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Expansion methods are examples of procedures giving non-trivial
relations between Lie algebras and groups.

They allow to understand interrelations between physical theories.

The first example, proposed by LE. Segal in 1951,

Physics Theories Symmetry Group
Poincaré's Group
1?
ot lan Galiled's group




[ 1953: Inonu-Wigner contractions ] Ex: 1ISO(3,1) from SO(3,2)

[Mab: Mcd] — gac:Mbd — gbcMad - gﬂ,dec + gbdMac

ac—1,..0

Defining M5, = RP, with p,v =1,...,4 1t leads to
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Brief history of these methods

K[1953: Inonu-Wigner contractions ]\

2000 -2003: Generalized Inonu-Wigner
contractions, Weimar Woods

\_ /

2003: Expansion method, Hatsuda, Sakaguchi
[arXiv:hep-th/0106114]
@e Azcarraga et al [arXiv: hep-th/0212347]
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Expanded algebras with
higher dimension.
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S-expansion method [1]

Ingredients:

e A Lie algebra . i.e., a vector space with basis {T 4 }c};:lg provided with
a Lie product,
[T4,Tg] =C{zTc

e A finite abelian semigroup S. l.e.. a set {}‘a}zz1 with composition law

AaAs = Ay(a,8) = Kophp
1, when p =7 (a, 8
K.f:,s — { )

0. in other case

1s closed and asociative.

C_EB . structure constants
K’ , : selectors

[1] F. lzaurieta, E. Rodriguez, P. Salgado, J.Math.Phys.47:123512,2006
arXiv: 0606215



Steps: /s&mlgmup \

. ; . elements
I) Construction of Gg = S ® G with 4
basis {T(A,a:) — Ao ® TA} and define Ae
the induced Lie product: N .
3‘ = .
[T':Aaﬂ}’ TfB:.ﬁ}] = AaAg ® [T 4, Tsl Ay L
(Cyv)
=Cla,0)(8,8 T(cm) ‘ |
?"n | Subspaces
W o
C,v) C alge
Clam s = KesCis \ v /

First result: Gg = S ® G 1s a Lie algebra,
called the expanded algebra




Semigroup \
elements

I1) Supose that G =CPV,. 5= [ )5, A,

pel pel A
satistying respectively:

Ao _ : Subspaces
[V V| 'C @ V, and Sg %Sy C U Vi \ o W “?;:':/

r&i(p.q) rei(p,q)

Perform the following construction Gg g = @Sp ® Vp
pel

Second result: Gs g 1s a subalgebra called the resonant subalgebra




Semigroup \
elements

A
X
III) Supose that there 1s an element Og wich |
satisfies OgA, = 05 VA, € S Ao |— '
Al
Third result: the sector Og ® G can be . I i
ol | Sunerecee

removed from the expanded algebra \

' Vo W b
to obtain the so called reduced algebra. o Vi algebrs

Observartion: Steps Il and 11l are independent. but
can also be applied simultaneously.




In general the S-expansion method consist in a serie of steps:

@ Obtain the S-expanded algebra

@ Find the (resonant)subalgebras
@ Perform a reduction.

Semigroup Semigroup Semigroup
elements elements elements
A A
R
14 }"4 }1-4 L _I i
As s Ay
?‘-3 ;LZ i 1’2 i
Ay Ay Ay
| |
Ao Subspaces Ao . Subspaces Ay . Subspaces
- Of the - of the —- of the

Vo VY algebra Vo Wi algebra Vo V, algebra




m) Inénii-Wigner contraction,
m) its generalizations (Weimar-Woods contractions),

m) and the dAIPV-expansion method

can be obtained as an S-expansion (as a Og-reduction of the
resonant subalgebra) with one of the semigroups S}EN) defined by:

S — L0, Xay ooy By Aoy } wiith

/\a)\5:AQ+13,ifa+,8<N+l
Nk Zikogeiy B w- N 41

SD —= {/\Qm; with m = 0’ cany [g}} U {AN—t—l}
51 = {/\gm_|_1, Wlth e = 0, iing [%J} U {/\N—t—l}
So X Sp C So
SD X Sl C Sl
- Sy X5 C 5

o — Sg USl with




Example: Inonii-Wigner contraction as an Sg)-expansioﬂ

Starting from (G=S0(3,2) =V, & V; where

B B ;Cz _c:d] _jab %: % ~ VE‘
== {Jab} : Vl — {Pa} and { P] Fa 1'6'1 %:I/i i {/1
P P} J, V1, Vi ~ W
Consider the semigroup SS) = {Ao, A1, A2} with S P
ACEAJB _ Aa_l_ﬁ: lf = _I_ﬁ < 2 S(l) - S S S]_ o {Alj AQ}
dos=Ds, HaLB>D B ROYP M EhxSic S
SD X Sl ¢ Sl
S0 T 5




(1)

Example: Inonii-Wigner contraction as an S ’-expansion

4 4 A Jab = }\D X jab
. - 3 -Pa, — Al @ Pa
Ao rJa,b
L >

) D (Sl ® Vl)]red = <{}"Ujabp)‘1pa}> = <{Jabapa}>

| Jab; Jea| = Aodo @ [ Jab, Jea] ~ Aodap ~ T |
[Jab, Pe] = AoA1 @ [_J _P] ~ /\1P He — IW contraction.
P, Py = MM ® [Po, By~ Ay ~ 0
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Need of automatizing the procedure

All generalized contractions, mentioned before, can be reproduced in the frame of the
S-expansion method by using one of the semigroups

S,{EN} = {,71[}, ey JLN_|_1} defined by:

ﬁaﬂﬁzﬂm+1,i.fﬁ:—|—ﬁ3_}w—|—]

Expansions with other semigroups can generate algebras that cannot be
reached,nor by any contraction neither by an expansion of de Azcarraga et al.

As many physical aplications have appeared by using this method we wanted
to answer the following question:

Given two Lie Algebras, can they be related by an S-Expansion?




To answer this one should consider the complete family of abelian
semigrops, i.e., to take into account the history of their classification:

order # Of Semigroups

1 1

2 4

3 18

4 126 |Forsythe ’54]

5 1.160 [Motzkin, Selfridge '55]

6 15.973 [Plemmons ’66]

7 836.021 [Jurgensen, Wick '76]

8 1.843.120.128 [Satoh, Yama, Tokizawa "94]

9 52.989.400.714.478 [Distler, Kelsey, Mitchell "09]
10 12.418.001.077.381.302.684 [Distler, Jefferson, Kelsey, Kotthoff "16]

and find a way to implement the S-expansion procedure.

[2] John A. Hildebrant, Handbook of finite semigroup programs.



Table 2. List of semigroups of the third rank.

Shold A A Sk A A ShldM A A o | M A A
AL | AL AL A AL | A AL A Al | A1 AL A A A A A
A2 AOA AT Az AlOAL AT A2 A AL AL Aa X A A’
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Conclusions (of the first part)

We have implemented computer programs, in the form of a Java
Library, to perform S-expansions of Lie algebras with any semigroup
(up to order 6 ).

The methods of this library allow us:

B =

o

6.

to find isomorphisms between any given pair of semigroups
identify all the semigroups with a zero element

to study all resonant decomposition of any semigroup,

to represent any semigroup and Lie algebra by means of their
respective selectors and structure constants

to perform all possible S-expansions (GxS, resonant subalgebra,
reduced algebra, reduction of the resonant subalgebra) of a given
Lie algebra.

to study further conditions for some specific problem

A description of this library, as well as some examples related with
applications, will be given in the next presentation, by C. Inostroza.
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