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from 1D to 3D 

¥  The 3D internal structure of hadrons is described by 
transverse momentum dependent PDFs (also called TMDs) 

 
¥  A TMD is a 3D density function in the longitudinal momentum 

fraction x and the transverse momentum kT 
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The gluon TMD correlator for spin-1 hadrons 
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[Mulders, Rodrigues 2001] 
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Density matrix for spin-1 targets: 

3 vector parameters 5 tensor parameters 

spin vector 	 spin tensor	

! =
1
3

!
I +

3
2

Si ! i + 3 T ij ! ij
"

{ SLL , Sµ
LT , Sµ⌫

T T }{ SL, Sµ
T }

U[0,! ] ! P exp

 
" ig

Z !

0
d! µAµ(! )

!

kµ = xP µ + kµ
T + �nµ

5	

The gluon TMD correlator for spin-1 hadrons 



process-dependent gauge links 

selecting leading contributions with n 

! ij(x,kT ) ⌘
Z

d! ·P d

2! T

(2" )3 e

iká! hP, S, T |Fni(0)U[0,! ]F
nj(! )U !

[! ,0] |P, S, T i
����
! án=0

Tom	van	Daal,	DIS	2017,	Birmingham	 6	

¥  Parametrization in terms of 
Lorentz structures and 
symmetric traceless tensors 
(STTs) in kT 

 

¥  Respecting hermiticity and 
invariance under parity 

 

¥  T-odd functions are allowed 
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¥  Parametrization in terms of 
Lorentz structures and 
symmetric traceless tensors 
(STTs) in kT 

 

¥  Respecting hermiticity and 
invariance under parity 

 

¥  T-odd functions are allowed ki 1 ...i n
T !" |k T |n ein !

There are only 2 independent components: 

kij
T ⌘ ki

T kj
T +

1
2
k2

T gij
T ,

kijk
T ⌘ ki

T kj
T kk

T +
1
4
k2

T

!
gij
T kk

T + gik
T kj

T + gjk
T ki

T

"

Using STTs ensures having definite-rank 
TMDs, needed for a one-to-one mapping 
between TMDs in kT -space and bT -space. 

For mappings between kT -space and bT -space, see e.g.: 
 

[Boer, Gamberg, Musch, Prokudin 2011; Boer, Cotogno, 
TVD, Mulders, Signori, Zhou 2016; TVD 2016] 
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Parametrization in 
terms of leading-power 
gluon TMDs 

Parametrization in terms of gluon TMDs 

Tom	van	Daal,	DIS	2017,	Birmingham	

! ij(x,kT ) ⌘
Z

d! ·P d

2! T

(2" )3 e

iká! hP, S, T |Fni(0)U[0,! ]F
nj(! )U !

[! ,0] |P, S, T i
����
! án=0

8	



Comparing the quark and gluon TMDs 
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Table 1: A comparison of names for leading twist TMDs in this paper with BM (for quarks) and with
MMG and MR (for gluons).
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Table 2: An overview of the leading twist quark and gluon TMDs for unpolarized, vector polarized, and
tensor polarized targets. The functions indicated in boldface also occur as collinear PDFs, and the ones
in red are T -odd. The Dirac structures �+ , �+ �5, and i�i+ �5 = 1

2 [�+ , �i]�5 correspond to unpolarized,
longitudinally polarized, and transversely polarized quarks respectively, whereas the Lorentz structures
! gijT , i✏ijT , and kiT , kijT , etc. correspond to unpolarized, circularly polarized and linearly polarized gluons
respectively.

14

[Tangerman, Mulders 1994; Boer, Mulders 1997;    
 Bacchetta, Mulders 2000] 

[Mulders, Rodrigues 2001; 
 Boer, Cotogno, TVD, Mulders, Signori, Zhou 2016]	
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Bold face: this TMD survives integration over transverse momentum 
Red: this TMD is time reversal-odd  

Collinear gluon PDFs for spin-1 hadrons: 
  

[Jaffe, Manohar 1989] 	



Gluon vs. quark PDFs Protons in 1D

22

NNLO pQCD
flavor separation

Neural network tech. 
(“unbiased”)

LHAPDF library
...

Recommended for
LHC Run2

NNPDF collaboration[NNPDF Collaboration, 2012]  

¥  Gluons dominate over quarks at small x 
¥  What happens to the gluon TMDs as x !  0 (i.e. in the high-energy limit)? 
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Gluon distributions at small x 
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There are two fundamental (unpolarized) gluon distributions at small x: 

11	

[Kharzeev, Kovchegov, Tuchin 2003; 
 Dominguez, Marquet, Xiao, Yuan 2011; 
 Marquet, Petreska, Roiesnel 2016; etc.] 
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The gluon-gluon correlator at x=0 
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The gluon-gluon correlator at x=0 for the dipole-type gauge link 
reduces to a Wilson loop correlator: 
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The gluon-gluon correlator at x=0 
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The gluon-gluon correlator at x=0 for the dipole-type gauge link 
reduces to a Wilson loop correlator: 
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How to match f,g,h-type with e-type TMDs? 
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Transversely polarized gluon TMDs at x=0 

Conclusion: lim
x ! 0

xf

"
1T (x, k

2
T ) =

k 2
T

2M2
eT (k

2
T ) , etc.

�[+,! ] ij
T

(x,kT ) =
x

2

!

!
g

ij

T !ST kT
T

M

f

"
1T (x,k2

T ) +
i! ijT kT ·ST

M

g1T (x,k2
T )

!
! kT { i
T S

j}
T + !ST { i

T k

j}
T

4M
h1(x,k2

T ) !
! { i
T

↵

k

j} ↵ST
T

2M3
h

"
1T (x,k2

T )

"

x# 0!"
k

i

Tk
j

T

2" L
�[⇤]
0
T

(kT ) =
k

i

Tk
j

T

2M2

!ST kT
T

M

e

T

(k2
T )

=
1
2

!

!
g

ij

T !ST kT
T

M

k2
T

2M2
e

T

(k2
T )

!
! kT { i
T S

j}
T + !ST { i

T k

j}
T

4M
k2

T

2M2
e

T

(k2
T ) !

! { i
T

↵

k

j} ↵ST
T

2M3

#
! e

T

(k2
T )

$
"

The function eT  shows up in                      , 
which contains the dipole odderon 
operator. This in agreement with [Boer, 
G. Echevarr’a, Mulders, Zhou 2015] 

! [! ]
0 ! ! [! †]

0

see Jian ZhouÕs talk 
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A simple picture of gluon TMDs at small x 

In the small-x limit we see that 
 

¥  ... the gluon TMDs either vanish or become equal to each other 
¥  É the nonvanishing gluon TMDs are proportional to 1/x (up to resummed logs) 
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Polarization Relations between gluon TMDs in the small- x limit

U f 1 = k 2
T

2M 2 h?
1

L g1 = h?
1L = 0

T f ?
1T = h1 = � k 2

T
2M 2 h?

1T , g1T = 0

LL f 1LL = k 2
T

2M 2 h?
1LL

LT f 1LT = h1LT = � k 2
T

4M 2 h?
1LT , g1LT = 0

TT f 1T T = 2M 2

3k 2
T

h1T T = � 1
2 h?

1T T = k 2
T

6M 2 h??
1T T , g1T T = 0

[Boer, Cotogno, TVD, Mulders, Signori, Zhou 2016]	



Bounds on gluon TMDs 
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The definition of the spin-averaged gluon-gluon correlator: 
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Bounds on gluon TMDs 
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Bounds on gluon TMDs 
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Bounds on gluon TMDs 
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For simplicity we look at 2x2 submatrices, e.g.: 

G is a positive semi-definite 6x6 matrix: ! z " C6 : z† G(x, kT ) z # 0
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Bounds on gluon TMDs 
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G(x,kT ) =
x

2

!

"
"
"
"
"
"
#

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . f1 + g1 + f 1LL

2 �2h1T T . . . . . .

. . . . . . �2h1T T f1 + g1 + f 1LL

2 . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

$

%
%
%
%
%
%
&

For simplicity we look at 2x2 submatrices, e.g.: 

G is a positive semi-definite 6x6 matrix: ! z " C6 : z† G(x, kT ) z # 0

|h1T T |  1

2

✓
f 1 + g1 +

f 1LL

2

◆
Positivity bound: 

É in this way we obtain  
9 different bounds in total. 

Bounds on gluon TMDs for spin-1/2 hadrons: 
 

[Mulders, Rodrigues 2001] 
 
Bounds on quark TMDs for spin-1 hadrons: 
  

[Bacchetta, Mulders 2001] 
 
Bounds on gluon PDFs for spin-1 hadrons: 
 

[Cotogno 2017] 	

[Cotogno, TVD, work in progress]	
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Bounds on Wilson loop TMDs 

23	

G[! ]
0 (kT ) =

! L
M2

!

"
"
"
#

e + eLL
2

|kT | (eLT + ieT ) e! i !
!

2M
k2

T eT T e! 2 i !

M2

|kT | (eLT " ieT ) ei !
!

2M
e ! eLL ! |kT | (eLT " ieT ) e! i !

!
2M

k2
T eT T e2 i !

M2 ! |kT | (eLT + ieT ) ei !
!

2M
e + eLL

2

$

%
%
%
&

! [⇤]
0 (kT ) ! Tr

!
⇢ G[⇤]

0 (kT )
"

= ⇢! ! ! G[⇤]
0 !! ! (kT )

Similarly we have for the spin-averaged Wilson loop correlator: 

G is a positive semi-definite 3x3 matrix in hadron spin space: 
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Bounds on Wilson loop TMDs 
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G[⇤]
0 (kT ) =

⇡L

M2

!

"
#

e+ eLL
2

|kT | (eLT + i eT ) e�i�

p
2M

. . .
|kT | (eLT�i eT ) ei�

p
2M

e ! eLL . . .

. . . . . . . . .

$

%
&

G[! ]
0 (k T ) =

! L
M 2

!

"
#

e+ eLL
2 . . . k 2

T eT T e�2i �

M2

. . . . . . . . .
k 2

T eT T e2i �

M2 . . . e+ eLL
2

$

%
&

k 2
T

2M2

�
eT

2 + eLT
2� ! (e " eLL)

⇣
e +

eLL

2

⌘
Positivity bound: 

k 2
T

M2
|eT T | ! e+

eLL

2
Positivity bound: 

We again look at 2x2 submatrices. [Cotogno, TVD, work in progress]	
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Summary 

¥  New gluon TMDs for tensor polarized targets have been introduced, 
relevant for spin-1 hadrons. They could be investigated at the EIC using 
deuterons. 

 
¥  The dipole-type gluon-gluon correlator at x=0 reduces to the F.T. of a 

Wilson loop that can be parametrized in terms of a small set of TMDs. 
 
¥  In the small-x limit the picture of gluon TMDs becomes very simple: they 

either vanish or become equal to each other. 

¥  The gluon and Wilson loop TMDs satisfy certain positivity bounds that 
can be used to estimate the magnitude of the functions. 
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Backup slides 



Density matrix for spin-1 targets 
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⇢ =

0

BB@

1
3 + SL

2 + SLL
3

S1
T�iS2

T

2
p
2

+ S1
LT�iS2

LT

2
p
2

S11
TT�iS22

TT
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T+iS2
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2
p
2

+ S1
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LT

2
p
2

1
3 � 2SLL

3
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T�iS2
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p
2

� S1
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2
p
2
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TT+iS22
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2
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p
2

� S1
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1
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Gluon distributions at small x 
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There are two fundamental (unpolarized) gluon distributions at small x: 
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WW [+,+]: 

DP [+,�x]: 

xG

(1) (x, kT ) = � 4
g

2

Z
d

2x Td
2y T

(2! )3 e

! ikT á(x T ! y T )
D

("
i

Ux )U  
y ("

i

Uy )U  
x
E

x

xG(2) (x, kT ) =
4
g2

!
d2
xT d2

yT

(2! )3 e! ikT á(xT ! yT )
"

("
i

U 
x

)( "
i

U
y

)
#

x

[table taken from Dominguez, Marquet, Xiao, Yuan 2011] 

Selection of processes that probe the WW or DP distributions (at large Nc): 


