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Review

Appendix to Matt’s talk...

From 1512.02222 (Kim, Matchev, Park)
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Motivation

Why we need boundary

We want to do a realistic
mass measurement!
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Figure 1: The typical cascade decay chain under consideration in this paper. Here D, C, B and
A are new BSM particles, while the corresponding SM decay products are: a QCD jet j, a “near”
lepton !±

n and a “far” lepton !∓
f . This chain is quite common in SUSY, with the identification D = q̃,

C = χ̃0
2, B = !̃ and A = χ̃0

1, where q̃ is a squark, !̃ is a slepton, and χ̃0
1 (χ̃0

2) is the first (second)
lightest neutralino. In what follows we shall quote our results in terms of the D mass mD and the
three dimensionless squared mass ratios RCD, RBC and RAB defined in eq. (1.6).

1. Introduction

SUSY is a primary target of the LHC searches for new physics beyond the Standard Model

(BSM). In SUSY models with conserved R-parity the superpartners are produced in pairs

and each one decays through a cascade decay chain down to the lightest superpartner (LSP).

If the LSP is the lightest neutralino χ̃0
1, it escapes detection, making it rather difficult to

reconstruct directly the preceding superpartners and thus measure their masses and spins.

In recognition of this fact, in recent years there has been an increased interest in developing

new techniques for mass [1–49] and spin [50–76] measurements in such SUSY-like missing

energy events.

Roughly speaking, there are three basic types of mass determination methods in SUSY1.

In this paper we concentrate on the classic method of kinematical endpoints [1]. Following

the previous SUSY studies, for illustration of our results we shall use the generic decay chain

D → jC → j!±
n B → j!±

n !∓
f A shown in Fig. 1. Here D, C, B and A are new BSM particles

with masses mD, mC , mB and mA. Their corresponding SM decay products are: a QCD jet

j, a “near” lepton !±
n and a “far” lepton !∓

f . This decay chain is quite common in SUSY,

with the identification D = q̃, C = χ̃0
2, B = !̃ and A = χ̃0

1, where q̃ is a squark, !̃ is a slepton,

and χ̃0
1 (χ̃0

2) is the first (second) lightest neutralino. However, our analysis is not limited to

SUSY only, since the chain in Fig. 1 also appears in other BSM scenarios, e.g. Universal

Extra Dimensions [77]. For concreteness, we shall assume that all three decays exhibited in

Fig. 1 are two-body, i.e. we shall consider the mass hierarchy

mD > mC > mB > mA > 0. (1.1)

1For a recent study representative of each method, see Refs. [43,47,49].
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”2+2+2” topology!

Traditional way

mmax
j`n , mmax

j`f
, mmax

`` , mmax
j``

4 unknowns, 4 equations

Combinatorial problem

Cannot tell `n and `f
mj`(hi) ≡ max{mj`n ,mj`f }
mj`(lo) ≡ min{mj`n ,mj`f }
mmax
`` , mmax

j`` , mmax
j`(hi), m

max
j`(lo)

4 unknowns, 4 equations, again

What goes wrong with classical
method?
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Motivation

Why we need boundary

Piecewise-defined formulae!

In (2, 3), (3, 1), (3, 2):

(mmax
j`` )2 = (mmax

`` )2 + (mmax
j`(hi)

)2

4 unknowns, 3 equations

Classical method doesn’t work!

Study point P32 P31

mA (GeV) 126.5 5000.0

mB (GeV) 282.8 5207.4

mC (GeV) 447.2 5324.2

mD (GeV) 500.0 5372.1

mmax
`` (GeV) 309.8

mmax
j`` (GeV) 368.8

mmax
j`(hi) (GeV) 149.1

mmax
j`(lo) (GeV) 200.0

For a set of given edge
→ 1-parameter family!
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Motivation

Why we need boundary
edges and end-points formulae

(mmax
ll )

2
= m2

D RCD (1 − RBC ) (1 − RAB)

(mmax
j`` )

2
=


m2

D (1− RCD )(1− RAC ), RCD < RAC , case (1,−)

m2
D (1− RBC )(1− RABRCD ), RBC < RABRCD , case (2,−)

m2
D (1− RAB )(1− RBD ) , RAB < RBD , case (3,−)

m2
D

(
1−

√
RAD

)2
, otherwise, case (4,−)

(
mmax

j`(lo)

)2
=


m2

D (1− RCD ) (1− RBC ) , (2− RAB )−1 < RBC < 1, case (−, 1)

m2
D (1− RCD ) (1− RAB ) (2− RAB )−1 , RAB < RBC < (2− RAB )−1, case (−, 2)

m2
D (1− RCD ) (1− RAB ) (2− RAB )−1, 0 < RBC < RAB , case (−, 3)

(
mmax

jl(hi)

)2
=


m2

D (1− RCD ) (1− RAB ), (2− RAB )−1 < RBC < 1, case (−, 1)

m2
D (1− RCD ) (1− RAB ) , RAB < RBC < (2− RAB )−1, case (−, 2)

m2
D (1− RCD ) (1− RBC ) , 0 < RBC < RAB , case (−, 3)

From 0903.4371 (Burns, Matchev, Park)
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Motivation

Why we need boundary
The 1-parameter family

For case of (mmax
j`` )2 = (mmax

`` )2 + (mmax
j`(hi)

)2, the best thing we can do is
to parametrize this one-parameter family as:

mD = mD(mA;mmax
`` ,mmax

j`` ,mmax
j`(lo)

),

mC = mC (mA;mmax
`` ,mmax

j`` ,mmax
j`(lo)

),

mB = mB(mA;mmax
`` ,mmax

j`` ,mmax
j`(lo)

),

mA
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Motivation

Why we need boundary
The 1-parameter family

Where m̃A is

100 GeV

126.5 GeV∗

173 GeV

500 GeV

2000 GeV

4000 GeV
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Motivation

How we get the boundary

Disadvantage of likelihood method:

it relies on interior information, i .e. matrix element.
background (mainly tt̄) events populates outside the signal
boundary

Let’s try the boundary enhancement!

Voronoi tessellation partitions the phase space into cells

Each point gets a cell
Cells have geometry properties:

volume
neighbor
And many others!

They are helpful for boundary determination!

Yuan-Pao Yang University of Texas at Austin
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Definition

Definition
Optional Subtitle

”The Voronoi diagram for a set of points in a given space Rd is
the partitioning of that space into regions such that all locations
within any one region are closer to the generating point than to
any other.”

From Voro Wiki

Yuan-Pao Yang University of Texas at Austin
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Examples

Bay Area Airports
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Examples

Bay Area Airports
with Voronoi
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Examples

Box
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Examples

Box
with Vonoroi
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Toy model

What do we want in the toy model?
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Figure 1: The typical cascade decay chain under consideration in this paper. Here D, C, B and
A are new BSM particles, while the corresponding SM decay products are: a QCD jet j, a “near”
lepton !±

n and a “far” lepton !∓
f . This chain is quite common in SUSY, with the identification D = q̃,

C = χ̃0
2, B = !̃ and A = χ̃0

1, where q̃ is a squark, !̃ is a slepton, and χ̃0
1 (χ̃0

2) is the first (second)
lightest neutralino. In what follows we shall quote our results in terms of the D mass mD and the
three dimensionless squared mass ratios RCD, RBC and RAB defined in eq. (1.6).

1. Introduction

SUSY is a primary target of the LHC searches for new physics beyond the Standard Model

(BSM). In SUSY models with conserved R-parity the superpartners are produced in pairs

and each one decays through a cascade decay chain down to the lightest superpartner (LSP).

If the LSP is the lightest neutralino χ̃0
1, it escapes detection, making it rather difficult to

reconstruct directly the preceding superpartners and thus measure their masses and spins.

In recognition of this fact, in recent years there has been an increased interest in developing

new techniques for mass [1–49] and spin [50–76] measurements in such SUSY-like missing

energy events.

Roughly speaking, there are three basic types of mass determination methods in SUSY1.

In this paper we concentrate on the classic method of kinematical endpoints [1]. Following

the previous SUSY studies, for illustration of our results we shall use the generic decay chain

D → jC → j!±
n B → j!±

n !∓
f A shown in Fig. 1. Here D, C, B and A are new BSM particles

with masses mD, mC , mB and mA. Their corresponding SM decay products are: a QCD jet

j, a “near” lepton !±
n and a “far” lepton !∓

f . This decay chain is quite common in SUSY,

with the identification D = q̃, C = χ̃0
2, B = !̃ and A = χ̃0

1, where q̃ is a squark, !̃ is a slepton,

and χ̃0
1 (χ̃0

2) is the first (second) lightest neutralino. However, our analysis is not limited to

SUSY only, since the chain in Fig. 1 also appears in other BSM scenarios, e.g. Universal

Extra Dimensions [77]. For concreteness, we shall assume that all three decays exhibited in

Fig. 1 are two-body, i.e. we shall consider the mass hierarchy

mD > mC > mB > mA > 0. (1.1)

1For a recent study representative of each method, see Refs. [43,47,49].
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Toy Background

Uniform!

Toy Signal

3-D

Enhancement on the
boundary
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Toy model

Geometry Properties

No. of neighbors

volume

isoperimetric q:
volume

(surface area)3/2

relative std:
std of neighbor′s volume

average of neighbor′s volume

Yuan-Pao Yang University of Texas at Austin
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Toy model

Geometry Properties
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Phase Space

Simple Case
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Phase Space

With Combinatorics
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Realistic Problem

Review of the problem
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Figure 1: The typical cascade decay chain under consideration in this paper. Here D, C, B and
A are new BSM particles, while the corresponding SM decay products are: a QCD jet j, a “near”
lepton !±

n and a “far” lepton !∓
f . This chain is quite common in SUSY, with the identification D = q̃,

C = χ̃0
2, B = !̃ and A = χ̃0

1, where q̃ is a squark, !̃ is a slepton, and χ̃0
1 (χ̃0

2) is the first (second)
lightest neutralino. In what follows we shall quote our results in terms of the D mass mD and the
three dimensionless squared mass ratios RCD, RBC and RAB defined in eq. (1.6).

1. Introduction

SUSY is a primary target of the LHC searches for new physics beyond the Standard Model

(BSM). In SUSY models with conserved R-parity the superpartners are produced in pairs

and each one decays through a cascade decay chain down to the lightest superpartner (LSP).

If the LSP is the lightest neutralino χ̃0
1, it escapes detection, making it rather difficult to

reconstruct directly the preceding superpartners and thus measure their masses and spins.

In recognition of this fact, in recent years there has been an increased interest in developing

new techniques for mass [1–49] and spin [50–76] measurements in such SUSY-like missing

energy events.

Roughly speaking, there are three basic types of mass determination methods in SUSY1.

In this paper we concentrate on the classic method of kinematical endpoints [1]. Following

the previous SUSY studies, for illustration of our results we shall use the generic decay chain

D → jC → j!±
n B → j!±

n !∓
f A shown in Fig. 1. Here D, C, B and A are new BSM particles

with masses mD, mC , mB and mA. Their corresponding SM decay products are: a QCD jet

j, a “near” lepton !±
n and a “far” lepton !∓

f . This decay chain is quite common in SUSY,

with the identification D = q̃, C = χ̃0
2, B = !̃ and A = χ̃0

1, where q̃ is a squark, !̃ is a slepton,

and χ̃0
1 (χ̃0

2) is the first (second) lightest neutralino. However, our analysis is not limited to

SUSY only, since the chain in Fig. 1 also appears in other BSM scenarios, e.g. Universal

Extra Dimensions [77]. For concreteness, we shall assume that all three decays exhibited in

Fig. 1 are two-body, i.e. we shall consider the mass hierarchy

mD > mC > mB > mA > 0. (1.1)

1For a recent study representative of each method, see Refs. [43,47,49].
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Study Case: (mA,mB ,mC ,mD)=(126.5, 282.8, 447.2, 500) GeV

Inside (3, 2) region ((mmax
`` )2 + (mmax

j`(hi))2 = (mmax
j`` )2)

Cannot solve the 4 equations after measuring the 4 edges
(4 unknowns, 3 ind. equations)

Can express as (m̃A, m̃B(m̃A), m̃C (m̃A), m̃D(m̃A)) 1-parameter
family

Yuan-Pao Yang University of Texas at Austin
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Realistic Problem

Scan the 1-parameter family

1 We can explore the 1-parameter family by varying m̃A

2 For a given m̃A, we can know the cells laying on the boundary

3 We can calculate the average RSD per unit area of boundary
cells

4 Expect the true spectrum will maximize that average

Yuan-Pao Yang University of Texas at Austin
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Realistic Problem

Scan the 1-D family

NS 3000
mA 126.5

NB 3000 4000 5000 6000
m̃A 116 125 125 125

Yuan-Pao Yang University of Texas at Austin
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Realistic Problem

Scan the 1-D family
With detector effect

NS 3000
mA 126.5

NB 3000 4000 5000 6000
m̃A 107 107 116 116

Yuan-Pao Yang University of Texas at Austin
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Summary

Have done...

With Voronoi tessellation, determined the boundary of
”2+2+2” topology signal under tt̄ background, combinatorics,
and detector effect.

Potential extension:

different topology
discovery!

Yuan-Pao Yang University of Texas at Austin
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Backup

Yuan-Pao Yang University of Texas at Austin

Improving mass measurement in cascade decay with Voronoi tessellations



Introduction What is Voronoi Tessellation Results Summary Backup

Energy resolution

Hadronic calorimeter resolution

σ
E

=
(

1√
E

)
Eletromagnetic calorimeter resolution

(σE )
2
=
(

0.0363√
E

)2
+( 0.124

E )
2
+0.00262

Muon momentum resolution

From ”CMS physics: Technical design report,” CERN-LHCC-2006-001, CMS-TDR-008-1

Yuan-Pao Yang University of Texas at Austin
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