist for specific values of —k2. These describe physical states, with
the value of —k? at which the solution exists giving the physical mass®.

It may seem somewhat strange that we first determine |®,,,) for all £ between 0 and n — 1
iteratively in terms of |¢,) and determine |¢,) at the end in one step by solving a linear
equation in the subspace projected by Fy. The reason for this is that for the physical states
the allowed value of k? changes at each order. Since a small change in & is not described by a
small change in the vertex operator, it is better not to compute |¢,) iteratively but rather to
compute it in one step at the very end.

An interesting question is whether |®,,) can be chosen to satisfy the Siegel gauge condition
by |®,) = 0. Eq. (6.23) ensures that (1 — Py)|®,,) satisfies the Siegel gauge condition; so the
question is whether by exploiting the gauge freedom of choosing the solution |¢,) to (6.25),
Py|®,) = |¢pn) can also be made to satisfy the Siegel gauge condition. This question was
answered in the affirmative in [22], but we shall skip the details of this analysis. In §9.2 we
shall describe how to identify renormalized masses of physical states in the Siegel gauge fixed

version of the theory.

26Giegel gauge here refers to the gauge in which all states other than those projected by Py are annihilated
by bf. We shall shortly discuss the fate of Py|®,,).
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6.4 Global symmetries

The gauge symmetries which preserve the vacuum solution |Wy,.) correspond to global sym-
metries. Therefore they must have |§®) = O(®P). Using the first equation in (6.18) this gives

@B|Aglobal> = Qp|Agobal) + G K [Agiobal) = 0. (6.26)

This does not guarantee that |§®) given by the second equation in (6.18) vanishes at the
vacuum, and hence one may wonder whether (6.26) itself is sufficient to declare |Agioba) to be

a global symmetry. To this end note that at ® = 0 we have
160) = QplA) + K[Agobar) - (6.27)
Therefore, using (6.11), we have
Qpl0®) = Qp K |Agona) = —(K Qp + K G K)[Agobat) = —K Qp [Agibar) = 0. (6.28)

This shows that the transformation generated by |Agoba) adds a BRST invariant state to |<f>)
As can be seen from (6.20), for given ®, addition of BRST invariant states to |E>> generates
new solutions to the equations of motion, but this has no effect on the equations of motion
(6.21) of |®) describing the interacting part of the theory. Therefore as far as the interacting
part of the theory is concerned, |Agopal) acts as a generator of global symmetry.?”

Such global symmetries arising in the R-sector of heterotic string theory and RNS and NSR
sectors of type II string theories, carrying zero momentum, correspond to global supersymme-
tries. Solutions to (6.26) may be constructed more or less in the same way as the solutions to
(6.22). If |Ax) denotes the solution to (6.26) to order g* then we can take

b+
A = = (L= P)G K [Aer) + M) (6.29)
0
where P denotes the projection operator into L = 0 states and |)\;) is an Lj = 0 state

satisfying
QM) = —PG K|Aj_1) + O(gF). (6.30)

?TIn special cases, |Agloba) may have the form G |s) with [s) € H satisfying Qp|s) = 0. In that case if we
choose |A) = |s) then the right hand side of (6.27) will be given by Qgls) + KG|s) = @pls) = 0, and hence
the corresponding transformation will act as a global symmetry both in the interacting sector and in the free
sector.
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The possible obstruction to solving (6.26) arises from (6.30). The latter equation can be solved
if and only if
Li(¢) = (¢leg G K|Ap-1) = O(g:™) (6.31)

for any BRST invariant state |g5> € Hy of ghost number 3 and L = 0. Therefore [,k(gzg)
represents an obstruction to finding global (super-)symmetry transformation parameter be-
yond order ¢g¥~!. A non-vanishing Ek(¢f) signals spontaneous breakdown of the global (super-
Jsymmetry at order ¢g¥, and the state, that is paired with |qu5> under the inner product (2.21),
represents the candidate goldstone/goldstino state [20].

6.5 Siegel gauge propagator

Off-shell Green’s functions of the fluctuating fields ®, d are given by tree graphs computed from
the 1PI action (6.17). The vertices of these graphs are given by {A; ... Ay}”. For computing
the propagator we shall use the Siegel gauge b |®) = 0, by |®) = 0. Our goal in this subsection
will be to compute the propagator in this gauge.

In the Siegel gauge Qp = ¢f ¢ and after expanding |®), |£Iv>) as
@) = " drlen), D) =D orlet), (6.32)
the kinetic operator of the action (6.17) takes the form (see (3.22) for notations)

el e [ (57 0)+a (0 0)] (1))

Inverting this and multiplying by —1 we get the propagator

~Cedar ) (3 A7) (217) (634

—~

6.33)

co ley)
where
. bt bt bt bt b
Ap= |0 g0 L 000 4+ . |p- 6.35
L 03
_ bt bt bt bt bt b
Apr— |0 0 o0 O g0 g NS 6.36
S LA T L 03
~ bt bt b bt bt b
Ap= |2 20 0 L O KD K 4| b 6.37
o= g TR L K IR e b (637)
bt bt b bt bt b
Ar= |22g_ gL D oK g0 R 6.38
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The minus sign in (6.34) is a reflection of the fact that we use ¢ as the weight factor in the
path integral rather than e™5. Ap, Ap, ZF and Ap act naturally on states in ca”qu, caﬁ:r,
co ?QT and ¢, 7—~[T to produce states in 7-N[T, 7-N[T, ﬁT and ﬁT respectively.

Since the interaction term in the action (6.17) depends only on @, only the ®—® propagator

A will be relevant for our calculation. It can be expressed in the compact form
Ap=G(LE +biKG)'biby = Gbt(LE + KGbt) 'by  acting on states in ¢ Hy. (6.39)

Ar satisfies
biArp=0, Apbi =0, (6.40)
@BAFCE + AFCEQB =G acting on states in Hr . (6.41)
This can be derived using (6.9), (6.10), (6.11) and other well-known (anti-)commutators in-
volving @ p.

Naively, use of (6.39) requires us to invert an infinite dimensional matrix. However since
in any given scattering process we can use the procedure described in §5.3 to integrate out the
fields whose masses are sufficiently high so that they are not produced in the scattering, we
never have to deal with infinite dimensional matrices. If we want to look for poles in Ag to

compute renormalized masses, we can further simplify the analysis by taking one mass? level

at a time and integrating out all fields other than those at the chosen mass? level.

7 Ward identities in the shifted background

In this section we shall describe the Ward identities satisfied by various quantities in the shifted

background. Our discussion will follow [24].

7.1 Bose-Fermi degeneracy for global supersymmetry

Let us suppose that we have a global supersymmetry transformation parameter |Agoba) that
preserves the vacuum solution |Uy,.) satisfying (6.2). Therefore |Agopa) satisfies (6.26). Let
| Plinear) be a solution to the linearized equations of motion (6.22) around the background. Then
it follows from (6.8), (6.9), (6.14), (6.15), (6.22) and (6.26) that

@Bg [Aglobalq)linear}” =0. (71)

Therefore G[AgiobaiPrinear|” also satisfies the linearized equations of motion. Since |Agiobar) is

fermionic, this provides a map between the bosonic and fermionic solutions to the linearized
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equations of motion. Since |Ag10ba1> carries zero momentum, these solutions occur at the same
values of momentum. Furthermore if the solution |®yyeqr) exists for all values of momenta so
does the solution G[AgiobaPlinear]” and if the solution |Pjiyear) exists for special values of k2, the
solution G[AgiobalPlinear|” also exists for the same special values of k2. Therefore this procedure
pairs pure gauge solutions in the bosonic and fermionic sector and also physical solutions in
the two sectors. Furthermore, since the physical solutions occur at the same values of k2, it
establishes the equality of the masses of bosons and fermions (even though each of them may
get renormalized by perturbative corrections of string theory).?8

Note that the above analysis not only implies equality of the masses of the superpartners,
but also implies equality of the decay widths of the superpartners if they are unstable. In this
case the solution to @ B|Plinear) = 0 occurs at complex values of the momentum. It follows
from the arguments given above that at the same complex value of the momentum we have a
solution to the linearized equation of motion carrying opposite grassmann parity of |®ppear)-

Therefore they have the same imaginary part of the mass and hence the same decay width.

7.2 Ward identities for local (super-)symmetry

In this subsection we shall derive the Ward identities for S-matrix elements. Let I' denote the
truncated Green’s function with external propagators removed. I' differs from G introduced in
§5.1 in that we are removing the full propagators from the external legs, whereas in defining
G we only removed the tree level propagators. Also in computing I' we take into account the
effect of vacuum shift. The S-matrix elements can be computed from the truncated Green’s
functions I' by setting the external states on-shell and multiplying the result by appropriate
wave-function renormalization factors for each external leg. We shall first show that the I'’s

satisfy the identities:

N

D OT(JAL, . |Ais), @plAi), |Ai), .- [An)) = 0. (7.2)

i=1
The proof of (7.2) proceeds in a manner similar to the one used in §5.1. We could take
two different approaches — either expand the original master action (4.8) around the vacuum

solution |W,.) and use the Feynman rules derived from this action, or use the kinetic operator,

ZThe only exception to this is the situation where G[Agiobal®Plincar]” vanishes. However typically in such
situations one can identify another component of the supersymmetry transformation parameter which does the
pairing.
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interaction terms and propagators computed from the 1PI action expanded around |¥y,.), and
sum over tree amplitudes computed from these Feynman rules. Both give same results. We

shall use the second approach. The analogue of (5.1) now takes the form:
N
D T Ay, QpAi A . Ay)
i=1

1 C — C
= _5 Z Z F<Ailv”‘Aie7gps)F(meAJ’1 "‘Ajk)<905|00 g|90r>

£,k>2 {ig;a=1,...£},{jp;b=1,...k}
L+k=N {ia}U{jp}={1,...N}

_% Z Z [—F(Az‘l,---Aip@B%Ds)F(QOWAjl"'Ajk)

6k>2  {igsa=1,...£},{jp:b=1,...k}
Ltk=N {ia}U{ip}=1{1,..N}

_(_1)%F(Ai17 e 'Aiw QOS)F(@BQOTJ Ajl e Ajk) <90§‘C(7AFC(7|90$> :
(7.3)

The analogue of the second term on the right hand side of (5.1) is absent due to the absence
of a similar term in (6.15) compared to (3.8), whereas the analogue of the last term on the
right hand side of (5.1) is absent since we need to compute only tree amplitudes using the 1PI
vertices. The restriction ¢,k > 2 in the first term on the right hand side has its origin in the
corresponding restriction in (6.15). On the other hand, the restriction ¢,k > 2 in the second
term has its origin in the absence of tadpoles. This is due to expanding the action around the
vacuum solution and the absence of self-energy insertions — on internal lines because we are
using the full propagator —Ap and on external lines because we are working with truncated
Green’s function. We can now use the analogue of (5.2), (5.3) with Q5 replaced by Qp and
by (L) 1G replaced by Apcy . For example the analogue of (5.2) will be

Qslea){giles Arcgler) = QpArcy|of) = lpa) (@il QpAregler) (7.4)
The analogue of (5.3) can be derived using slightly different trick. We first use (2.22) to write
(pEleo Arcy |95) (orlcg Qp = (¢ilcg Arcg Qp = (¢ilcg Arcg Qulei)(erley - (T.5)

Now taking BPZ conjugate of both sides, and using (—1) = (—1)7 and (6.14) we get
(=1)*Qler) (iley Arcy |65) = lor) (wilcg Arcy Qplef) (7.6)

where we have used (6.14), keeping in mind that the basis state |¢¢) is not necessarily grass-

mann even and so in applying (6.14) we have to account for the extra sign that comes from
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Figure 11: The contributions to be excluded from the definition of [. Here the blob marked
1PI represents the 1PI vertex {---}”, the blob marked Full represent the full truncated Green’s
function, the horizontal line connecting the two blobs represent the full propagator —Ap and
the short lines represent external states.

exchanging the relative positions of Qp and ¢,. Using (7.4), (7.6) to transfer Qg inside the
matrix element in the terms in the last two lines of (7.3), and using (6.41) one can show that
the terms on the right hand side of (7.3) cancel. This leads to (7.2).

Let us now suppose that we have a set of physical external states |A;),...|Ay) satisfying
QplA) =0, for 1<i<N. (7.7)

Let us also suppose that we have a local gauge transformation parameter |A) belonging either
to the fermionic sector or to the bosonic sector. Then @ B|A) represents a pure gauge state. It
now follows from (7.2) with IV replaced by N + 1 and the states |A1),...|Any1) replaced by
|A), | A1), ... | Ax) that

T(Qs[A), [A41), .. [Ax)) = 0. (7.8)
Since S-matrix elements with external states Qp|A), |A;),...|Ax) are given by multiplying
T(Qp|A), |A41), ... |Ax)) by wave-function renormalization factors, vanishing of (7.8) will also

imply the vanishing of this S-matrix element. This shows that pure gauge states of the form
Qp|A) decouple from the S-matrix of physical states. Note that since we have taken |.4;)’s to
satisfy (7.7) which takes into account the effect of string loop corrections in the definition of
@ B, the decoupling of pure gauge states occurs even in the presence of external states that

suffer mass renormalization.
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7.3 Ward identities for global (super-)symmetry

We shall now explore the consequences of global (super-)symmetry on the S-matrix. As de-
scribed in (6.26), the existence of such a symmetry is signaled by a gauge transformation

parameter |Agioba) satisfying
QB‘Aglobal> =0. (79)

Typically |Agiobal) carries zero momentum. Now if we use (7.8) with |A) replaced by |Agiobar)
then the resulting identity is trivial. To get something non-trivial we proceed somewhat dif-
ferently. We first define a new object T'(JA,), ... |Axn)) where the first argument |4;) plays a
somewhat different role compared to the other arguments. For this we begin with the expres-
sion for the truncated Green’s function I' as sum of tree level Feynman diagrams built from 1PI
vertices and propagators, and delete from this all terms where by removing a single propagator
we can separate the external state |A;) and one more |A4;) from the rest of the |A;)’s. This
has been shown in Fig. 11. If we take the |A;)’s to be states carrying fixed momenta k; then
this means that we remove all terms where momentum conservation forces one of the internal
propagators to carry momentum k; + k; for any ¢ between 2 and N. We can now derive an
identity analogous to (7.2) for r using similar method, but now due to the special role played
by Aji, the identity (7.3) will be modified to

N
D T(Ar . Ay, QpAi A .. Ay)

=— > > T(Ay, Ay Aiys o) D0 Aj, - Ay ) (e Glt)

£>1,k>2 {ig;a=1,...L},{jp;b=1,...k}
o=N-1 {ia}u{ip}={2,..N}

_ Z Z [—f(A1,Ai1;-~-Ain\B<Ps>F(SOmAj1 "'Ajk)

£>2,k>2  {ig;a=1,...},{jp;b=1,...k}
Lhk=N-1 = {ig}u{jp}={2,...N}

_(_1)%f(1417 Ai17 <o Aie? SDS)F(Q\B()OM Ajl te A]k)] <902|C(;AFC(?‘907C“> :
(7.10)

Note that the symmetry between the two sets {i1,...4} and {j,...jx} has been broken since
the first set is always accompanied by 1. Consequently the factors of 1/2 have disappeared.
Furthermore, in the second term on the right hand side the sum over ¢ has been restricted to

¢ > 2 since I excludes terms in which Aq and A; for any 7 > 2 can be separated from the rest
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by cutting a single propagator. As a result the cancellation is incomplete, and we get

N
Z D(|AL), .. A1), @Bl A, [Air), - |AN))
i=1

N
= - Z I‘<A’417 Aia SOS)F(SOM A27 <. 'Ai—17 Ai-‘rla S AN)(SOEIC(;QI@?)

=2
N

= =S T4 A GIALAL [ A, JAN)). (7.11)

=2

In arriving at the last step we have used the fact that for three arguments f(A,B,C’) =
I'(A,B,C) ={ABC}".

Let us now suppose that we have a set of physical external states |A;), ... |Ay) satisfying
(7.7) and a global (super-)symmetry transformation parameter |Agona) satisfying (7.9). Then
a direct application of (7.11) with N replaced by N + 1, and the states |A;),...|An1) taken
as |Aglobal)s |A1), - - - | An) gives

N
D T(AD, - AL, G Agobal Al [ Air ), [AN)) =0 (7.12)
i=1

Now, according to the analysis of §7.1, G[AgobaA;]” represents the on-shell state which is
the transform of |A;) under the infinitesimal global (super-)symmetry generated by [Agiobal)-
Therefore we recognize (7.12) as the Ward identity associated with the global (super-)symmetry
generated by |Agiobal)-

We again repeat that all the analysis in this and other sections could be performed with
the effective action with appropriately chosen projection operator so that we have to deal with

minimal number of fields.

7.4 Supersymmetry and massless tadpoles

So far in our analysis we have assumed that we have a vacuum solution |W,.) to the equations
of motion of 1PI effective superstring field theory to all orders in g, and then derived the Ward
identities for the field theory expanded around this background. But we could ask a slightly
different question: if we assume that the vacuum solution exists to certain order in g, (say to
order g*) and that to this order there exists a global supersymmetry transformation parameter,

can we determine if the solution can be extended to the next order? Since the obstruction to
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k+1

1 arises from possible failure of (6.5), the relevant question

extending the solution to order g
is: can we use existence of supersymmetry to order g¥, encoded in (6.31), to prove (6.5)? This
was addressed in the context of perturbative vacuum using the world-sheet approach in [20];
here we want to ask whether string field theory can extend this also to non-trivial vacua where
the string field expectation value is of order g (or given by some other power of g, less than

2). It turns out that this is indeed possible. The details can be found in [24].

7.5 Application to SO(32) heterotic string theory on Calabi-Yau
manifolds

So far we have discussed superstring field theory in an abstract formalism. A concrete class
of examples where the full power of this formalism can be displayed is in SO(32) heterotic
string theory compactified on a Calabi-Yau manifold with spin connection identified to gauge
connection. The low energy effective field theory for this class of compactifications is described
by N = 1 supergravity coupled to matter fields. An important feature of these theories is
the existence of a U(1) gauge field for which a Fayet-Iliopoulos D-term is generated at one
loop [78,93,99,127-131]. As a result a scalar field ¢ charged under this gauge field acquires a

potential of the form
1
V=070 cgl), (7.13)
where ¢ is a constant that can be computed and shown to be positive [128,129]. This has

several interesting consequences:
1. The original perturbative vacuum ¢ = 0 breaks supersymmetry at one loop.
2. At this vacuum the scalar field ¢ acquires a negative mass® given by —cg?/2.

3. At two loop order the perturbative vacuum ¢ = 0 acquires a non-zero cosmological
constant ¢?g?/2. This also leads to a dilaton tadpole, but it is not visible in (7.13) since

we have not displayed the coupling to the dilaton field.
4. There is a shifted vacuum at |¢| = g,1/c where supersymmetry is restored.

5. The two loop cosmological constant and the dilaton tadpole vanishes at the shifted vac-

uuml.

One can formulate superstring field theory in the background of SO(32) string theory on
Calabi-Yau manifolds and try to verify these predictions of effective field theory. One indeed
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finds perfect agreement [24]. We refer the reader to the original reference for details, but

summarize here the main results:

1.

The scalar field acquires a negative mass® at one loop [78,99,128,129,129]. This com-
putation does not require use of string field theory, but requires carefully ensuring that
near the boundary of the moduli space, where two of the punctures on the torus come
together, the PCO locations are arranged correctly in accordance with the factorization

rules described around (3.2).

. Eq. (6.26) for supersymmetry transformation fails to have a solution at order g> due to

the failure of (6.31) for k = 2.

. At the original vacuum, one generates a dilaton tadpole and cosmological constant at two

loop order, with values that are precisely in agreement with the predictions of effective
field theory. These show up as the failure of (6.5) for k = 3.

One can find a non-trivial vacuum solution of the string field theory equation (6.2),
whose expansion begins at order g;. For this solution (6.26) has a solution for global

supersymmetry transformation parameter at order gg.

. At this vacuum the mass? of the scalar ¢ and its superpartner fermion are equal to order

g% and are in agreement with the predictions of the effective field theory. The scalar
mass? is of order g2 and the fermion mass is of order g,. The latter arises from genus zero

cubic interaction term after taking into account the order g, shift of the background.

. At the shifted vacuum the two loop cosmological constant and the dilaton tadpole van-

ishes to order g.

It is worth emphasizing that even though one can derive the above results using superstring

field theory, this is not the most efficient way of arriving at these results — effective field theory

based on the potential (7.13) is clearly more efficient. What string field theory achieves however

is that once superstring field theory around such a vacuum has been formulated, one can use

it to carry out computations beyond what is possible for effective field theory. For example

one can in principle compute the masses of the massive string states or the analogue of the

Virasoro-Shapiro amplitude in the shifted background, and use the general result of §9 to prove

unitarity of the theory in the shifted background. These are not possible within effective field

theory.
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8 String field theory in the momentum space

So far we have described the amplitudes in string field theory in the Schwinger parameter
representation since this was useful in making contact with the standard description as integrals
over the moduli space of Riemann surfaces. In this section we shall describe them as integrals
over loop momenta that is more conventional in a quantum field theory. We shall do this
analysis in the Lorentzian formalism that requires using a weight factor of ¢* in the path
integral. As mentioned in §4.3, this will require multiplying the vertices by ¢ and propagators

by —i relative to the Feynman rules described in §3. Our discussion will mainly follow [26,132].

8.1 Loop energy integration contour

Consider an off-shell n-point interaction vertex {A; ... A, } of string field theory with external
legs of mass my, . ..m, and momenta ki, ... k,. Our focus will be on the momentum dependence
of the interaction vertex. Inside the correlation function in (2.31), which enters the definition
of the interaction vertex (3.6), the momentum dependence comes from the e*i'¥ factors in the
vertex operators A; and possibly explicit powers of momenta coming from the vertex operators.
If {y,} denotes collectively the parameters labelling points on the relevant ﬁgﬁmﬁn — which can
be chosen to be the coordinates of the projection of ﬁg,m,n on the base Mg, , — then the
momentum dependence of the integrand in (3.6) has the form of the exponential of a quadratic
expression in momenta,? with coefficients depending on y, multiplied by a polynomial in ;.

Therefore the general form of the interaction vertex is given by

/ [dy] exp [— > gi()ki - k;

ihj

Py, {ki}) (8.1)

Here g¢;;(y) is some function of {y,} and P(y,{k;}) is a polynomial in the {k!'}, with {y,}
dependent coefficients. Now the effect of adding stubs to the vertex — as discussed in §3.7 —
has the effect of multiplying the integrand in (8.1) by a factor of exp[— >, A;(y) (k7 +m?)] for
some positive constants A;(y). By absorbing the exp[— Y_. A;(y)k?] term into the definition of
9i5(y)

9i5(y) = 9i3(y) + Ai(y)dij , (8.2)

ik X (yi

29The correlation function (], e )> is given by exp[—k;-k; G(v;, y;] where G(y;,y;) denotes the Green’s
function (X (y;) X (y;)). Additional factors of derivatives of X in the vertex operators will generate multiplicative
factors of momenta in the correlation function.
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we can ensure that g;;(y) is a positive definite matrix.*® As we shall discuss shortly, this makes
the momentum integrals converge. On the other hand the exp[— >, A;(y)m?] factor makes the
sum over infinite number of intermediate states, whose number grows as exp(cm) for some
positive constant ¢, converge. We shall absorb this factor into the expression for P(y, {k;}).
We can now compute contributions from Feynman diagrams using these interaction vertices.
The propagator has the standard form (k? + m?)~!, possibly multiplied by some polynomial
in k;. If we denote by {/s} the independent loop momenta, by {p,} the external momenta and
by {k;} the momenta carried by individual internal propagators, given by linear combinations

of {{s;} and {p,}, then the contribution to the Feynman diagram takes the general form
/[dY] /H dPl, exp [~Grs(Y)l, - by — 2H o (Y, - po — Koap(Y)Pa - D5]

<[] +md) QY Lp). (8.3)

where Y denotes collectively all the integration parameters y from all the vertices, and G,
H,, and K,p are matrices that arise by combining the exponential factors (8.1) from all the
interaction vertices after expressing the momenta k; carried by various propagators in terms of
loop momenta and external momenta. Q(Y, ¢, p) is a function of the moduli Y and a polynomial
in the ¢;’s and p,’s, arising from the products of the factors of P from each interaction vertex

and the numerator factors in various propagators. Positive definiteness of g;;(y) in (8.1) ensures
that the matrix <;T 1%
definite.

Positive definiteness of G,5(Y) guarantees that the integration over the spatial components

) is positive definite and hence G' and K themselves are positive

of the loop momenta are free from UV divergence. However if we regard the integration over
the loop energies to be running along the real axis then the ¢? dependent quadratic term in the
exponent is given by exp[G,(Y)¢2¢°], and since G, is positive definite, the integral diverges.
The remedy suggested in [26] is to define the amplitude as analytic continuation of euclidean
Green’s function. A systematic procedure for doing this was described in [26] and goes as

follows.

30Since the effect of adding stubs also requires rearranging the section segments R ., one might wonder
whether we can consistently make all the g;;’s positive definite by adding stubs. To this end note that when we
add stubs to a given interaction vertex, it forces us to modify the section segments of higher order interaction
vertices, containing more punctures or higher genus surfaces or both. Therefore to any given order in perturba-
tion theory, we can systematically add stubs to all the relevant interaction vertices and make the corresponding
gi;'s positive definite.
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1. First we multiply all the external energies by a common complex number u lying in the

first quadrant of the complex plane.

2. For u lying on the imaginary axis, we take all loop energy integration contours to be
along the imaginary axis — starting at —ioo and ending at ico. In this case the energies
carried by all the internal propagators are imaginary and therefore the (k2 +m?)~! factors
in (8.3) do not have any poles on the integration contours. Furthermore the integrand
is exponentially suppressed as the loop energies approach +i00 due to the exponential

suppression factor from the vertices. Therefore the integral is well defined.

3. We now deform u towards 1 along the first quadrant. During this deformation some of
the poles of the propagators may approach the loop energy integration contours. If we
let the poles cross the integration contour then the integral jumps discontinuously and
the result can no longer be regarded as the analytic continuation of the result from the
imaginary u-axis. Therefore we must deform the integration contours away from the poles
so that the poles never touch the integration contour. However during this deformation
we must keep the ends of each loop energy integration contours at 4+ioo so that the
integral converges. The spatial components of loop momenta are always integrated along

the real axis.

4. The final result is taken to be the u — 1 limit of the above result from the first quadrant.
In this limit the integration contour over each loop energy begins at —ico and ends at

100 but has complicated shape in the interior.

5. Since the poles do not cross the loop energy integration contours during the deformation
of u, given any contour we can determine on which side of it a given pole lies in the u — 1
limit by knowing the corresponding data for imaginary u. This leads to the following
simple prescription [26] — replace k? + m? factors in the denominator by k% + m? — ie
and pretend that near this pole the loop energy contours lie along the real axis from —oo
to oo. Then the side of the contour to which the pole of (k* + m? — ie)~" lies correctly

determines the required information.

Appendix G illustrates this procedure for choosing the loop energy integration contour for a
simple Feynman diagram. This procedure was used in [132] to compute the real and imaginary

parts of the renormalized mass? of a massive particle in superstring theory at one loop order.
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One worry one may have is whether this procedure is well defined. As we are deforming
u from the imaginary axis to 1, it may happen that two poles of the integrand approach each
other from opposite sides of a loop energy contour, and prevent further deformation without
crossing one of the poles. It was shown in [26] that this does not happen; for any path in
the complex u-plane from the imaginary axis to 1, it is always possible to deform the loop
energy integration contours while keeping it away from the poles. This means that the result
of integration is an analytic function in the first quadrant of the u-plane.

There is an alternate prescription [2,3] in which we replace each of the propagator factors
(k24+m?)~! in (8.3) by its Schwinger parameter representation, but with the Schwinger param-

eter integration running along the imaginary axis. More precisely, we make the replacement
100 ) 5
(k2 +m?) ™ = / dt etk tmi—ie) (8.4)
0

for some small positive constant e. We then carry out the loop momentum integrals in (8.3)

using the rules of gaussian integration pretending that they converge and express the result as

I/ e [riee i ) )
for some function F. This integral can be shown to give finite result in the ¢ — 0% limit.
It was shown in [133] that this prescription gives the same result as the one described above

involving non-trivial choice of loop energy integration contours.

8.2 Wilsonian effective action

Before moving on, we shall remark on an interesting consequence of the prescription involving
non-trivial choice of loop energy integration contours. From (8.2) it would seem that by
increasing the stub length we can increase A;(y) arbitrarily, and this will bring down the
effective UV cut-off of the theory. At first sight this may seem surprising since one expects
that in string theory the UV cut-off should be given by the string scale. Now since for real
external energies the loop energy integration contours cannot be taken fully along the imaginary
axis, and since the exponential factor in (8.1) grows for real &Y, we cannot really bring down
the UV cut-off to arbitrarily low values — the minimum is set by the spread of the loop energy
integration contour along the real axis. In any scattering process it follows from simple scaling
argument that generically the spread of the loop energy integration contours along the real

axis will be of the order of the center of mass energy of the incoming particles and therefore
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the cut-off cannot be reduced below this value. For scattering of massive particles this is of
the order of the string scale. However for mass? level zero particles the total center of mass
energy can be much lower than the string scale and for this case the UV cut-off can indeed
be made much lower than the string scale by taking A;(y) to be sufficiently large. A physical
explanation of this was given in [29] based on the identification of the effective master action
of the mass? level zero fields, obtained by integrating out the massive fields, as a Wilsonian
effective action. The main idea is that as we increase the stub length, we are transferring some
contributions that were earlier in the Feynman diagrams with propagators into the elementary
vertex. As already remarked §3.7, in the limit of very large stub length, most of the contribution
to an amplitude comes from just the elementary vertex, and only contributions very close to
the boundary of the moduli space are captured by the Feynman diagrams with propagators.
Therefore the effective master action of mass? level zero field described in §5.3 represents a
Wilsonian effective action [134-136] in which all the massive fields as well as modes of the
mass? level zero fields above a certain energy scale have been integrated out [137,138]. From
this point of view it is not surprising that the UV cut-off is also controlled by the stub length
and not by the string scale.

9 Unitarity of superstring theory

Let S = 1 — 4T denote the S-matrix of string theory. The unitarity constraint STS = 1 gives
us
i(T =T =TT = T'n)(n|T, (9.1)

where the sum over n represents sum over complete set of asymptotic states in the theory. We
shall now discuss how superstring field theory establishes this relation following the analysis
of [26-28]. Alternative approach based on light-cone string field theory has been pursued in [2],
but this suffers from the contact term ambiguities [90-95]. Ref. [94] attempted to resolve this
by showing the equivalence of the covariant and light-cone string theories, but these arguments
have not been revisited in the light of recent understanding of the supermoduli space [79,83].

Throughout this section we shall work in Lorentzian space-time and with on-shell external
states carrying real energy and momentum. As mentioned in §4.3, this requires multiplying
the propagators by —i and the vertices by ¢. The Feynman diagrams computed with these

rules give matrix elements of —i 7.
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9.1 Cutkosky rules

Based on the prescription for integration over loop energies given in §8.1, [26] proved Cutkosky
rules for the amplitudes of superstring field theory, namely, the contribution to (7 — T') is
given by the sum over cut diagrams [139-141]. We shall begin by explaining these rules. Let
us represent a Feynman diagram with the incoming states to the left and the outgoing states
to the right. Any of its cut diagrams is represented by a line — known as the cut — passing
through the original diagram that separates the incoming states from the outgoing states, and
crosses one or more propagators. The rules for computing the contribution from such a cut

diagram are as follows:

1. The —i(k?+m?)~! factor of a cut internal propagator is replaced by 27 §(k? +m?) ©(k),
where £ denotes the momentum flowing from the left to the right of the cut and © is the

step function. Cuts of external lines have no effect on the diagram.

2. Part of the diagram to the left of the cut is evaluated using the usual Feynman rules.
This gives the matrix element of —i(n|T'|b) with (n| representing the states associated

with the cut propagator and |b) representing the incoming states.

3. Part of the diagram to the right of the cut is evaluated using the usual Feynman rules with
the following difference. First of all the parameter u introduced in §8.1 is to be complex
conjugated, i.e. we take the u — 1 limit from the fourth quadrant. Furthermore, all the
loop energy integration contours are also complex conjugated.?® It was shown in [26]
that this is equivalent to evaluating the matrix element i(a|T"|n) with (a| representing

the outgoing states and |n) representing the states associated with the cut propagator.

The reality of the action, discussed in §4.4, is essential for the proof. We shall not give
the details of the proof; the interested reader may consult the original paper [26]. A simple
illustration of how it works can be found in appendix G.

Naively, this establishes the unitarity relation (9.1) in component form:
i{al(T = T")[b) = (a|T"[n)(n|Tb). (9.2)

However there are some subtle points that need to be addressed. First of all, a blind application

of these rules can lead to ambiguous results as can be seen from the example shown in Fig. 12.

31For multi-component complex fields, one also needs to complex conjugate the indices carried by the fields
and for fermions, one also needs to account for some additional signs. See [26] for details.
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Figure 12: A problematic cut diagram, with the vertical thick line representing the cut.

In this diagram the propagators P;, P, and Ps carry the same momentum k. Since P, is cut,
we have a factor of 2 §(k?+m?)©(k°), but P, and P, being ordinary propagators, give factors
of Fi (k? + m? F ie)~'. Therefore the product of their contributions is ill defined in the ¢ — 0
limit, making the contribution of the cut diagram ill defined. The remedy [142,143] is to sum
over all cut diagrams that differ from each other in where the cut intersects the top segment.
This includes the cases where the cut passes through the propagators P;, P, or Ps, or one
of the 1PI blobs. Using the Cutkosky rules, we can express the result as the sum of the full
propagator and its hermitian conjugate, which we shall call the cut full propagator.®? This is
the general procedure we shall follow for all cut diagrams, i.e. instead of allowing self energy
insertions on a cut propagator, we shall regard all cut propagators as cut full propagators. If
the full propagator (after resummation of arbitrary number of insertions of 1PI blobs) is given
by —i(k*+m? —3(k) —ie)~! where X (k) represents the contribution from the 1PI blobs, then
in the cut full propagator this factor is replaced by

—i{k*+m? —ie—S(k)} P i {k* +m® +ie—X(k)* ). (9.3)

If (k) is real then the above expression is non-zero only when (k? +m? — X(k)) vanishes. Let

us suppose that this happens at k> = —M? and that near k> = —M?, we have
(K* +m? —3(k))' = Z (k* + M*)™! + non-singular . (9.4)
In this case we have
—i (K> +m? —ie — S(k)) ' +i (K> +m® +ie — S(k)*) "t =2r Z6(k* + M?) . (9.5)

32During the analysis of [26] one actually first arrives at the result expressed in terms of hermitian part of the
full propagator and then carries out further manipulation to express the result as the sum of all individual cut
diagrams. So all we need to do is to halt the analysis of [26] after one gets the result in terms of the hermitian
part of the full propagator.
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Figure 13: A pictorial representation of (9.6).

This is analogous to the rules for a cut propagator, except that this now applies to the full
propagator near its pole on the real k? axis. On the other hand if (k) is complex, then the ie

terms in (9.3) are irrelevant, and we may rewrite (9.3) by
—i{k2+m? =2k} (=) {Z(k) = Z(k)* Y i {k* + m? — 2(k)*} L. (9.6)

Pictorially this may be represented by Fig. 13.

Therefore the procedure for summing over cut diagrams can be stated as follows.

1. In the internal uncut lines of a Feynman diagram we use the full propagator —i {k* +

m? —ie — X(k)}~1, with ¥ (k) computed to the desired order in perturbation theory.

2. If the full propagator has a pole at k> = —M? on the real k? axis with residue —i 7,
then the cut full propagator has a contribution 27 Z §(k? + M?). Therefore the internal
states |n) over which we sum have renormalized mass. This is clearly a desired result

since asymptotic states carry renormalized mass.

3. If the full propagator has a pole in the complex k? plane off the real axis, then we do
not need to include any additional contribution in the expression for the cut propagator.
This corresponds to the case of complex (k) and is included in diagrams of the form
shown in Fig. 13. This is in accordance with the fact that complex poles in the k? plane

represent unstable particles, and they are not genuine asymptotic states.

4. Since it is understood that each (cut) propagator is the (cut) full propagator, we do not
include separately diagrams with self-energy insertions on a cut propagator like the one
shown in Fig. 14(a). However a cut could pass through the 1PI blob of a self-energy

insertion diagram, e.g. a cut diagram of the form shown in Fig. 14(b) is allowed, and
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Figure 14: Fig. (a) shows the example of a disallowed cut diagram and Fig. (b) shows the
example of an allowed cut diagram. In both examples the thick vertical line denotes the cut.

represents part of the contribution to Fig. 13. It is again understood that the internal

uncut propagators are full propagators.

These results are well suited for being adapted to superstring field theory, since the propaga-
tor tAp with Ap given in (6.39) is the full propagator after inclusion of self-energy corrections.
Let us suppose that Ap given in (6.39) has a pole at k? + M? = 0 with real M?. Then near
k? = —M? we have

i Ap = —i (k* + M?* — i) 'Z, + non-singular . (9.7)

Even though A is an infinite dimensional matrix,3® = is a matrix of finite rank since for
given momentum we expect only a finite number of states for which the propagator develops

a pole at k2 = —M?. Then the cut propagator is given by
2 0(k* + M*) ©O(K°) =y . (9.8)

We now turn to the second subtlety in going from Cutkosky rules to the proof of unitarity
of the S-matrix. If all poles of Ar had represented physical states then the result quoted
above would imply (9.1), with the integration over the momenta of the cut propagator rep-
resenting sum over intermediate states |n), and = representing the effect of wave-function
renormalization. However not every pole of the Siegel gauge propagator represent physical
states. Therefore we need to show that the contribution from the additional states cancel

among themselves. This is the task to which we now turn.

33Since in any scattering process with given set of incoming particles, there is an upper bound on the maxi-
mum mass? level particle that may be produced, one can always work with the effective action of §5.3 obtained
by integrating out fields above that mass? level. This way one never has to deal with infinite dimensional
matrices.
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9.2 Properties of Siegel gauge propagator

It should be clear from (9.8) that for analyzing the contribution from cut diagrams we need to
focus on the properties of = associated with the poles that occur at real momenta. Multiplying
both sides of (6.40), (6.41) by k* + M?, using (9.7) and taking the limit k* — —M?, we get

biZo =0, Zobl =0, (9.9)

~ ~

QBE()C(; + EOCaQB =0. (910)

Multiplying (9.10) by bf from left/right and using (9.9) we get
bt QpZocy =0, ZocgQpbl =0. (9.11)

Now, from the property of Ap mentioned below (6.38) and the definition (9.7) of = it follows
that =, acts on states in ¢, ?—~[T to produce states in ﬁT. This, together with the fact that BPZ

inner product pairs states in Hp with states in ¢, Hr, allows us to express &, as

R
Z0= Y [®m)(Tnl,  |®n) € Hy, |) € Hy, (9.12)

m=1

where R is the rank of Zy and {|®,,)} and {(¥,,|} are a set of linearly independent states.
Egs. (9.9), (9.11) and (9.12) give

b D) =0, (Unlbd =0,  biQp|®n) =0, (UnlegQpbi =0= (Qp¥,|b =0,
(9.13)
where in the last step we have used (6.14) and the fact that bg@B|\I/m) =0.

We now classify the candidates for |®,,) satisfying these conditions near a particular pole.4

1. Unphysical states: These are linearly independent states |U,.) satisfying

bi|U) =0, b5 Qs|U,) =0, (9.14)
Qs Z a,|U.) # 0 for any choice of {a,} other than a, = 0 for every r.

These represent states in the Siegel gauge which do not satisfy the linearized equations
of motion (6.22), but the projection of the left hand side of (6.22) to the Siegel gauge

vanishes.

34This classification agrees with the ad hoc prescription given in [144, 145].
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2. Physical states: These are states satisfying
b |Pa) =0, Qp|Pa) =0,
Z Ca|Pa) # ZdT Qp|U,), for any choice of {c,}, {d,} other than  (9.15)

¢, = 0 for every a and d, = 0 for every r.

These represent states in the Siegel gauge that satisfy the linearized equations of motion

(6.22), but are not pure gauge in the sense described below (6.22).%

3. Pure gauge states: These are states of the form @ 5|U,). These are automatically anni-
hilated by Qp due to (6.13) and by b due to (9.14).

The candidates for (¥,,| can be similarly classified, although we shall not directly make use of
this below.

Note that for any given momentum an unphysical state |U,.) is always accompanied by a
pure gauge state C/Q\B|Ur>. Let us suppose that at some given momentum at which Ar has
a pole, there are a certain number of linearly independent physical states {|F,)}, unphysical

states {|U,)} and pure gauge states {@B|UT>}. Then =, can be expressed as
Zo = > [P)(Bal + Y [UMNCH + > QslU)(D: ], (9.16)
for some states |B,), |C.), |D,) € Hy. Our goal will be to determine the general form of these
states. First (9.13) gives
(Wbg =0, (QpUlby =0, for (¥|= (B, (C,| or (D,]. (9.17)
Furthermore, substituting (9.16) into (9.10) and using (9.14), (9.15) we get

Z ©B|Ur><0r‘ca+z ‘Pa><Ba’C(;@B+Z |Ur><Cr|CaéB+Z QB’UrMDr’Ca@B =0. (9.18)

Since {|P,)}, {|U,)} and {Qp|U,)} are linearly independent, (9.18) gives
<Ba’CSQVB =0 = <@BB(1’ =0,

(Crleg =—(Dileg@s = (Gl = —(-1)"(QsD:],
(C @ =0 =  (QsC,|=0. (9.19)

A35This procedure may classify some of the pure gauge states as physical states, since a state of the form
Qp|A) satisfying by Qp|A) = 0, but b |A) # 0, will be counted as a physical state. We shall see later that this
will not cause any difficulty as the contribution to a cut diagram from such states vanishes.
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Figure 15: A cut diagram in superstring field theory.

(—1)Pr takes value 1 if D, is grassmann even and —1 if D, is grassmann odd. Only the first
two equations in (9.19) are independent. Using the second equation in (9.19) we can rewrite

(9.16) as
E0 = Z |Pa><Ba’ - Z(_l)DT’UT><@BDT| + Z@B|Ur><Dr‘ . (920)

Since Ap given in (6.39) carries total ghost number —2 and since the BPZ inner product pairs

states carrying total ghost number 6, we have
np, -+ np, = 4, ny, + np, = 3, (921)

where for any state |A), na denotes its ghost number.

9.3 Unitarity

In the analysis of this section the main players will be the truncated Green’s function I'(|A;), ... |An))
introduced in §7.2 and the residue =y of Ag introduced in (9.7). I' satisfies the identity (7.2),
and gives the matrix elements of —i7" up to wave-function renormalization constants when the
external states are physical states, annihilated by @\ B-

Now, in a cut diagram like the one shown in Fig. 15, each cut propagator is replaced by
the factor 27 6(k* + M?) ©(k")Zy, where = is given by the right hand side of equation (9.20).
Let us suppose that we have a cut diagram with N cut propagators. Using the superscript (7)
to label the states associated with the i-th cut propagator and the operators acting on these
states, we have a net factor of

N N

TT1E)® =TT > 1By BY = S (-2 [u@) QW DO + 3" QWIUdyDP|| . (9.22)

i=1 i=1 ,

associated with all the cut propagators.?® Since the incoming states are drawn to the left and

36The range of @ and r in (9.22) are in general different for different 1.

90



the outgoing state are drawn to the right, the natural convention is that the ket states of (9.22)
are inserted into the amplitude I'g on the right side of the cut and the bra states are inserted
into the amplitude I';, on the left side of the cut. Besides these I';, and I'p have insertions of
external incoming and outgoing states respectively, which are all annihilated by @ B-

We now expand (9.22) as a sum of 3" terms. There is one term given by

II {Z IPf)MBS’I} : (9.23)

i=1 a
We shall now show that the contribution to the cut diagram from all other terms in the right
hand side of equation (9.22) cancel among themselves. On the other hand (9.23) gives the
term required for proving unitarity of the S-matrix.

Before considering the general case, let us illustrate how this works using some simple

examples First consider the term in (9.22) where (N — 1) of the terms are of the form

S PEOWBEY):

ZH{Z!R@MBS)I} [—Z( )2 |y |+ZQ])|U o1l (024

j=1 i} r

If we pick the first term inside the square bracket then I';, will have an external state @g)D,(nj ),

All other external states of I'y, are annihilated by @ . The Ward identity (7.2) now tells us

that this amplitude vanishes. Similarly for the second term inside the square bracket in (9.24),

the I'g will have one insertion of @g)Uﬁj ) and other insertions of @ p invariant states. This

again vanishes by (7.2). Therefore the term given in (9.24) does not contribute to (9.22).
The next complicated case is when (N — 2) terms are of the form ), \Pa(i)><B§i)|:

N . . ) —~ . .
11 {Z 'Pf)“BfP'} [‘ S ()P UONGY DO + 3 OY U9 DE|
=1 a T

i,k

T

QHMZ

3 ()P U@ p®) +Z@5§>|U§k>><D§'f>|] . (9.25)

s

If we pick the first term from inside each square bracket then I'; will have two insertions of
Qp exact states and other insertions of @ invariant states. This vanishes by (7.2). If we pick
the second term from inside each square bracket then I'g will vanish due to similar reasons.

Therefore the only combination of terms in the product of the two square brackets that could
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give non-zero contribution is:
(J) (7 ; ~(k
= 2 CDTIUENQE DY 3 Qi U)LY
S > P U @B D). (9.26)

Let us examine the contribution from the first term. For this term I'; has insertions of Q B DY ),

D and other Q p invariant states. Using (7.2) we can move the Q p operator from DY to DM
at the cost of picking up a sign of (—1)D$])+Us<k)
msertlons of Q Ur '), U. s(k) and other @ p invariant states, and using (7.2) we can move @ g from
1)Ur(j>+Df~j)+1

. Similarly for the second term, on I'p we have
U9 to UM at the cost of picking up a sign of (— . This makes the contribution
from the first term in (9.26) identical to the second term up to a sign. The relative sign can
easily be seen to be —1 once we use the fact that U, and D, have opposite grassmann parities
as a consequence of (9.21). Therefore the two contributions cancel, showing that (9.25) does
not contribute to (9.22).

Let us now turn to the general case. In the following we use the convention that for any
set S and its subset Sy, S7 — S5 denotes the complement of S5 in S;. We now group together
all terms in the expansion of (9.22) with the same factors of >, |P?Y (B, and in any given
group denote by S the set of labels ¢ carried by the rest of the factors. We separate out from
S one particular label which we call a. For definiteness we can take a to be the lowest element
of S. For any A C S — {a}, we denote by Fg(a; A) the amplitude associated with the cut
diagram where the label « is carried by the factor — Zr(—l)Dﬁa) ]Ur(a)><@5§‘)D£a)], the labels i
in A are carried by — ZT(—I)D? o )(A%)fo)| and the labels i in S — {a} — A are carried
by > . @g)\Uﬁi)ﬂDﬁi)L We also denote by Gg(a; A) the amplitude where the label « is carried
by 32, QWU (DI, the labels i in A are carried by > (-1 )D(i> UINQY DY | and the
labels 7 in S — {a} — A are carried by . QB |U,«Z )( )| Then the sum of all terms with a
fixed set of labels i € {1,... N} — S carrying ), |Pa >( a | factors, is given by

> [Fs(o; A)+ Gs(a; A)] . (9.27)
ACS—{a}
The sum is clearly independent of the choice of a.
Let us consider the amplitude Fg(a; A). In this case the insertion associated with the line
a to the amplitude I'y, on the left of the cut is —(—1)D£a) <@§3&)D§a)]. The other insertions
involve the states (B{"| for i & S, the states —(—1)D$i) <@g)D7@| with i € A, the states (D{"|
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for i € S — {a} — A and the external physical states which are all annihilated by Qp. Now
we can use (7.2) to express this amplitude as a sum of terms in which @?D?@ is replaced by
DEO‘), but @B acts in turn on the other states. Since the external states as well as B{” and
AS;’ D are all annihilated by @ B, the only non-vanishing contribution comes from the terms

where Q5 acts on one of the states <D7(~j)\ for j € S — {a} — A. This gives,

Fs(a; A)= Y s(a;j;A) H(ai j; A) (9.28)

jeS—{a}-A
where s(a;j; A) takes value £1 and Hg(«;j; A) denotes an amplitude where the label « is
carried by 3, [US) (D™, the label j is carried by — Zr(—l)D@ QDTN QY DY, the labels
i in A are carried by — ZT(—l)D'(“i) Uﬁi)><@g)D5«i)| and the labels ¢ in S — {a} — A — {j} are
carried by > @g)|U£i)><D,€i)|. The sign s(a; j; A) can be computed by carefully keeping track

of the movement of @g‘) inside the expansion of (9.22) and the extra minus sign that comes

from having to move part of the contribution from the left hand side to the right hand side of

(7.2) in applying the Ward identity. This gives

Yo Fs(esA) = > Y s(a;5; A) Hs(a; j; A)

ACS—{a} ACS—{a}jeS—A—{a}

= > Y sl A) Hs(aij; A). (9.29)

jesS—{a} ACS—{a,j}

Carrying out a similar manipulation of the amplitude I'g on the right of the cut, moving @ B
from UL to one of the states U\ for j € A, we get

Go(os A) =) s'(a; s A= {j})Hs(a; s A= {j}), (9.30)
jeA
where s'(a; j; A —{j}) takes value £1. Therefore

Y. Gs(esA) = Y > Siji A= {5}) Hs(as j; A= {5})

ACS—{a} ACS—{a} jEA

= > > S A) He(asj; A), (9:31)

jeS—{a} ACS—{aj}

where in the last step we have relabelled A — {j} as A. The right hand sides of (9.29) and

(9.31) are the same up to signs. It was shown in [28] that we always have
s'(a; j; A) = —s(a; j; A). (9.32)
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This in turn shows that the right hand sides of (9.29) and (9.31) cancel, making (9.27) vanish.
Therefore the only term that contributes to the cut diagram is the one where (9.22) is replaced
by (9.23).

Now the first equation in (9.19) shows that (B,| is annihilated by Qp. This allows (B,| to
be either a physical state or a pure gauge state of the form <C§ pE,| for some (E,|. However
since all other states entering in the argument of I'y, are annihilated by @B, the amplitude
with one or more (B,| having the form (QpE,| will vanish due to (7.2). This shows that (B,|
must be a physical state. Similarly, in either |P,) or |B,), terms of the form Qp|A) satisfying
bar@B]A) = 0, but bf|A) # 0, which were classified as physical states earlier (see footnote
35), will also give vanishing contribution. It now follows from (9.23) that only physical states
contribute to the cut propagators. The states | P,) and (B,| are not normalized, but the residue
Yo |Pu)(B,| may be expressed as , ; [N;) Z;;(N;| in terms of normalized physical states |IV;),
and the normalization matrix Z;; can be absorbed into the definition of the T-matrix elements
on the two sides of the cut by the standard LSZ rules. Finally, the 2wd(k* + M?)0(k°) factor
in the cut propagator produces the correct phase space integral over the momenta carried by
the intermediate states.

This establishes (9.1) and hence the unitarity of the amplitude.
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A Summary of conventions

In this appendix we shall give a summary of some of the notations and conventions we use. We

begin by giving a summary of our notations for the world-sheet superconformal field theory:

e We use the acronym CFT to mean world-sheet conformal field theory.
e We use the acronym SCFT to mean world-sheet superconformal field theory.

e We call the holomorphic fields in the world-sheet theory right movers and the anti-

holomorphic fields left movers.

94



Conformal dimension of an operator is denoted by (h, h), h denoting the left conformal

dimension and A denoting the right conformal dimension.
We use the acronym OPE to mean operator product expansion.

For a primary field ¢(z) with conformal dimension (0, h), we take the mode expansion
$(z) = Y bz (A1)

On the other hand, for a primary field ¢(z) with conformal dimension (h,0), we take the

mode expansion
o0

2= Gz (A.2)

n=—oo

An expression like QV (w), where Q = § j(z)dz, denotes the following contour integral

QV(w) = 7{ dzj(2)V(w). (A.3)

Here the subscript w implies that the contour surrounds w. In order to evaluate (A.3)
we take the OPE of j(z)V (w) and pick up only the coefficient of the single pole (i.e. use

residue theorem of complex analysis).

In our convention, the contour integral measure dz implicitly includes a factor of 1/2mi
dz

=1 A4

§ = (A4)

We shall take o/ = 1, so that string tension is 1/27.

so that we have, e.g.,

The mass? level of a state carrying momentum k is given by its 2LJ — k? eigenvalue.

Given any operator ¢(z, z) in the world-sheet SCFT, we associate with it the state

|9) = ¢(0)|0), (A.5)

where |0) is the SL(2,C) invariant vacuum. We shall use the symbol ¢ to denote the

operator ¢, as well as a short-hand notation for the corresponding state |¢).
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e Given a conformal map f(z), we denote by fo¢ the conformal transform of the operator
¢. For example if ¢ is a primary operator of dimension (h,h), we have f o ¢(z) =
———h

(F'(N"f(2) o(f(2), f(2)). With this notation, we denote the BPZ conjugate of the
state |¢) by

(9] = (011 0 ¢(0), (A.6)

where I(z) denotes the conformal transformation

I(z)=1/z. (A.7)

e Hr denotes states in the Hilbert space of SCFT that are annihilated by (by—bo) and (Lg—
Lo). In the heterotic string theory, Ho is the subspace of Hp carrying picture number —1
and —1/2 and Hr is the subspace of Hyp carrying picture number —1 and —1/2. In type
II string theory Hr is the subspace of Hr carrying picture number (—1, —1), (—=1/2, —1),
(=1,—1/2) and (—=1/2,—1/2) and Hy is the subspace of Hy carrying picture number
(—=1,-1), (=3/2,-1), (—1,-3/2) and (—3/2,—-3/2).

e A state |s) € Hr is called BRST invariant if @g|s) = 0 and BRST exact if |s) = @gp|t)
for some [t) € Hyp. BRST cohomology is the space of BRST invariant states modulo
addition of BRST exact states, e.g. if two BRST invariant states |s), |s') € Hy differ by
Qp|t) for some |t) € Hy, they describe the same element of BRST cohomology.

Next we shall describe some notations and conventions that are used in the construction of

superstring field theory:

e 1PI will stand for one particle irreducible. This will refer to any Feynman diagram that

cannot be split into two disconnected diagrams by cutting a single internal line.

° ﬁg,m,n will denote a fiber bundle whose base is the moduli space My, of Riemann
surfaces (including information about spin structure) with m NS and n R punctures, and

whose fiber describes possible choices of local coordinate systems at the punctures.

® Py m.n will denote a fiber bundle whose base is M, ,, ,,, and whose fiber describes possible

choices of local coordinate systems at the punctures and PCO locations.

e Given A,,... Ay € Hr, Q;S,g’m’”) (Aq,... Ay) is a p-form on ﬁg,m,n constructed from the

correlation functions of Ay, ... Ay and other universal operators on the Riemann surface.
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For any Feynman diagram of string field theory we assign a section of ﬁg,m,n over a codi-
mension zero subspace of My ,,, ,. This is called the section segment of the corresponding

Feynman diagram.

We denote by R,.mn the section segment of the interaction vertex of the BV master
action at genus g, with m external NS sector states and n external R-sector states. Here
section segment of an interaction vertex refers to the section segment of a Feynman

diagram containing a single interaction vertex and no internal propagator.

We denote by Ry .» the section segment of the sum of 1PI Feynman diagrams at genus

g, with m external NS sector states and n external R-sector states.

We denote by { A; ... Ay} the contribution to the amplitude of external states Ay, ... Ay

from the N-point interaction vertex of the BV master action.
We denote by {A; ... Ay} the 1PI amplitude with external states Ay, ... Ay.

We denote by {a; ...ay}. the contribution to the amplitude of external states a; ...ay
from the N-point interaction vertex of the BV master action obtained after integrating
out a subset of the fields.

We denote by {a; ...ay}. the 1PT amplitude of external states a; ...ay computed from

the effective BV master action obtained after integrating out a subset of the fields.

B Some examples of off-shell amplitudes

In this appendix we shall illustrate the procedure for defining off-shell amplitudes, as given in

§2.2, using two examples: four punctured sphere and two punctured torus.

Four punctured sphere

We begin with the example of the four point function of NS sector states on the sphere. This

requires the insertion of two PCOs. The relevant geometry has been shown in Fig. 16, with

vy, Ug, U3, Uy labelling the locations of the punctures and y; and y, labelling the PCO locations.

We denote by D, the disk around the a'* puncture (not marked explicitly in the figure), by
C, the boundary of D, for 1 < a < 4, and by C5 another circle that encloses D; and D5 but

not D3 and Dy. These curves divide the original sphere into four disks Dq,... D4 and two
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(_v1 ® ) (U2® ) Cs
Ch Cy

Figure 16: Four punctured sphere

spheres S and S;, each with three holes, as marked in the figure. Note that Sy acquires the

topology of a sphere with three holes after identifying the points at infinity. Let z denote the

global complex coordinate on the whole plane. Then we take the local coordinates around the

punctures to be

Wy =2 —V,, forl<a<i4.
Furthermore we choose the coordinate system on S; and S5 to be

21 =z, 22:2'_1,

respectively. Then the transition functions across the various circles are as follows:

cy o Wy, = 21 — U1
CQ . W9 = 21 — V2
03 . w3:ZQ_1—U3
C4 . w4:z§1—v4
Cs 2= 25"
5 - 1 — <2

(B.1)

(B.2)

(B.3)

It is important to keep in mind that all that matters are the transition functions and not how

we got them. For instance to get the above transition functions we made use of the global z

coordinate on a plane. Once we have stated the transition functions we can forget about the
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global z coordinate. Finally, since both PCOs are situated on S5, their locations y; and y, are
measured in the 2z, coordinate system.

Since the moduli space My is two dimensional, the amplitude is given by integration
over a two dimensional section of 75/074’0. Let us denote by ¢; and t; the coordinates labelling
this section. Then v, for 1 < a < 4 and y, for a = 1, 2 are functions of ; and t5. It now follows
from (2.32), (2.33), (2.38) that the off-shell amplitude for external states A;,... Ay € H_; is
given by

(—27?2')1/ (B dty A Bydta X (y1)X (y2) Ar(v1) ... Aa(va))sy 4 (B.4)

where A; is inserted using the coordinate system w; and

Z 7{ v, dwa (w,) Z 7{ 81)5 . X 8ya

a=1

[\

). (B.5)

According to the convention described in §2.2 the coordinate systems w, will be on the left
of C, for 1 < a < 4. Therefore, the contour C, runs anti-clockwise around v,. Integration
over holomorphic coordinates is accompanied by a factor of (2mi)~! and integration over anti-
holomorphic coordinates is accompanied by a factor of (—2mi)~!.

Dependence of the v, and y, on the parameters t1,f; can be chosen arbitrarily. As an
example we can consider the choice in which vy, v9,v3 are independent of ¢, and vy = tq,
U4 = t9. In this case the vertex operators A;, A; and Az are inserted at fixed locations vy, vg, v3

and we integrate over v4. We have

2
1 Oy 1 Yo
B, = j{ dwy b(w,) X0 8?}4 0 (Ya), Ba= f diy b(wy) ‘Z4 ¢ (Ya)

Ca a=1 Cu a=1

)

><
QJ

(B.6)
Therefore, the off-shell amplitude is given by

2

N ~ 1 8ya
(—2mi) 1/dv4/\dv4< }{dw4 +ZX s 0&(Ya)

a=1

]{dwz; b(wy) + Z X(lya) g—ggaf(ya) X (y1) X (y2) A (v1) - . -A4(U4)> . (B.7)
Ca a=1

Globally we cannot take the y, to be independent of vy, U4, since, for example, as vy — y, for

a = 1,2 we have a spurious singularity that needs to be avoided by moving the PCOs away
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Figure 17: Torus with two punctures represented by a parallelogram with diametrically oppo-
site sides identified. The punctures (not shown) are situated at the centers of the disks D; and
Dy. S; represents a sphere with four holes and S5 represents a sphere with two holes. Cy are
circles separating the disks and the spheres.

from vy. But if for some range of integration over vy, v4 we take y, to be constant then the

integrand simplifies and we get
/dw A dOg(X (1) X (y2) Ax (v1) Az (v2) A3 (v3) (0101 Aa(va))) | (B.8)

where b_;b_; A, denotes the vertex operator of the state b_;b_;|Ay4).

B.2 Two punctured torus

We shall now illustrate how to compute the two point amplitude of two NS sector states on
torus. We regard the torus as a parallelogram with opposite sides identified. This can be

obtained from the complex plane by making the following identifications
z~z4+1l~z47. (B.9)

Next we partition the torus to view it as a collection of two disks, one around each puncture,
and two spheres, one with four holes and the other with two holes. This is shown in Fig. 17.
This is not quite the way we carried out our discussion in §2.2 where the components were
disks around the punctures and a collection of spheres each with three holes. However, as
was mentioned there, this was not necessary, and the general formalism of §2.2 holds for the
partitioning used here as well. We denote by v; and v, the locations of the punctures in the z
coordinate.

We choose the coordinate system z; on Sp, 29 on Sy, wy; on Dy and ws on Dy in terms of
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the coordinate z in (B.9) as follows:
n=z,2=z2,w =[f(1,7)(z—v1), wy= f(1,7)(z — v2), (B.10)
where f(7,7) has modular transformation properties
fr+1,74+1) = f(r,7), f(=t'=FH=1f(1,7). (B.11)

The scaling by f ensures that the local coordinates wy, ws around the punctures are modular
invariant up to overall phases. Note that the coordinates z; and z; have identification under
translation by 1. This is okay as long as the period is independent of the parameters over
which we shall integrate. The transition functions on the circles C, Cy, C5 and Cy, separating
the disks and spheres, can be determined from (B.10) and the z = z + 7 identification. They

are as follows:

cy wy = f(1,7)(21 — v1)

Cy +  wy= f(1,7)(z1 — v2)

Cs 21 = 29

Cy : 21 =29 —T. (B.12)

We also need two PCO insertions for this amplitude; let us label their coordinates by
and 5. Recall that y, need to be measured in the coordinate system used on the component
where they are situated, e.g. if they are located on S; then we must use the z; coordinate
system.

Now, for this amplitude the relevant moduli space Mj,o has 4 real dimensions. This
requirement can be fulfilled by two complex parameters. We could give the result for a general
choice of parameters as in the last example, but let us be specific and choose them to be the
coordinate vy of the second puncture and the modular parameter 7 of the torus. We further
assume that the coordinate v is fixed at some position independent of 7, 7, v, U5. Using (2.32),
(2.33) and (2.38) we now see that the off-shell amplitude of two NS sector states A; and A, is
given by

(—2mi) 2 / dr A d7 A dva N dy (Br By By, By, X (y1)X (y2) A1(v1) Az(v2))s, , (B.13)
where
_ 10f 10f
B, = f{g d2b(z) + 55, c1<2 v)b()dz + 25 CZ(Z v2)b(2)dz
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of . of ; : 0Ya
+%8_£ : (z—vl)b(z)dz—i—%a—i g (2 —m)b(2)dz — ) X(lya) a—yT@&(ya),
B, = —Ja{C déi)(i)%—%% C(z—vl)b(z)der%%]i(Z—W)b(z)dz
1Of [ oo 1OF [ 1y
T Cl(z—vl)b(z)dz+=§ 02( —vz)b(Z)dz—Zlmg §(a)
2
Yo
B, = —%Cdeb(z)—ZlX(za)a—iaf(ya),
&K 1 oy,
B, — — ]{C dzb(z)—; X(ym—fj?as(ya). (B.14)

In writing (B.14) we have converted all integrals over wy, ws, 21, 2o and their complex conju-
gates to integrals over z, Z using conformal transformation properties of b, b. The contour C,
runs from left to right and the contour Cy runs anti-clockwise around vy. We cannot take {y,}
and f to be independent of vy, U9, 7, T globally, but if we assume that in a local patch {y,}

and f are independent of vs, U5, 7, 7, then in this patch the integrand reduces to

(—=2mi)"2dT A d7 A dvg A divy < %dz b(z) j{ dzb(2) X (y1)X (y2) Ay (v1) b_1b_1 As(vy)

Cy Cy 31,2,0

(B.15)

C Spurious poles and vertical integration

" in ﬁgymjn, which does not arise from the degeneration

Any singularity of the p-form Q,(,g e
limit of Riemann surfaces, is called spurious singularity. Unlike the singularities associated
with the degenerate Riemann surfaces, the spurious singularities can occur in the interior of the
moduli space. In that case not all the divergences will have interpretation as the usual infrared
divergences in superstring field theory arising in the limit of large Schwinger parameters. For
this reason we need to ensure that the (generalized) sections S, ,,, used in defining off-shell
amplitudes are free from spurious singularities.

Spurious poles can arise from different sources. First of all, they can arise from the collision
of two PCOs since the OPE of two PCOs is singular. They can also result from the collision

of a PCO with a vertex operator. Finally, for genus ¢ > 1, they may arise at points in the
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moduli space where no operators coincide. Since the last one is an unusual type of singularity
we shall discuss its origin in some detail.

Let us consider the correlators involving £, 7 and ¢ fields in the large Hilbert space. On
any Riemann surface this vanishes unless there is precisely one extra £ insertion compared to

the number of 7 insertions. On the torus the correlation function is given by [101,106,107]:

<H &(x;) H n(y:) H er¢(Zk)>

=1 5

19, (—yj T ST Sy zqkzk) 1 B(ea?) TT By 40)
_ J=t i i k % i<i! J<j’ (C 1)
n+1 E Ti, Ys FEl(z S Z qrqe )
II 9 <—$j+2$i—zyi+2%2k) 1_][ ( yj)kgl (=21, 21)
7j=1 7 i k

where § denotes the spin structure, J4’s are Jacobi theta functions with ; denoting the unique
odd theta function, and

Vi (x —y)

E(z,y) = g0

Ex,y)~z—y forx~y. (C.2)
This formula has simple generalization at higher genus. To satisfy the (anomalous) ¢-charge
conservation law mentioned below (2.7), we must have ), g, = 0 on the torus.

The correlator in (C.1) is in large Hilbert space. One of the properties of this correlator,

which is important for computations, is that the object

JEH(;;)i<H5<xi>Hn<yi>Hem<Zk>> ) (C.3)
i=1 k=1 5

=2 i=1

is independent of x; [101,106,107]. This is a reflection of the fact that the derivatives of &
do not contain the zero mode of £&. But in the large Hilbert space, we need to soak up the &
zero mode by introducing an explicit factor of £ without derivative in the correlation function.
Therefore once the last n £’s are accompanied by derivative operators, the zero mode of £ must
come from the £(z) factor, making the result independent of z;. While writing the correlator
in the small Hilbert space we shall not explicitly write the £(x;) factor inside the correlator.
All the zeros and poles of the correlator on the left hand side of (C.1), which are expected
from operator product expansion, are encoded in the functions E(z,y). We now note that the

correlator in (C.1) develops additional singularities when the function 95 in the denominator
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vanishes. If the £ without any derivative is inserted at x; then the location of the singularity

n+1 n
Us (Zfﬂz > vty kak) =0, (C.4)
i—2 i=1 K

since this is the only combination in the arguments of ¥s’s in the denominator that is inde-

is at

pendent of x;. This singularity is not implied by any OPE and corresponds to the spurious
singularities of the third type mentioned above. Using (C.4), we can deduce the following

useful properties of these singularities:

1. (C.4) shows that if we have a vertex operator containing m factors of J¢ or its derivatives,
n factors of 1 or its derivatives, a factor of e??, and arbitrary number of derivatives of ¢,
then the location of the PCO depends on the location z of the vertex operator through
the combination (m — n + p)z. Since m — n + p is the picture number of the vertex
operator, this shows that the location of the spurious pole depends on the location of
a vertex operator only through its picture number. This has an important consequence
that once we have chosen the PCO locations to avoid spurious poles for one set of vertex
operators, it will also avoid spurious poles for any other set of vertex operators as long as
the new vertex operators carry the same picture number as the original vertex operators.

This feature continues to hold for higher genus amplitudes.

2. This also means that if the correlation function contains insertions of 5 and ~ fields,
then the locations of the spurious poles do not depend on the arguments of these fields
[106,107]. This is important since the BRST current depends on the superconformal
ghost system through £ and ~ fields, and the above property implies that in a correlation
function with insertions of the BRST current, the spurious poles locations do not depend
on the argument of the BRST current. This is turn means that while deforming the
integration contours over the BRST current, we do not need to worry about possible

residues from spurious poles.

A common feature of all three types of spurious poles is that they occur on a subspace
of ﬁg7m7n of complex co-dimension 1 (or real co-dimension 2) since they involve a complex
condition relating the locations of the PCOs and the moduli of the punctured Riemann surfaces.
Typically this subspace depends non trivially on the locations of vertex operators, locations
of PCOs as well as the other moduli parameters, but not on the choice of local coordinates at

the punctures.
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‘ Mgmn

Figure 18: The vertical segment V' filling the gap between two section segments .S; and S; in
Pymn-

Since spurious poles occur on real codimension 2 subspaces of ﬁg,m,n, a section S, Will
typically intersect the loci of spurious poles on real codimension 2 subspaces of S, ,,. This will
make the integral of Qé%’:négm 4o, Over such sections ill defined, not only for off-shell amplitudes,
but also for on-shell amplitudes. Our goal now will be to describe how to avoid this situation.
Since the locations of the spurious poles depend on the locations of the PCOs, at any point in
M mn We can avoid spurious poles by appropriate choice of PCO locations. It follows from
this that if we consider a sufficiently small region of M,,, ,, then we can choose a section
segment on that region that avoids spurious poles. Our strategy will be to divide Mg,
into such sufficiently small regions {R;}, and on each such region, choose section segments
avoiding spurious poles. Furthermore we shall choose these section segments such that the
local coordinates vary continuously across the boundary of two such regions — only the PCO
locations can have possible discontinuities. Our goal will be to show that we can compensate
for the discontinuities of the section segments in 7,597%” by adding appropriate correction terms
so that for all practical purpose we can pretend as if the integration is performed over a
continuous subspace of ﬁg,m,n.

Let us first consider the situation where there is a single PCO. Let us denote its location
by y1 and suppose that at some fixed point in My, , at the boundary between two regions
R; and R;, the PCO location jumps from yy) to y§j) as we move from R; to R;. This has
been shown in Fig. 18, with \S; and S; denoting the sections over R; and R;. Now let us fill
the gap between the section segments S; and S; on R; and R; by drawing a vertical segment

V in ﬁg7m7n that connects yy) to yy ) for each point on the boundary separating R; and Rj,
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and integrate Qégg’fgi)?m 1o, along this vertical segment. The integral can be performed by first

integrating y; from ygi) to ygj ) for fixed values of the other coordinates, and then integrating
over the other coordinates. Now since we are integrating along y;, the integrand will involve
(g7m7n)

contraction of g "¢\, o, With 9/0y;. According to (2.31), this inserts a factor of —9¢(y1)
into the correlation function and at the same time removes the X'(y;) factor. Since there is no

1y, dependence in the rest of the correlation function, the integration over y; can be performed
explicitly to give & (ygl)) —&( %j )).
this correlation function is manifestly free from spurious poles as long as there are no spurious

poles for the locations yy‘) and y%j ) of the PCO, even if the integration contour over y; passes

Eq. (C.1) and its higher genus generalization shows that

through the spurious pole. Once we add the integral over the vertical segment V' defined this
way to the integrals over the section segments S; and S; over R; and R;, the result behaves as
if we have an integral over a continuous subspace of ﬁg,m’n, and obeys all the identities that
are satisfied by the integrals over continuous subspaces.

For one PCO this is the end of the story. When there are more than one PCOs, we have
to be somewhat careful about how we erect the vertical segment. The general rule is that we
always move the PCOs one at a time, e.g. if we have K PCOs yy,...yx then we may choose
the convention that we first move y; from its value in R; to its value in R; keeping all other
Yo 's fixed at their value in R;, then we move ¥, from its value in R; to its value in R; and so on.
Of course, any other order is also acceptable. But now when different boundaries meet, e.g. on
the codimension two subspace of My, , describing the common intersection of R;, R; and Ry,
the vertical segments between R; and R;, between R; and Rj and between R) and R; may not
fit together to give a continuous subspace of ﬁg,m,n. We now have to ‘fill the gap’ by adding
new two dimensional vertical segments on the codimension two subspace of My, , describing
the intersection of R;, R; and Ry. A systematic procedure for doing this was given in [100].
Even though these vertical segments pass through spurious poles and hence the integral over
these segments is not strictly defined, we can formally perform the integral and express the
result as a correlation function of the differences in € fields evaluated at the corner points of the
segment, representing PCOs locations for the section segments on the R;’s. By construction,
these are kept away from spurious poles. Furthermore the final expression satisfies all the usual

identities as if we had integrated Qégg’Téi)Qm 12, along a continuous subspace of ﬁg,m,n without

encountering any divergence.’7

The procedure described above assumes that we have the complete freedom of choosing

3TA similar construction in the context of topological string theory can be found in [146].
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Figure 19: A one loop one point function, obtained by joining two external legs of a tree level
3-point vertex V' by a propagator P.

the section S, ,,,. For the construction of superstring field theory we only have the freedom
of choosing the section segments R, ., of elementary interaction vertices of the field theory,
and for these we use the procedure described above for avoiding spurious poles. It has been
argued in §3.7 that once this is done, the section segments of other Feynman diagrams will be
manifestly free from spurious poles as long as the interaction vertices contain large stubs. We

shall see an example of this in appendix D.

D Spurious poles near degeneration

We have argued in §3.7 that once we choose the section segments of elementary vertices avoiding
spurious poles and containing sufficiently long stubs, the section segments of general Feynman
diagrams will also be free from spurious poles. In this appendix we shall verify this in a simple
example.

The example we consider is that of one loop tadpole graph of an NS sector state, obtained
by starting with a tree level three point vertex V' and gluing two of its external lines by a
propagator P. This has been shown in Fig. 19. This represents a one point function on the
torus. By adding long stubs to the three point vertex one can ensure that the torus associated
with this graph is near degeneration i.e. its modulus 7 has large imaginary part. Our goal will
be to show that the section segment associated with this diagram does not suffer from any

spurious singularity.
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For our analysis it will be useful to understand the relationship between the coordinate
system on the original three punctured sphere and the torus in the limit of large stubs. Let
us suppose that on the original sphere, labelled by the coordinate z on a complex plane, the
punctures are at vy, v9, v3 and the local coordinates around the first two punctures are chosen

respectively as
Z—
oA

wy = : wy = et S (D.1)
Z — VU2

z—v
for some constant A. Large A corresponds to large stubs. We now consider the torus obtained

by sewing the first and the second punctures by the relation
wy = e 57 fwy (D.2)

where s, 6 are the sewing parameters. If we now define

V3 — U1
=—— |1 —1 D.3
: o nz—vg nvg—vg ’ (D3)
then we have the identifications
z=zZ+1=72+r, TEQL<2A+S+Z€), (D.4)
T

following from single-valuedness of the z coordinate and the identification (D.2). Therefore
Z describes the standard coordinate system on the torus. It is now clear from (D.4) that for
large A, 7 acquires a large imaginary part.

Using (D.3) we see that the external NS sector vertex operator at z = w3 is sitting at the
origin z = 0 of the torus. In any case, this can always be achieved by translational invariance
on the torus. Since this vertex operator carries picture number —1, we need to insert a single
PCO on the torus. Let y; denote the location of this PCO. Then it follows from (C.1) that

the spurious pole is at the location

I5(y1) = 0, (D.5)

where 0 denotes the spin structure. We shall now consider two cases separately:

1. First consider the case where V' is an interaction vertex of three NS sector states, and P
is an NS propagator. Since the tree level three point vertex of three NS sector states, each
carrying picture number —1, requires a PCO insertion, we have a single PCO inserted
on the sphere. This corresponds to inserting the PCO at some point in the z plane away

from vy, ve, v3. By (D.3) this translates to a finite point in the 2z coordinate system. The
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NS propagator on the other hand does not have any PCO insertion. Therefore in the
convention we have adapted, the PCO location y; remains within finite distance from

zero as the modulus 7 of the torus goes to 700.

On the other hand, for NS sector propagator, the spin structure § appearing in (D.5)
corresponds to imposing anti-periodic boundary condition along the a-cycle. Therefore
J takes value 3 or 4, and the location of the spurious pole given in (D.5) is at y; = 7/2
or (T +1)/2. This is incompatible with y; remaining close to zero in the limit of large

Im(7), showing that the amplitude is free from spurious poles.

2. Next consider the case where V represents a vertex with one NS and two R-sector states,
and P is a Ramond propagator joining the two R-sector states of the vertex. In this
case the vertex does not have any PCO insertion since the total picture number of the
external states add up to —1 —1/2 —1/2 = —2, but a zero mode of the PCO is inserted
on the propagator around |w;| = |g|*/? (or equivalently |ws| = |¢|'/?). In the Z coordinate
system of the torus, this is mapped to a curve along the a-cycle around y; = 7/2 (or
equivalently y; = —7/2). On the other hand ¢ appearing in (D.5) now takes value 1 or
2 due to periodic boundary condition along the a-cycle, and therefore the spurious pole,
obtained by solving (D.5), lies at y; = 0 or 1/2. This is again incompatible with the
actual location of the PCO around 7/2, showing that the amplitude is free from spurious

poles.

E Field redefinition

The superstring field theory action depends on the choice of the section segments R, , of
the interaction vertices. Therefore it is natural to examine whether the final results for the
physical quantities computed from this action depend on this choice. Instead of working with
the section segments of elementary vertices, we shall find it easier to work with the union of

the section segments of all 1PI diagrams, denoted by Ry, in (5.11). Let us denote by Ry.m.»

and R}, , two different choices of these section segments. We shall consider infinitesimal
deformations so that Ry, and R} ,, . are close in Py, ,. Then we can write
o
$ipr =300 [( L -/ ) U (0s)™™, [0R)) | | (E1)
g=0 m,n g,m,n g,m,n
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where |Uyg) and |¥g) denote the NS and R components of |¥) and |¥yg)®™ and |Wg)®"
denote that we have m entries of |¥yg) and n entries of |Wg). Let Ug m.n D€ an infinitesimal
vector field that takes a point in Ry, to a neighboring point in R{ , . The definition of

Ug,m,n is ambiguous up to addition of infinitesimal tangent vectors of Ry ,», but this will not

affect the final result. In this case (E.1) can be expressed as [114]

55113[ Z 9829— Z m| n [/7; dQéZ7TéZ)2m+2n[ﬁg7m7n](|qjNS>®m7 |\I[R>®n)

+/37z Qo Ugoman (U )™, [WR)EM) | (E.2)

where for any p-form w,, w,[U] denotes the contraction of w, with the vector field U:
cul-lmipalyi1 A Ady' [[7] = ﬁilwim_”ipdyi? A Ady®. (E.3)

A pictorial representation of this can be found in Fig. 20. The first term on the right hand side

of (E.2) represents the integral of dQG“;mﬁim 1o OVer a 6g — 54 2m + 2n dimensional region

Rg m,n bounded by Ry, , and R

integral of Qﬁggm%i%n +on, along the horizontal boundaries of ﬁg,m,n in Fig. 20, and an integral of

Qé@’%ﬁém +on along the boundary of Rg m.n that joins OR!

This can be integrated to give (E.1), represented by

gmmnm:’

g.mn 0 ORymn, shown by the vertical
lines in Fig. 20. The second term in (E.2) subtracts the latter contribution.

It was shown in [22,23] that®® the change in action given in (E.2) can be regarded as the
result of a redefinition of the fields |¥) and |U) to |¥) + [6¥) and |¥) + |§U) respectively, if

we take [00) and [6V) to be of the form

<¢\CE!5‘I’>
m—+1,n m n
- —ngg P L D) @lows), [Ews) T R
mn= Omn Rgm+1.n
;m,n+1 73 m n
—ng2g Z , ,/ Qg ) o2l Ugman 1) (O ns) o™, Glog), [WR)E")
mn= Omn Rg.m.n+1

: (E.4)

38Ref. [23] worked at the level of equations of motion and considered only the field redefinition of |¥). But
following [22] the analysis can easily be generalized to that for the 1PI action by choosing [§¥) such that
GloW) = |§7).
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R/

g7m7n

Rg7m7n

~

_Rg7m7n Ug7m7n

Figure 20: A pictorial representation of eqs. (E.1) and (E.2). The right hand side of (E.1) is the

contribution to the integral of Qégg’inéi)zm 4o, from the upper and lower horizontal edges of the

rectangle. The first term on the right hand side of (E.2) is the volume integral of dQéZ’Téi)zm ton

over the interior ﬁgm,n of the rectangle. Since the height of the rectangle is infinitesimal we can

replace the effect of integration along the vertical direction by contraction with ﬁgmn. Finally
the last term of (E.2) represents the opposite of the contribution to the boundary integral of
Qé‘;ﬁg%m +on, from the vertical edges of the rectangle. Thus (E.2) follows from (E.1) via Stokes’
theorem. Although we have taken the height of the rectangle to be constant for the ease of
drawing the figure, this is certainly not necessary. Finally note that here we have drawn R, »
and R, , as one dimensional horizontal lines, but the general case corresponds to them being
multidimensional, with the whole figure stretching out of the plane of the paper / screen.

and

{Xleo [0W)

() () 1 i R i ]
B _29529 Z l l/ Qi(ig—5+2m)+2n+2[Ug,m+1,n](|XNS>»"I’Ns>® W R)E™)

g=0 m,n=0 men: Rg,m+1,n
N S 1 ;mmn+1 = m "

_29829 Z min / Qé£;75+2m)+2n+2[Ug,m,n+1]<|\IJNS>® xR, [WRYE™)
g=0 mmn=0 Rg,m,n+1

, (E.5)

for any grassmann odd® state |¢) = |¢ns) + |¢r) € Hr and |x) = |xns) + |xz) € Hr. Since
field redefinition does not change the values of physical quantities, we conclude from this that
the different choices of Ry, lead to the same results for all physical quantities.

This result can also be proved if we consider generalized section segments of the form
Rymmn = D sz(gZ)mn where R(gz)mn are regular section segments and w; are weight factors.
Now, instead of deforming the regular section segments R_ff%nn, we deform the weight factors

w; preserving the ) w; = 1 constraint (see [22], appendix A). This is important in the presence

39The result for grassmann even state can be read out by multiplying both sides of (E.4) by a grassmann
odd number and moving it through various factors so that it multiplies |¢). This gives extra minus signs
in both terms on the right hand side of (E.4) since we have to move the grassmann number through the

6g — 5+ 2m + 2n + 2 insertions of b-ghost field associated with Qé“;ﬁ,ig;;) L onia-
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of vertical section segments. If we have two choices of R, which differ from each other in
the order in which we move the PCOs in a vertical segment, say in one we move y; first and
then yo while in the other we move g, first and then y;, then we cannot continuously deform
these Ry m.n to each other. However we can take a generalized section segment parametrized by
weight factors such that by varying the weight factors we can continuously interpolate between
these two Rg,,n. The previous result can now be used to show that the superstring field

theories corresponding to the two different choices of Ry, ., are related by field redefinition.

F Reality condition on the string fields

Reality of the superstring field theory action is necessary for proving unitarity of the theory.
This was proved in [27] for ten dimensional heterotic and type II string theories, and also for
compactified theories with NS background (NSNS background in type II string theory) where
the compact part of the theory is described by a unitary superconformal field theory. In this
appendix we shall describe the reality condition on the string fields — necessary for the reality
of the action — for ten dimensional heterotic and type II string theories.

We shall first describe the results for heterotic string theory. The ghost sector of the world-
sheet theory has been defined in §2.1, but for describing the reality condition we also need to
fix the conventions in the matter sector. The matter fields consist of 10 scalars X*(z, Z) and
10 right-moving Majorana-Weyl fermions ¢*(z) for 0 < u < 9, and a CFT of left-movers of
central charge 16, describing either Eg x Fg or SO(32) current algebra. We shall denote the
last CFT by C'F'Tg. The operator product expansions of these fields have the form:

n BB S\B YV n
0X*(z)0X" =+ ... 0X"(2)0X" N
(ROX (W) = =5 —ap T (ROX ) = —3z—gp T
1
H v = —-—— Y P Fl
W () = g (F.1)
where - - - denotes non-singular terms. For C'F'T; we shall not use any explicit representation,

but denote by |Vx) = Vi (0)|0) a basis of Virasoro primary states satisfying
(Vie|Vi) = 0k, (Vie|Vy(1)|Vp) = real. (F.2)

The full set of states in this CFT are obtained by acting on these primary states with the
Virasoro generators LY of this CFT. We shall denote the anti-holomorphic stress tensor of
CFTg by TC.
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Construction of the vertex operators in the Ramond sector also requires introduction of
spin fields. The spin fields are of two types: chiral fields S, and anti-chiral fields S®. The

mutually local GSO even combinations of spin fields in the matter and ghost sector are

e~(n+l)o/2g  o—(n—D)/2ga (F.3)

and their derivatives and products with the NS sector GSO even operators. The spin fields

will be normalized so that they have the basic operator product expansions:
PH(z) e 28 (w) =
i

W) 9 (w) = (s — ) Rt )
e 928, (2) e 3258 (w) = 6 P (2 — w) e (w) 4 - - - | (F.4)

(2 = w) "2 (1) ape” 28" (w) + -+,

N .

where 4 are ten dimensional y-matrices, normalized as

(=21, (F.5)

v98 etc. We shall use a representation in which all the v# are purely

where (v4 %) 2 = sy
imaginary and symmetric:

M Ak = Vo Y =M (F.6)

In this representation, the right hand sides of (F.4) have real coefficients.

(W) = =ty (#0) =

In order to facilitate the discussion on the reality conditions on various components of the
string field, it will be useful to fix some convention on the choice of basis states in ﬁT and Hr. In
the NS sector we construct the basis of states |, (k)) of H_; such that the corresponding vertex
operators @, (k) can be built from linear combinations of GSO even products of (derivatives
of) OXH, OXH i e*X b c b, ¢ e d¢p, 06, n, T and Vi, without any explicit factor of i.
We shall choose the basis of states |ps(k)) of H_1/ and |@s(k)) of H_3/o such that their vertex
operators are constructed from products of (derivatives of) the operators appearing in (F.3),
and other GSO even operators that were used to construct vertex operators for the basis states
in the NS sector, without any explicit factor of i. In this case all the coefficients appearing in
the operator product expansion of operators representing GSO even basis states in the NS and
R sectors are manifestly real except for the factor of ¢ multiplying each factor of k*.

Let us now expand |U) and |¥) as
dlok dlok A .
0= [ G bl + 3 [ G b1 ), (¥.7)

113



" -¥ / Bl ) + 3 [ o Tk W15 ) (F3)

It was shown in [27] that the action (4.8) is real if we impose the following reality condition

on the coefficient of expansion of [¥) and |¥):

Ur(R)* = (=1 (k) (k) = =i (1) D) (), (F.9)

& (k)T = (=1) O EIPRE (k) (k)T = i (—1) DG (g (F.10)

where n,, n, and n, are ghost numbers of ,, @, and @, respectively.

The reality condition on the fields of type II string theories is similar. We choose the basis
of states for type Il world-sheet theory in a manner similar to that in the case of heterotic
string theory, so that the coefficients in the operator product expansion of the basis states
are real except for the factors of ¢ multiplying each factor of momentum. Then the reality
condition on the fields in the NSNS and RR sectors are the same as that for the NS sector
fields 1, (k) and &,.(k) of the heterotic string theory. On the other hand the reality condition
on the NSR and RNS sector fields in type II string theory are the same as that on the R sector
fields {Z)\s(k) and gs(k:) of the heterotic string theory.

Finally we would like to mention that the reality condition on the fields is not completely
fixed by demanding the reality of the action. For example since the action always contains
an even number of fermion fields, we could always include an extra factor of —1 in the reality
condition on each fermion field. Similarly, using ghost charge conservation one can show that
we can include in the reality condition of a field, that accompanies a ghost number n state in
the world-sheet theory, a factor of (") where ¢ is some real number.

After imposing the reality condition we need to examine if the action (4.8) has the correct
sign for the kinetic term. It turns out that for euclidean path integral, using the weight factor

S in the path integral as we have been doing, the action has the correct sign in the heterotic
string theory, but has the wrong sign in type II string theory. This can be rectified by changing
g% to —g? everywhere in the analysis of type II string theory.

G Cutkosky rules

A general proof of Cutkosky rules stated in §9.1 was given in [26]. In this appendix we shall

illustrate this using a simple example.
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N
p-k
Figure 21: One loop mass renormalization of heavy particle of mass M (denoted by thick line)

due to a loop of light particle of mass m (denoted by thin line). All momenta flow from left to
right.

We consider a quantum field theory in D space-time dimensions with two particles, one of
mass M and the other of mass m, with M > 2m. We assume further that there is a three point
coupling between one heavy particle and two light particles. In this theory we shall analyze
the one loop mass renormalization diagram shown in Fig. 21. As in string field theory, we shall
assume that the vertex contains a factor of exp[—3A{k* + m?} — L A{(p — k)? + m?}] for some
positive constant A that makes the diagram ultraviolet finite. Then the contribution of this

diagram to the mass? of the heavy particle can be expressed as

SM? =iB /% exp[—A{E*+m*}—A{(p—k)*+m*} {k*+m?*} H{(p—k)*+m?} 1, (G.1)
where B is another positive constant that includes multiplicative constant contributions to the
vertices, and p is an on-shell external momentum satisfying p* = —M?2.

Using k2 = —(k°)2 + k2 where k denotes (D — 1)-dimensional spatial momenta, we see that
the exponential factor falls off exponentially as |E | — oo but grows exponentially as k° — +oo0.
This shows that we cannot take the £° integral to run along the real axis. As discussed in §8.1,
we resolve this problem by taking the ends of the k° integral to be at +ioo, but the integration
contour may take complicated form in the interior of the complex k° plane to avoid poles of

the propagator. We shall now see how this is done in this particular example. The integrand
of (G.1) has poles in the kY plane at

Q= \Vi2+m2, Q=—\E+m? Qy=p+\/(F—k2+m2 Qi=p"—\/(F—k)>+m?.

For imaginary p°, and &° contour running along the imaginary axis from —ioo to ioo, the poles
)1 and (Y3 are to the right of the integration contour whereas the poles (Js and )4 are to the
left of the integration contour. When p° is continued to the real axis along the first quadrant,

the contour needs to be deformed appropriately so that )1 and )3 continue to lie on the right
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Figure 22: The integrations contours in the k° plane.

and ()2 and ()4 continue to lie on the left. There are different possible configurations depending
on the value of k.
For p° < k2 +m2 + (p— /’Z)2 + m?2, Q4 lies to the left of @); and the contour can be

taken as shown in Fig. 22(a). On the other hand for p° > Vk2 + m2 + /(7 — k)2 + m2, Q4 is
to the right of @); and the deformed contour takes the form shown in Fig. 22(b). In drawing
this we have used the fact that when p° lies in the first quadrant, Q, remains above Q; as it
passes ()1 and that during this process the contour needs to be deformed continuously without
passing through a pole. At the boundary between these two regions )4 approaches (1. In this
case we have to use a limiting procedure to determine the contour, and the correct procedure
will be to take p¥ in the first quadrant, evaluate the integral and then take the limit of real p°.
This in particular means that ), approaches ()1 from above in this limit.

Our goal will be to evaluate the imaginary part of (G.1). In this case this can be done by
explicit computation. But we shall use this example to verify some of the steps in the analysis
of [26].

1. The complex conjugate contribution to an amplitude is given by the same
expression as the original amplitude with all the external momenta complex
conjugated and the choice of contour given by the complex conjugate of the
original contour. To prove this for the amplitude (G.1) note that under complex
conjugation the explicit factor of i changes sign and the end points Zioo of the k°
integration contour get exchanged. These two minus signs cancel against each other.

Therefore the net effect of complex conjugation is to take the complex conjugate of the
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Figure 23: The complex conjugate integrations contours in the £° plane.

*

integrand. This in particular replaces £ by (k°)* and p° by (p°)* in the integrand.
Once we relabel (k°)* as k°, it automatically sends the original integration contour to its
complex conjugate, proving the desired result. The complex conjugates of the integration

contours of Fig. 22 are shown in Fig. 23.

. The contribution to the imaginary part vanishes when the spatial components
of loop momenta are such that the loop energy integration contour is away
from the pinch singularity. Here pinch singularity refers to the situation where two
poles approach each other from opposite sides of the integration contour. In Fig. 22 the
pinch singularity corresponds to the limit in which ()7 and Q)4 approach each other. Now
away from the pinch singularity we have either Q1 < Q4 or (1 > Q4. For ()1 < )4 the
integration contour shown in Fig 22(a) clearly matches its complex conjugate contour
shown in Fig. 23(a). Therefore for real p° the contribution to the integral has vanishing
imaginary part. For (1 > @4 the contour shown in Fig. 22(b) is not deformable to its
complex conjugate contour shown in Fig. 23(b) without crossing a pole. But the former
can be deformed to the latter by making two segments of the integration contour pass
through the pole at Q). It is easy to verify that the residues picked up at )1 from these
two segments have opposite sign. Therefore they cancel each other and again the results
of integration over the contours in Fig. 22(b) and 23(b) are identical for real p°, showing
that the contribution to the imaginary part of the amplitude vanishes. Therefore the

only possible contribution to the imaginary part can come from the @, — @), limit, i.e.
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at the pinch singularity.

. The contribution to the imaginary part of the amplitude from the pinch
singularities is given by Cutkosky rules. To verify this in this example we can
deform the integration contour through the pole at ()4 to make it into a contour along
the imaginary axis and a contour around ()4 in all cases shown in Figs. 22 and 23. The
resulting contour along the imaginary axis is clearly invariant under complex conjugation
and hence does not contribute to the imaginary part. Therefore we only need to evaluate
the residue at the pole Q4. For simplicity let us consider the case where the spatial

component of the external momentum vanishes, i.e. p'= 0. In this case the residue at
()4 is easily evaluated and the result for Fig. 22 is given by
-B / ﬂ exp |A (po — K2+ m2>2 — A(lg2 +m?)| e (Re(po) —\/k2+ m2>
(2m)D-1
—1 -1
(2\/E2+m2) (p°)~* {2\/E2+m2 —po} : (G.3)

The step function © reflects the fact that if ()4 lies on the left of the origin then we do not

pick up any residue from the pole at ()4 while making the contour lie along the imaginary

axis. This contribution looks real, but that is deceptive since the {2 k2 +m?2 — po}
can become singular and has to be defined by taking the p° — M limit from the first
quadrant. This is achieved by replacing p° by M + ie and defining the amplitude by

taking the € — 07 limit. Since all other quantities in the integrand are non-singular in
this limit, we may express (G.3) as

—B/(g;%exp A (M— \/E2+m2)2—A(E2+m2) e (M— \/E2+m2)
(2\/E2+m2) h (P°)~! {2\/E2+m2 —M—z‘e}_l. (G.4)

The difference between (G.4) and its complex conjugate, which is also the contribution

to M? — (M?)*, is given by
dD_lk /a 2 -, /-
—1 B / W exp A (M — k2 —+ m2) — A(kZ —+ m2) C) <M — k2 -+ m2>

<2\/ k2 + m2> h (P°)~o <2\//Z2 +m? — M) : (G.5)
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By rewriting this as

_iB / (;Z:)’“D expl— AR+ m?} — A{(p — k)2 +m?}] 206(K2 +m?) O (k)

216((p — k)2 + m?) O(p° — k°), (G.6)

with all integrations performed along the real axis, one can easily verify that this is in
agreement with the Cutkosky rule for 7 — T stated in §9.1.
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