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One-loop N-point function J& )(n, Uty...,UN)

pN—l_p}* ‘/pl_pZ

/

P2—P3
Depends on
sN(N — 1) invariants . NP
k?l — ( Pl)2

and N masses m;

J(N) (TL;Vl,...,VN) =
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Feynman parameters

Parametric representation for the one-loop N-point function in n dimensions:

1 1
N) (.. _:1-n_n/2 n (I[dai) -6 (> i —1)
J )(n,l,...,l)—l 7/ F(N—§>/ / N2
0o 0 [ > ozjozlk Zozim,%]

g<l

By using > a; = 1 we can make the quadratic form homogeneous in a;:

S Sk - (L o) (Samd)| = - | T aim? +2 £ 5 ajamsmie,

g<l g<l
m? +mj — k3, - [ 1, K% =(m; —my)* pseudothreshold
Cjl = gy Cji = COSTj = —1, k?l = (mj +my)? threshold

Direct geometrical interpretation: when —1 <c¢;;< 1 (i.e., angles 7;; are real)
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Two-point function: the basic triangle

9 9 9
mi + m5 — kis

COST192 = C192 = 2m m
17762

1, k%, = (m;—mso)*> pseudothreshold (712 = 0)

C12 — COST12 — { —1, k%Q — (m1 + m2)2 threshold (T12 = )
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Three-point function: the basic tetrahedron
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Four-point function: the basic simplex for N =4

/1.2
k34 /,/

This slide requires
4-dim. imagination...

DW =det|lcpl|, AW =det||(kja- ki)l

_ 1 D®)
V(4) — mlmj'n?)mél , /l)(‘l)7 Vé?’) — g A(4)7 Mo = M1MoM3My A



A.l. Davydychev ACAT-2017

From Feynman parameters to the geometrical approach

Using linear and quadratic substitutions of « variables, we arrive at

T M(TMdey) -6 (7] Clla—1
TN (p, ,...,1):211—2N7rn/2r Hfz / (1 da:) l' ]\Ua )
[T S

Modified matrix: C; = (\/FW \/F(N) with F( ) — ‘9 ( 2D(N))

[ (V) (N)
obeying Z cﬂF( ) L D(N) L - = Z Cj B — DWV) —

l ml mj

(N)
Eigenvector: f; = Y——, Eigenvalue: D) =det ||c;;|| (Gram determinant)

(2
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Feynman parameters: diagonalization

Whenever a quadratic form occurs, an obvious idea is to diagonalize it:
“rotate” variables c; — (3; so that o ||Cla = S0, A3
One of the §'s (say () is directed along f;, so that Ay = D) and denominator

(>« fi) is proportional to Gy

Assume (for a moment) that all \; > 0 and rescale 3, = /= =

Ny
n—N-—1
J(N)(n,17,1) :2|1—2N7Tn/2P(N_%) o f f deyz (ZVZ )

AN) Q(N)

Remarkably: the same N-dim. solid angle Q") as in the basic simplex!
Special case: N =n (N =2in2d, N =3in3d, N =4 in 4d, etc.)

If some of \; are negative — hyperbolic surface (instead of spherical)
< analytical continuation!

A.1.D. and R. Delbourgo, J. Math. Phys. 39 (1998) 4299;

A.LD., Phys. Rev. D61 (2000) 087701;

A.1.D. and M.Yu. Kalmykov, Nucl. Phys. B (PS) 89 (2000) 283; Nucl. Phys. B605 (2001) 266
A.1.D., AIHENP-99 Proceedings (hep-th/9908032); Nucl.Instr.Meth. A559 (2006) 293
A.1D., J. Phys. (Conf. Ser.) 762 (2016) 012068 (arXiv:1605.04828)
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Two-point function, geometrical approach

ma
2
<) klz
M
mi
the basic triangle the arc 719
2 2 _ 7.2
COST19 = C12 = ™ + m 12, D(Q) =1-— 0%2 = SiIl2 T12, A(2) — k%Q?
2m1m2
D(2) mq1mso sin T12 mo
mo = M1Mm2 = ; COS Tp; = ,  Tol 1+ To2 = T12-

A2) A /k%2 m;
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Two-point function, splitting the basic triangle

M2 M ’\/ kg
=) VT = </ \/ k34

M M

™M1 mi
g2, = Blatmi—mo)” o a (ki = mp 4 m)”
01 — ) —
1
J? (n; 1, 1|kiy; ma,ma) = YR {(kfg +m2 —m2)J? (n; 1, 1|kgy; ma, mo)
12

+(k3y — m7T + m%)J@) (n; 1, 1|k5y; ma, mg)}

This is an example of a functional relation between integrals with different momenta
and massses, similar to those described in
O.V. Tarasov, Phys.Lett. B670 (2008) 67
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Two-point function: number of variables and the quadratic form

Number of dimensionless variables, before and after splitting:
in J) (n;1, 1|k%5;m1,mo): 3 — 1(dimension) = 2

in J) (n;1, 1|k§y;ma,mo): 3 —1(k§, = mi —mg) — 1(dimension) = 1

Quadratic form in Feynman parametric integral:

in J 2 (n; 1, 1|k%5; m1, mo): la1aok?s — aym? — agmi]
in J®) (n; 1, 1|k3;; m1, mo): [a1a0ks; — arm? — aami] = —[afks; + mj]

Result in arbitrary dimension:

1
J (n;1,1|kgy;mi, mg) = in™/20(2 — n/2) /
0

n/2 (2—n/2) P ( 1/2, 2 —n/2 )_k_(%l)

(mg)2—n/2 3/2 mg

dozl dOéQ (){1 + g — ].)
atkg, +mgl2—n/?2

177

10
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Three-point function: geometrical approach

3
3
‘ 723
72
712

the basic tetrahedron the solid angle

Special case n = 3 = the area of spherical triangle ( “spherical excess”):

QB33) — Y12 + Yoz + P31 — 7.

Compare with:  B. G. Nickel, J. Math. Phys. 19 (1978) 542

11
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Three-point function: geometrical approach

3

the basic tetrahedron the solid angle
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Three-point function: geometrical approach

3

the basic tetrahedron the solid angle
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Three-point function: geometrical approach

3

the basic tetrahedron the solid angle
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Three-point function: geometrical approach

3

the basic tetrahedron the solid angle
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Three-point function: splitting the basic tetrahedron

J(g) (na 17 17 1’k237 k%37 k%Qa mi,ma, m3)

2.2 92 (3)

AG) { m% J ) (na 1,1, 1}k23,k03,k02,m0,m2,m3)
F(3)

+m—J(3) (n7 1,1, 1’]‘?03:]“137 ko1§m1>m0>m3)
2
F(3)

+m—J(3) (na ]-7 ]-7 1’k027 kOl? k127 my, ma, m())
3

with k3, = m: —mg, kge = m3 — mg, ko = m3 — mp,
1
F3(3) 4— [k (k’%3+k’§3 k12 +m1 +m2 2m3) (m%—m%) (k’%?) — k‘%3):|7 etc.
mims

F PR AB)
st~ T — 5 =35 35>
mi may ms mimasms

AB) = 1 [ 2Kk s+ 2k ks + 2k ks — (kip) = (ki3) = (k33)]

16



A.l. Davydychev ACAT-2017

Three-point function: further reduction of the integrals

JG) (n, 1,1, 1‘k02,k01,k12,m1,m2,m0)

1

2k2 {(k12 _|_ ml m2)J(3) (’n,7 ]_, ]_, 1‘k001, 01> klO” m17 mo/ mo)
12

+(k ml _|_ mQ)J(3) (n, ]., ]., 1‘]€02, k'20/, kgol; mO/, m2, mo) }

Note that

— similarly to the reduction of the two-point function

17
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Three-point function: number of variables and the quadratic form
Number of dimensionless variables, before and after splitting:

in J3) (n; 1,1,1(k2;, k%, k12,m1,m2,m3) 6 — 1(dimension) =5
in J) (n;1,1,1|k3y, ky, k393 m1,ma,mo): 6 — 2(relations) — 1(dimension) = 3

in J®) (n;1,1,1|k2,, k31, k2y; m1, mo,mo): 6 — 3(relations) — 1(dimension) = 2

Quadratic form in Feynman parametric integral:

in J3) (n, 1,1, 1|k23, 13,k12;m1,m2,m3):

2 2 2 2
(a1 aok?y + arask?s + asaskss — aymi — aami — asms] 3

- 3) (0. 2 1.2 1.2 . .
in JG) (n, 1,1, 1|k00,,km,klo,,ml,mo/,mo),
2 2 2 p p

[ozlozgklo, + ajazky; + asasksy — aimy — aams, —

—|a k%o/ (1 + &2)2k(2)0/ + mZ]




A.l. Davydychev ACAT-2017

Three-point function: result in arbitrary dimension

J3) ('n 1,l,l‘koo/,km,klo/,ml,mof mo)

111

— —i7‘rn/2F _n/2 /// daldagdagd(a1+a2—|—ag_1)

2 213—
kio + (o1 + ao)?kgy + mg]3—n/2

000
= — 3 5 arctan 5
2(m0)2 n/QkOO’ klO’ koo’
2 2—n/2 2
mg 10’ k10’
_ 1/2,1,2 — 232|— .
(78) " e (v sl e )

where F} is Appell hypergeometric function of two variables,

(b)) (bo) s I 92
Fy (a, by, bo; c|z, y) = Z (a)91+32 ( 1).71 ( 2)32 :I? y

J1,J2 (C)j1+j2 ‘71! ‘72!

A.1.D., hep-th/9908032; Nucl.Instr.Meth. A559 (2006) 293

See also: O.V. Tarasov, Nucl. Phys. B (PS) 89 (2000) 237

J. Fleischer, F. Jegerlehner, O.V. Tarasov, Nucl. Phys. B672 (2003) 303
19
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Four-point function: basic simplex and non-Euclidean tetrahedron

This slide requires

Vi —

4-dim. imagination... 3 4
vV k34
2 3
M
1
1

kos m3 k34

k%, k35, k3,, k%, — external momenta squared ma My
k%5, k2, — Mandelstam variables s and ¢ k1o mq — k14
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Four-point function: basic simplex and non-Euclidean tetrahedron

This slide requires
4-dim. imagination... 3

Vi —
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Four-point function: basic simplex and non-Euclidean tetrahedron

V3

This slide requires
4-dim. imagination... 3
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Four-point function: basic simplex and non-Euclidean tetrahedron

AN
<V
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This slide requires
4-dim. imagination... 3
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Four-point function: basic simplex and non-Euclidean tetrahedron

This slide requires
4-dim. imagination... 3
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Four-point function: basic simplex and non-Euclidean tetrahedron

4

This slide requires
4-dim. imagination... 3
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Four-point function: basic simplex and non-Euclidean tetrahedron

4

This slide requires
4-dim. imagination... 3
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Four-point function: number of dimensionless variables

in J& (na 1,1,1, 1’{k127 k33, k34, kigs K15 K34} {ml,mg,mg,m4}):
10 — 1(dimension) = 9

in J®) (n 1717171’{k127 23,k03,k01,k13,k02};{ml,mg,mg,mo})
(after splitting the tetrahedron 1234 into four tetrahedra):
10 — 3(relations) — 1(dimension) = 6

|n J(4) (n, 1, 1, 1, 1’{]{:127 2077 k00/7 k()l? klO” k02}; {ml, m27 mO/, m0}>
(after splitting the tetrahedron 0123 into three tetrahedra):
10 — 5(relations) — 1(dimension) = 4

in J (n, 1,1,1, 1"%10//7 kions ko ko1 ko kg ) {ml,mon,mo/,mo})
(after splitting each of the resulting tetrahedra into two):
10 — 6(relations) — 1(dimension) = 3

27



A.l. Davydychev ACAT-2017

Four-point function: quadratic form in Feynman parametric integral
in J® (n 1,1,1 1’{]9127 23,k34,k14,k13,k§4};{ml,mQ,mg,m4}):
(a1 aok?s + arask?s + ajagk?, + asaskss + asagks, + asagsk’,

2 2 2 2
— aymi — aams — asms — agmy]

in JW (n;1,1,1 LBy Kgns kg koys k2o kg s {ma, mor, mor, mo})
[alagklo,, + Oél()égklo, + a1a4k01 + Oégagko,o,, + a2a4k00,, -+ 0430{4]€(2)0, 4
— oqm% — ozgm(z),, — agmg, — aymi]
—|o k%o// + (1 + ap)? kO/O//

+(a1 + as + ()ég)Zk(Q)O/ + m3]

28



A.l. Davydychev ACAT-2017

Four-point function: result in arbitrary dimension

J(4) (n, ]., 1, ]., 1’{1@%0//, k’g/O//, k’gol, k'(2)1, k%o/, k'(Q)O//}; {ml, morry Ty, mo})

1111
daq das das day 9 1
- 177'”/2I‘(4_n/2) // / 575 Q1 das das 2O‘4 (o1 + g + a3 + (2364 )2
0000 [O‘lkm“ + (041‘|‘042)2k0,0,, -+ (041—|—042—|-043)2k00, i m0]4_n/2
/2T 3—n/2 k2, g L2 ; B 2 |
- 17T2 ( 2 371/71/)2 00" arctan [ —5— oF) ( 1/2>§ ; n/2 |_ 0%)
2k0/0//(m0) klO” kO’O” / -
m2 2—ﬂ/2 k2 g k2 / k‘2 /
_ (mg())) FN<1, 1,3-n/2,1/2,(n-3)/2, 1/2;3/2,3/2,3/2|_k§/(;/,, _nc;% | _?771%))

where F'y is one of the Lauricella-Saran functions,

(a1)j,(a2) j5(a3) 5 (01) , 45 (b2) o 2717227
(Cl)j1 (62)j2+j3 J1!72!73!

FN(aflaa’27a37b17b27bl;clac2vc2|$7yaz) — § :
J1,J25J3

See also in: J. Fleischer, F. Jegerlehner, O.V. Tarasov, Nucl. Phys. B672 (2003) 303 (F's can be transformed into F'y)
29
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Reduced number of variables and simplified quadratic forms

total # of # of splitting | reduced #

dimensionless variables pieces of variables
N =2 3—1=2 2 1
N =3 6—-1=5 6 2
N =14 10-1=9 24 3

arbitrary N | (N — 1)(N +2) N! N -1

J) (n; 1, l‘k(%l;ml,mo):
= —[atkg +mg]

J3) (n; 1,1, 1‘]680,,]6(2)1,k%o,;ml,mof,mo):
= —[afkiy + (a1 + a2)?ki, + m]

J(4) (n, 1, 1, 1, 1 | {k%O’“ k(%’O”’ k‘(Q)O,, k%l? k%O” kgo”}5 {ml, mor, My, mo})i

= _[Oé%k’%()// + (041 + CV2)2k8101/ + (051 + oo + a3)2k(2)01 + m(Q)]

= for N > 4 we should also expect squares of sums of partial sums of a's

30
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Summary

e Geometrical splitting provides straightforward way to reduce general integrals
to those with lesser number of independent variables and predict the set and
the number of these variables in the resulting integrals; it also allows to derive
functional relations between integrals with different momenta and masses.

e Resulting integrals (after splitting) can be calculated either within geometrical
approach (by integrating over non-Euclidean simplices), or by going back to the
Feynman parametric representation, which becomes greatly simplified due to
right-triangle connections between the invariants.

e Explicit results for general NN-point integrals in arbitrary dimension can be
presented in terms of hypergeometric functions of (N —1) variables, in particular:

— for the 2-point diagram we get the hypergeometric function o F7;

— for the 3-point diagram we get Appell hypergeometric function F7;

— for the 4-point diagram we get the Lauricella-Saran function Fiy (which can
be transformed into Ffg).
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