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m High-energy Operator Product Expansion: factorization in rapidity
space.

m Evolution equation and background field method.
m NLO impact factor and composite Wilson line operators.

m Conclusions.
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Leading Log Approximation in scatt. process at high energy

electron-proton/nucleus Deep Inelastic Scattering (DIS) s=(q+ P)?

(PITj*(x)j” (v)|P)

> energy suppressed

= BFKL resum (a,1n ;)"

m Dynamics is linear and it describes proliferation of gluons
= Violation of Unitarity
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NLO DIS with BFKL dynamics
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= NLO BFKL: ., (m In L)
XB

m NLO Impact factor contains contributions prop. to «;In xiB which
can be included in the LLA.

m Need systematics of perturbation theory
= Operator Product Expansion formalism can be the solution.
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Semi-classical approach: Background field method

pl, Py light-cone vectors = k* = ap/' + Bph + k!
ap > ... > oy

‘Y* ‘Y*

Fields are ordered in their rapidities =

m fast fields are treated as quantum fields
m slow fields are treated as classical fields
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High-Energy Operator Product Expansion

DIS amplitude is factorized in rapidity: n

Z1
y X
Z2
Y>n ®
»
Y <n

|B) is the target state.

a2 2 d211d2Z2 A A
(BIT{ju ()i (0)}B) = [ —— 150 (x,y; 21, 22) (Bler{UZ UL} B) + ...
212
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High-Energy Operator Product Expansion

y 2 x
Y >n ®Zz
#
Y <n
2 A d2Z1d212 A A
BTG5 HB) = [T 10 vz, 22) Bl O B) + .
12

= If we use a model to evaluate (B|tr{U U1"}|B) we can calculate the DIS
cross-section.

m If we want to include energy dependence to the DIS cross section, we
need to find the evolution of (B|tr{ U U1"}|B) with respect to the rapidity
parameter 7.
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LO Impact Factor

Conformal invariance: (x*,x,)? = —x* = after the inversion x; — x, /x> and

xt = xt /3

Conformal vectors:
L Vs i 2 VS P 2
K= 2x*(s xXpa+x1) 2y*(x Y2 +yi)
P1

G = (%+Z%Lp2+zlL)r G = (T

+25p2+ 1)

. K2(C-
VExT =x,=x,ph  (similarly fory); R = %

L) @,z) = LS ik [(- G (8- ) — 3431~ )]
w2 = 6 (e ) (k- Go) OxiOYY PRS2 =i sl e

7126
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Evolution Equation

ag(m — m)Keva ®

m Separate fields in quantum and classical according to low and large rapidity.
Formally we may write:

(BIO™[B) = (04 = (0" © O,

m Integrate over the quantum fields and get one-loop rapidity evolution of the
operator O

(OM) 4 = as(m — M) Kevol @ (O"™) 4

= Where in principle O and O’ are different operators.




Non-linear evolution equation

m Linearcase O™ = a;An Keyo @ O™
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Non-linear evolution equation

m Linearcase O™ = a;An Keyo @ O™

m Non-linearcase O™ = a;An Keyo @ {OmO™}
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Non-linear evolution equation

d*z,

1
(x—2)7 N,

(U2 i = oz [ (@UPUPHUP Y ~ U

A=n —m

(Ul (URUPYy, {UPUMY, Ul Uy,
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Non-linear evolution equation

d*z,

1
(x—2)7 N,

(U2 i = oz [ (@UPUPHUP Y ~ U

A=n —m

(Ul (URUPYy, {UPUMY, Ul Uy,

m Obtain a set of rules that allow one to get the LO evolution of any
trace or product of traces of Wilson lines

m Hierarchy of evolution equation: B-JIMWLK equation.
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Leading order evolution equation

d . . .
%tr{UxU;f} = Kiot{UUf} + ... =

d A A
% <tr{ Uy U; }>shockwave = (KLOtr{ Uy U; }>shockwave
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Non-linear evolution equation: Balitsky-Kovchegov equation

Uxy) = 1 - (060 (01))

N, d*z (x —y)?
2n ) (x —2)*(y — 2)?

{Ute.2) +8(zy) —Ux.y) UG ) )

d ~
%u(xﬂy) -
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Non-linear evolution equation: Balitsky-Kovchegov equation

U(ry) =1 - el UGe) 0 (1))

d - _agN, d*z (x —y)?

P e S T

AU +UGy) ~Uxy) - UG }

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, a4n ~ 1): describes proliferation of gluons.

G. A. Chirilli (University of Regensburg) Non-linear dynamics in DIS at NLO Birmingham - UK - April 5, 2017 12/26



Non linear evolution equation: Balitsky-Kovchegov equation

Uxy) = 1 - 060 (01))

2, (r— )2 (. . R .
asN, dz (x—y) )Z{Z,{(x,z)qLU(z,y)f (x,y) —U(x,2) (z,y)}

272 ) (x—2)*(y—z

d ~
%u(xﬂy) -

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, ayn ~ 1): describes proliferation of gluons.

m LLA for DIS in semi-classical-QCD =- BK eqgn
m background field method: describes recombination process.
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High-energy expansion in color dipoles at the NLO

Y <n

The high-energy operator expansion is
T{ju (X)), ()} = /d2Z1d2Z21 (21,22, y)Tr{ U2 UM}

+ /d2Z1d2Z2d2Z3 Iﬁl%o(zl,zg,a,x, y)[tr{f]g UJ}"}tr{lA]g U;;n} — thr{f]g szn}]
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LO and NLO Impact Factor

T{.//J .]1/ } /dzzleZZ ILO Z17Z27 ,y)Tl‘{ UT’I}

/ d*21d’0d%z 1)50 (21, 20, 23, x, ) [e{ UD U e{ U2 U1} — Noe{ U7 UI7}]

pv

LO Impact Factor diagram: /-©
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NLO Photon Impact Factor

4 4 LO d2Z1d222 LA
(T4, (050 Ha] = / — I0(x, y5 21, 22) (e { U2 UM}

~ ~ d2 d2 ng v
TG0 D)™ = [z (1, 222) 4 1,20 2)
12

<[ir{U,, UL Jur{U, UL} — Nete (U, UL )]

where 15" (z1, 22, z3) is finite and conformal, while

2 +o00
o5 10 < do s
IfW(Zl,Zz,m) = 0_t12 / s
0

24w 3 2
2m 213423

is rapidity divergent.
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How to get the NLO Impact factor

4 4 dzZldzZz LO 7 7rin
(T{ju(x)jp () })a = T Ly (%, yi 21, 22) (e {UZ UL })a

d’z1d%z,
+ /szzz IO, vs 21, 20, 23 [e{ U, UL ee{ UL, UL} — Netr{ U, US M + . ..
12

=

2 2
(T )1 a] 0 = / % 150 (x, y; 21, 22) [(ee{ U7 U7} 4120
12

4 pv

d’z1d*z
= /Z7d2z3 INO(x,y; 21, 20, 235 m) [t{ U, U;g}tr{Uz3 ng} — Ntr{U;, UZTZ}]
12

) el
[ 0171a]" = 225 S (U, UL br{ U, UL}~ New{ U, UL [ 2
< L3423 -
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How to get the NLO Impact factor

d*z1dz
/ —— "5 (v 21,20, 735 [0{ U, UL Yo {UL, UL Y = Newe{ U, UL}

212
Ul
d*z1d’z 2 my Qs 10 Z%z T da i 7z, “ da
= | ——dz I} (21722,23)4'2 51— — T -
ap) m Q383 -J0 @ 0o @

x[tr{U., U he{U.,UL } — Nr{U., U] }]

+o00 el :
{/ d—aei%%—/ d—a}%—lnﬂfﬁ—ﬂ-l—c
0 Jo « 4 2

where o = ¢ and C is the Euler constant

-z OG-zl

23 o yr

Z3 is not conformal invariant in the transverse 2-d coordinate space, but QCD at
tree level has to be conformal invariant.
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NLO Impact Factor

Z _ em) -w)]
NLO LO (67 Z2 os
. . _ s 13 -
I;w (x»y’Zl,ZZ,ZBaﬁ) - _I,u,l/ X ) In 4 Z3 + conf.
T 212203

The NLO impact factor is not Mébius invariant = the color dipole with the
cutoff n = In o is not invariant.
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NLO Impact Factor

= G=n)y  0mn)d
=T xF Y

_ Lo % Zn

In —Zg + conf.

NLO . . _
I;w (x»y,ZI,ZZ,ZBW) -
2 Z12123 4

The NLO impact factor is not Mébius invariant = the color dipole with the
cutoff n = In o is not invariant.
However, if we define a composite operator (a - analog of 1.~ for usual OPE)

A A f A~ A
[Te{ U2 UL} = Te{U2 U1}
O [z T L im gty 0y — {07 0 S92 1 o(a?
+ _7'[' 23 ﬁ[ﬁ I'{ 2 z3}r{ 3 zz}_ I'{ }] + (as)
21323 Ne 21323

the impact factor becomes conformal at the NLO.
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Operator expansion in conformal dipoles

T ()} = / P2 150 (a1, 3,y {07 DT

I P A
+ [ @andada DO, a2z (el O30 0101 - (03017

2n

agN, 2 2, eMas?

L°=-10 / A2 In =2 = 2% + conf.
213223 Z1322%

The new NLO impact factor is conformally invariant.

In conformal A/ = 4 SYM theory one can construct the composite conformal
dipole operator order by order in perturbation theory.
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NLO structure functions for DIS off a large nucleus

(¢ — W LD DD D)} = / &

5 T K¢ - G)(G - G)
* /d [4 2 Z13223 (ln 2(k - G)HG - Q)

X [ir{ U, U Yer{ U, O} = Nete {0, U, Yo }

112

21d*2

{21+ 2] {0, UL Yy

12

- 2c) s Ié“’}

where
_ R’ (k-G) & [ (5-G)? (- C)(k-G)
2hu21:22:38) = s () @){w L e xR e
L E -GG G) K (G- )}+(H Q)P & {(H'Q)(H'Q)_HZ(Q-Q)
(G- GG G) (- G) (k- G)Foxrdy L (G- Q) 2(¢2- G3)
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NLO evolution of composite “conformal” dipoles in QCD

2ad n Qg P P P o
A L}]“’f = / a2 ([tr{UZIUL}tr{UQUL}—Nt.tr{umvizﬂwf

Z23 In Zl3 67 7T2)i|
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Z13123 g Z1%223 Zz3
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d°zy —2 4 <14 <23 + 204 413 4«1%24 In 2147223
47T2 A - 221422 — 224772 q’l
34 “\L147%03 7 £247473 247413

X [ll‘{ U’ IAJ‘ }ll‘{ U’: i]"‘ }{ Uu i]"‘g } - ll‘{ Uﬂ U"‘ Ui4 Ulz U:j. U*u } - <:4 — :?”

22 2 2
<12%34 I 13%24
2.2

2147253

2 2
72 2
+212%4[21 ;2;4+(1+2 2 2

213224 214423 213224 ~ L14%23
% [tr{ U, U1 Yo {0, U1 Ye{ 0., U1} — {0, U8, 0, U1 02,07} — (2 %@)}}

b=4N,—2n, . Balitsky and G.A.C

KnLo Bk = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (A = 4) part
Linearized Knio Bk reproduces the known result for the forward NLO BFKL

kernel Fadin and Lipatov (1998).
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2-gluon approx. and BFKL pomeron in DIS

e

ILOZ/A{(XJ_vyJ_)
INLO{a(x, 2) +U(z,y) — Ulx, y)}

where U/(x,y) = | — &-tr{U,U] } and we neglected the non-linear term

A~

U(x,2)U(z,y)
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NLO DIS in the k; factorization form

y*’\/\/\/\/ i:;\f\/\N\/ A
k

fke) MR o EEFR(KE) K Gl ki kL)
B V() =72U(2)
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asNe 27 [ZVa(z’) ZZVa(Z)
(Z _ Z/)2 ZIZ(Z _ Z/)Z

s 2
[t TG On) = 5 [ huta k)Vama )

G. A. Chirilli (Universi egensburg) Non-linear dynamics in DIS at NLO Birmingham - UK - April 5, 2017 23/26



NLO DIS in the k; factorization form

NLO Evolution of the unintegrated gluon distribution

d _ N [ o f T ValK)  (kK)Va(k)
2a— = d k
G / k K2 (k- k/)z]
asb . p? 67 w  10n ba
X(” 477[1 k2+7(9 3 9NC)D_ 4n
[ V(K . (k—K)? K>V, (k) (k—Kk')?
In — In }
(k _ k/)?, k/Z k/Z(k o k/)z k2
Lol { (/%)
4 (k — k)2
EN?
+35 5 C3)Valk)

. Balitsky and G.A.C.

+ F(k,K) + ®(k, k’)] Va(k’)}
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Photon Impact Factor for BFKL pomeron in momentum space

kr-factorization form I. Balitsky and G.A.C.
1"(q,k.1) N
S (@) G0 )
+(% +32) (14 24 O;—ZC.B(V))P’Z“’]
; %2;{2 (12 4 0 ) (o + o]}

I qudv
Py7 =g = e

q
pi i( #711‘2’[12)( . piF)
2 = 5\4 q -

q q-pP2 q-p2
= . L q 1 . U2 v q
P o= (g —igh —ph ) (¢ —ig” —p

( 2q-pz)( zq-pz)
= . é 1 . U2 v q
P o= (g +ig"? —ph——) ("' +ig” —p

( Zq-pz)( 26]'[’2)
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Photon Impact Factor for BFKL pomeron in momentum space

kr-factorization form I. Balitsky and G.A.C.

Fiow) = @10(v) +x,¥(v), F3(v) = Fe(v) + <Xv* %>‘I’(V),

U(v) = (7)) + 202 —7) = 2¢(4 = 27) = ¥(2 +),
1

Fob) = Py 2C 1o 22 5Lt E
Y v vy + ¥y
©) = FO)+ 53 I s o g e
1 1
) = F(VH%JFHE S22 +73W) lxjv X;(‘I’—;_:}i;”’
F(y) = 27;2 - Sijf; 20, + vaw 2

where v = 1 +iv
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Conclusions

m Dynamics of QCD at high-energy is non-linear.

m Guiding line for the systematics of the high-energy OPE is conformal
invariance in 2-d coordinates space order by order.

m The NLO Impact Factor obtained through the OPE in terms of composite
Wilson lines operators is conformal invariant and energy independent.

m NLO Impact factor for pomeron exchange in momentum space has been
obtained (aloso available in coordinate space and Mellin space).

m To get the DIS cross section at NLO at highe energy one has to convolute
the NLO impact factor with the evolution equation of tr{ Uy, UL}tr{Ux3 UL} at
LO and the LO Impact factor with NLO BK equation.

G. A. Chirilli (University of Regensburg) Non-linear dynamics in DIS at NLO Birmingham - UK - April 5, 2017 26/26



