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Figure 4: Kinematics of the leading order process for the forward inclusive hadron production.

In this illustration the quark from the incoming projectile interacts with the dense gluon field

of the nucleus and emerges with the additional transverse momentum. Finally it hadronizes

into the hadron which is detected experimentally. Similar process exists for the initial state

gluon.

applied to the linear case. The solution with the resummation was shown to be numerically

stable [50, 42, 43].

3 Forward inclusive hadron production at LO

In the previous section, we have introduced the concept of parton saturation and how can it

be described through the nonlinear evolution equations derived in QCD. The major question is

whether this phenomenon is present in hadron collisions at currently attained collider energies,

and how to observe it in experimental data and best quantify it.

There have been many phenomenological applications of the small x formalism which include

parton saturation e↵ects. Among them are the calculations of the inclusive structure function

at HERA [51, 52, 53, 54, 55], di↵raction and vector meson production [56, 57, 58, 59, 40, 60],

and also multiplicities at RHIC and LHC in proton-proton and heavy nucleus collisions [61],

to name just a few. In this review we shall focus on the inclusive forward production of single

hadrons in proton-nucleus collisions. In this section we shall describe the special formalism

for the calculation of this process in the high energy limit and its extension beyond the lowest

order of accuracy.

We start the small-x description of the forward production in pA collisions by considering

the scattering of a quark on a nucleus, which is illustrated in Fig. 4. Multiple scattering of the

quark o↵ the gluons in the field of the nucleus can be encompassed in the Wilson line

U(x?) = P exp
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where the integral is over the path of the quark which is traveling along the x+ direction, and

A�
a (x+, x?) is the gluon field of the nucleus, the solution of the classical Yang-Mills equation.

Here, T a is an SU(3) generator matrix in the fundamental representation, and gs is the strong

coupling. We shall be working in the high energy or small x approximation, which assumes a
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Hybrid factorization at LO in pA - (Dumitru, Hayashigaki, Jalilian-Marian - 2006)

I Dilute projectile is treated in the spirit of the collinear factorization.
I Dense target is treated in the CGC framework.

which is expressed only through the dipole amplitudes in the fundamental representation.

In order to write the cross section for the production of a hadron one needs to convolute the

quark and gluon production cross section with the appropriate fragmentation function. The

final expression for the the cross section for the production of a hadron at forward rapidity in

the lowest order in the saturation formalism can be expressed as

d3�pA!hX

dyhd2~p?
=

Z 1

⌧

dz

z2

X

f

xpqf (xp) Fxg(k?)Dh/f (z) + xpg (xp) F̃xg(k?)Dh/f (z)

�
. (18)

We can express the other kinematical variables (at the parton level) in terms of the hadron

transverse momentum p?, i.e. k? = p?/z, xp = p?
z
p

s
eyh , ⌧ = zxp, and xg = p?

z
p

s
e�yh . In the

above formula Dh/f and Dh/g are fragmentation functions for the fragmenting quark and gluon

into hadron correspondingly.

There are several important points about this formula. The transverse momentum depen-

dence of the produced hadron is generated exclusively from the transverse momentum depen-

dence of the unintegrated gluon distributions in the nucleus Fxg(k?) and F̃xg(k?). The lowest

order process here is a 2 ! 1 process. This is in contrast with the collinear approach where the

hard scattering process is 2 ! 2 (at the lowest order) and the transverse momentum depen-

dence is generated through the hard scattering only. The formalism here includes two types

of distributions: it includes the unintegrated parton distribution from the nucleus side and the

collinear parton distribution on the hadron side. As such it is highly asymmetric and only

applicable at very high rapidities. Also, formally at this order both the parton distribution

and fragmentation functions do not possess any scale dependence. For the phenomenological

applications however, the scale-dependent parton distribution xpq (xp, µ
2) and fragmentation

function Dh/q (z, µ2) have been commonly used. Finally, at this lowest order, the correlators

S
(2)
xg are rapidity independent. The rapidity dependence can be incorporated through the BK

evolution equation, which enters formally at higher order as we shall see in the next section.

Formula (18) has been extensively used for phenomenology, in particular for the description

of the nuclear ratios

Rp(d)A(p?, yh) =

d2�pA!hX

dyhd2p?

Ncoll
d2�pp!hX

dyhd2p?

. (19)

where Ncoll is the number of collisions.

4 Forward inclusive production at NLO

Moving beyond leading order, there are two main sources of subleading corrections to the

pA ! hX cross section. One is the corrections to the BK evolution previously discussed in

section 2. The next-to-leading corrections to the BK evolution have been computed in Ref. [20],

and more recently the next-to-leading order form of the more general JIMWLK equation has
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Albacete, Dumitru, Fujii, Nara (2013):

Evolution equations and factorization in pA collisions
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Phenomenology for single-inclusive particle production
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Fits of the single-inclusive hadron or pion production cross-section at
forward rapidity in p-p and d-Au collisions at RHIC, using the hybrid
factorization at LO, and running coupling BK evolution.

Similar results at LHC (p-p and p-Pb) and Tevatron (p-p) at central
rapidity, using k?-factorization.

Albacete, Dumitru, Fujii, Nara (2013)

see also: Albacete, Marquet (2010); Lappi, Mäntysaari (2013); . . .



NLO expressions contain divergences that have to be regulated properly to have
a finite result. (Altinoluk, Kovner (2011) + Chrilli, Xiao, Yuan (2012))

I Rapidity divergences incorporated by BK of the target
I Initial and final state collinear divergences incorporated by DGLAP of the

PDFs and FFs.

However,

3

0 1 2 3
10�7

10�5

10�3

10�1

101

⌘ = 3.2
(⇥0.1)

⌘ = 2.2

p?[GeV]

d
3
N

d
⌘
d
2
p
?

⇥ G
eV

�
2
⇤

BRAHMS ⌘ = 2.2, 3.2

LO

NLO

data

1 1.2 1.4 1.6 1.8 2
10�6

10�5

10�4

10�3

10�2

p?[GeV]

d
3
N

d
⌘
d
2
p
?

⇥ G
eV

�
2
⇤

STAR ⌘ = 4

LO

NLO

data

FIG. 1: Comparisons of BRAHMS [10] (h�) and STAR [11] (⇡0) yields in dAu collisions to results of the numerical calculation
with the rcBK gluon distribution, both at leading order (tree level) and with NLO corrections included. The edges of the solid
bands were computed using µ2 = 10 GeV2 to 50 GeV2.

tion becomes negative increases with rapidity, as can be
seen from Fig. 1. Once the hadron transverse momentum
p? is larger than Qs(xg), the NLO correction starts to
become very large and negative. This indicates that we
need to either go beyond NLO or perform some sort of
resummation when p? > Qs(xg), due to this theoreti-
cal limitation of the dilute-dense factorization formalism
at NLO. This is an important problem but it lies out-
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FIG. 2: Comparisons of BRAHMS data [10] at ⌘ = 3.2 with
the theoretical results for four choices of gluon distribution:
GBW, MV with ⇤ = 0.24 GeV, BK solution with fixed cou-
pling at ↵s = 0.1, and rcBK with ⇤QCD = 0.1 GeV. The edges
of the solid bands show results for µ2 = 10 GeV2 to 50 GeV2.
As in other figures, the crosshatch fill shows LO results and
the solid fill shows NLO results.

side the scope of the current work and we will leave this
to future study. Given these limitations, we expect the
dilute-dense factorization formalism to work much better
for more forward rapidity regions. This trend is indeed
observed in Fig. 1 and Fig. 3. Nevertheless, as shown in
all the plots, the results computed from SOLO are stable
and reliable as long as p? < Qs(xg).

Furthermore, we have also run SOLO with three
other choices of dipole gluon distribution: the Golec-
Biernat and Wustho↵ (GBW) model [34], the McLerran-
Venugopalan (MV) model [4], and the solution to the
fixed coupling BK equation. As shown in Fig. 2, all four
parametrizations give similar results and agree with the
BRAHMS data in the p? < Qs region. For other plots,
we only use the rcBK solution, which is the most sophis-
ticated parametrization.

Fig. 3 shows predictions made by SOLO for pPb col-
lisions at high pseudorapidities which are accessible at
LHC detectors, in particular 5.3  ⌘  6.5 for TOTEM’s
T2 telescope [35] and ⌘ � 8.4 at LHCf [36]. Of course,
our prediction in the left plot should only be valid when
p? < 3 GeV, which is about the size of the saturation
momentum at the corresponding rapidity.

One of the advantages of the NLO results is the signif-
icantly reduced scale dependence as shown in Fig. 4. In
principle, cross sections for any physical observable, if it
could be calculated up to all order, should be completely
independent of the factorization scale µ. However, as
shown in Fig. 4, the LO cross section is a monotonically
decreasing function of the factorization scale µ. This is
well-known and is simply due to the fact that an increase
of µ causes both the parton distribution function (in the
region x > 0.1) and the fragmentation function (in the



Several attempts to isolate and fix the problem. . .

Stasto, Yuan, Xiao, Zaslavsky (2014)
Altinoluk, Armesto, G.B., Lublinsky, Kovner (2015)
Watanabe, Yuan, Xiao, Zaslavsky (2015)
Ducloue, Lappi, Zhu (2016)
Iancu, Mueller, Triantafyllopoulos (2016)

Even though they differ in details, the main ingredient in these attempts are:
(i) Consistent regularization of the rapidity divergence.
(ii) Using Ioffe time restriction or exact kinematics to match the collinear
calculation.
New numerical analysis (Watanabe, Yuan, Xiao, Zaslavsky (2015)):
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FIG. 5. Comparison of STAR data [10] with
p

sNN = 200GeV at y = 4 with results from SOLO for the
GBW and rcBK models. The color scheme is the same as in figure 4, and again, the error band comes from
µ2 = 10 GeV2 and 50GeV2. We do not see the negative total cross section because the cuto↵ momentum
above which the cross section becomes negative is larger than the p? of the available data, and in fact larger
than the kinematic limit

p
sNNe�y.
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FIG. 6. Comparison of ATLAS forward-rapidity data [21] with the center-of-mass energy of
p

sNN =
5.02 TeV at y = 1.75 with SOLO results for the GBW and rcBK models. Again, the color scheme is the
same as in figure 4. Here the error band shows plots for µ2 = 10 GeV2 and µ2 = 100 GeV2. Since the
numerical data for these measurements are not published, we have extracted the ATLAS points from Fig. 6
of Ref. [21]. The extraction procedure introduces uncertainties comparable to the size of the points.

In Figure 7, we show the comparison between the ALICE and ATLAS data at y = 0 and the
numerical results from SOLO. We find that the full NLO results, especially the one with the rcBK
solution, miss the data. (It seems that the GBW model roughly agrees with the data, but we believe
that it is probably just a coincidence.) This indicates that the dilute-dense factorization breaks
down at y = 0. This is completely expected for the following reason. First, the collinear parton
distributions of the proton projectile do not resum small-x logarthms and may have considerable


