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Maxwell equations

General review

The lumped element limit

The wave equation

Maxwell equations for time harmonic fields
Fields in media and complex permittivity
Boundary conditions and materials

Plane waves

Boundary value problems for metallic waveguides

The concept of mode

Maxwell equations and vector potentials
Cylindrical waveguides: TM, TE and TEM modes
Solving Maxwell Equations in metallic waveguides
Rectangular waveguide (detailed example)

Goal of the Show principles behind the practice
lecture discussed in the RF engineering module
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Maxwell equations

Schedule
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Feb 15"

Arrival and registration

Introduction to RF
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A. Mostacci

Vacuum systems
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RF Engineering
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F. Caspers

RF Engineering
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F. Caspers
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LUNCH OFFERED BY ESI
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students 2017 AT
E. Métral V. Baglin F. Caspers F. Caspers CERN
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practical days lecture tutorial tutorial
- AD/ELENA
Magne, Superconductivity F. Caspers F. Caspers /M. Wendt F. Caspers /M. Wendt LINAC /LEIR
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Coffee Break
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RF Engineering
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F. Caspers

Accelerator driven system
Seminar
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F. Caspers

*
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Maxwell equations in vacutm_.. =7

% — : e\ N =

V-E=p/e E  Electric Field
V-B=0 55 B Magnetic Flux Density
VXE:_E Electric Ch Densi (C/m?)

) o ) f ectric Charge Density
V x B= Hoco— + Lo J  Electric Current Density  (A/m?)
o = 4w 1077 (H/m) €0 = 1/cpuy = 8.8542 10712 (F/m) c = 1/y/uoeo = 299792458 (m/s)
Magnetic constant Electric constant Speed of light

Divergence operator Curl operator

—

V-A=... VxA=C

l

Q

R ’

WATER - DIVINER

&) )

The source of A is ... A is chained to C
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The reality ... ... the model
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Magnetic medium:

Superconductor,
Ferrite ...
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Magnetic materials
(ferrite, superconductor)

Polarization charges Magnetization currents

Electric insulators (dielectric)

D Electric Flux Density (C/m?) H Magnetic Field (A4/m)

P Electric Polarization (C/m?) M Magnetization  (A/m)

Equivalence Principles in Electromagnetics Theory
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\WE Il equations: general expression = -
I\{la_xwg\n.ggytat ons: generdle p,e‘jﬂq €5F

Electric Field
Magnetic Field

<
wef}
o

B Magnetic Flux Density ~ (Wb/m?)

. 9D . D Electric Flux Density (C/m?)
VxH=—+J
ot
5 @ o Electric Charge Density (C/m’)
= B S . .
VxE=——- s J Electric Current Density (A4/m?)
Continuity equation is included 7
Y.
V-J=—— rTSN TSN 27 g%
ot \ \ \ \ \
1eeilee)! @ I\00 o0
At a given position, the source of J ~27 ~=7 ~-7 '~/ J_7

WATER-DIVINER 1S the decrease of charge 1n time Fixed position t
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Maxwell eguations: the static limi€) =/
4 P A P\l » S iy

S———

Lumped elements
(electric networks)

Ohm Law
9 0 The lumped elements model for electric networks is used also when
ot the field variation is negligible over the size of the network.
%) S The E field is conservative.
— =0 VxE=0

The energy gain of a charge in closed circuit is zero.

< > No static, circular accelerators (RF
E |

free space B equation
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Solution of}?llaxwell Equatlons ther M \ﬁy'

LI
F“*q i l

—t

flx £ovt) <=

Maxwell Equations: free space, no sources

V-E=0 V-H=0
VxE= —MO%
V X ﬁ—e()%f
V2E:M0€0%2—7f
10 VIH = s a;tél

—

vt

Wave equation (1D)

V(V-E)—V%E = -V%E
V ><||V x F
|| .
—MO%(V x H) = —M0€088t
1

,U_QZ'LLOEO:>U: = C

v H0€0

Wave equation (3D)
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Harmonch:rme dependencéand _

YA ﬂ(‘; A ' |
Assuming sinusoidal electric field (Fourier)

Time dependence =—> /¥l = /2™ 1 — prald = jw. ..

E(r,t) = Re {E(F, w)ej“t} Phasors are complex vectors

Power/Energy depend on time average of quadratic quantities

1 [t .
— E(Ft) - E(Ftdt = - =

average T

- ]' = % (=
E(rt §E(T7W> - EY(F,w) =|Egps(F,w)

Frais| =[] /v2

In the following we will use the same symbol for
Real vectors Complex vectors

E(7 t), H(F,1),. .. E(7 tw), H(F,w),. ..

Note that, with phasors, a time animation is identical to phase rotation.

11 Andrea.Mostacci@uniromal.it



8 man'’s height
o < paperclip blood viruses atom
N O thickness cells (0/
- % bas b1!| paper - " water molecule nal}gl?bcs —>
a c € U
s football field @ thlcknoss . :
wavelength | 2 2 1 h 1 ¢m 14 : i 1 am 1 pm
AL 10° 102 102 1 10‘1 10’2 10'3 10~ 10'5 10'6 107 10% 10° 10'10 10'" 10712
Biological lonizing Radiation
Effect Induced Currents lonization — DNA Damag
electron volt__| 1 1 ] 1 ] 1 1 ! ] 1 1 1 ! 1 1
(v} 10 108%° 107 10% 105 10¢ 10° 10% 107! 1 10 10? 10%: 10* 108 ¢ 10°
i | N\~
—
1 MHz 1 GHz 1THz 1 PHz : 1 EHz 12ZHz
frequency 1 1 ] ] 1 L 1 1 1 R 1 1
H2) 105 105 107 10® 10° 10%° 10" 10" 10% 10'4 3 10"5 (1017 10% 10 102 10%
%) .
° X-rays & Gamma Rays
3 Soft X-ray Hard xray
Q =r
3 o
3 ; -
o F rbe telecom | : Dental Cunrg '
S % 71, , 200-350nm !
0w g %
3 c AM radio FM radio Mabile Phones RADAR ! B0 kev
= g 600kHz-1.6MHz 88-108 MHz  900MHz-2.4GHz 1-100GHz & Cosmic
g > : : Visible Light ' ' Gamma Rays
& g 700-400nm >10Bev
nw o
3
§ 2 .
5 2 : Screening ‘Remotes Baggage Screen
8 L TV Broadcast Wireless Data '0.2-4.0 THz 850 nm 160 keV
54-700 MHz ~2.4 GHz . ,
“mm wave - g
“sub-mm" : v )
e : + Suman R e 'J: PET
VERSSNN  Microwave Oven Night Vision it *» Bone Scan
SrartM eter 2 4 GHz 10-0.7 ym LY 140 keV

0.8-245 GHz

Source: Common knowledge (Wikipedia)
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———— ¥ ¢ : 5« ef“ :
Frequency (Hz)
3x10° 3x10® 3x107 3x10%8 3x10° 3x10° 3x10M 3x1012 3x108 3x10“
I I I J I l ! I | l l : % l I ] ! I
| | TN ! | |
o \ ‘g | L g [ | - | | = |
\ | 2 I I I 211 Microwaves | | | |
Scl%ol 2o | IEIEII | g -
o | o | I =gl | | I 2|
28 8% E® | BT | o I 1g
e = > 2 5 — 2
3 1= | @ I 1”1 ElI ! s | |
| << | L =~ [ | | I I
\ [ L gl | | | [
\ | l I N | | l | |
[ I [ | I [ | I I [
10° 10? 10 1 107! 1072 107 107 107 107
Wavelength (m)
Typical Frequencies Approximate Band Designations
AM broadcast band 535-1605 kHz Medium frequency 300 kHz-3 MHz
Short wave radio band 3-30 MHz High frequency (HF) 3 MHz-30 MHz
FM broadcast band 88-108 MHz Very high frequency (VHF) 30 MHz-300 MHz
VHF TV (2-4) 54-72 MHz Ultra high frequency (UHF) 300 MHz-3 GHz
VHF TV (5-6) 7688 MHz L band 1-2 GHz
UHF TV (7-13) 174-216 MHz S band 24 GHz
UHF TV (14-83) 470-890 MHz C band 4-8 GHz
US cellular telephone 824849 MHz X band 8-12 GHz
869-894 MHz Ku band 12-18 GHz
European GSM cellular  880-915 MHz K band 18-26 GHz
925-960 MHz Ka band 2640 GHz
GPS 1575.42 MHz U band 40-60 GHz
1227.60 MHz V band 50-75 GHz
Microwave ovens 2.45 GHz E band 60-90 GHz
US DBS 11.7-12.5 GHz W band 75-110 GHz
US ISM bands 902-928 MHz F band 90-140 GHz
2.400-2.484 GHz
5.725-5.850 GHz
US UWB radio 3.1-10.6 GHz

Source: Pozar, Microwave Engineering 4ed, 2012
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Laser Port

BGH‘ZA
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Animations by G. Castorina
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Microwaves

1dcast radio

y! 1072 1073 10 107
Navelength (m)
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Harmonic fields'in media: constituiy

Hyp: Linear, Homogeneous, Isotropic and non Dispersive media

— —

D=¢.F €. =€ — jé' complex permittivity

D=e¢E+P
Losses (heat) due to damping of vibrating dipoles f

B \

—

Source: Pozar, Microwave Engineering 4ed, 2012

H=——-M B =puH = —ju" complex permeability
Ho
. . Losses (heat) due to
Ohm Law J.=0F o conductivity (S/m) moving charges
colliding with lattice
Material Conductivity S/m (20°C) Material Conductivity S/m (20°C)
Aluminum 3.816 x 107 Nichrome 1.0 x 106
Brass 2.564 x 107 Nickel 1.449 x 107
Bronze 1.00 x 107 Platinum 9.52 x 10°
Chromium 3.846 x 107 Sea water 3-5
Copper 5.813 x 107 Silicon 44 x 10~4
Distilled water 2x 1074 Silver 6.173 x 107
Germanium 2.2 x 100 Steel (silicon) 2 x 100
Gold 4.098 x 107 Steel (stainless) 1.1 x 10°
Graphite 7.0 x 104 Solder 7.0 x 100
Iron 1.03 x 107 Tungsten 1.825 x 107
Mercury 1.04 x 10° Zinc 1.67 x 107
Lead 456 x 10°

Andrea.Mostacci@uniromal.it



- { -~ 1

Harmonlcﬁglds |ered|a‘ Nlaxwe* ,

" .‘ v‘-_ ’

Hyp: Linear, Homogeneous, Isotroplc and non Dispersive media

D=¢ckE+ P D=¢.E €. =€ — je' complex permittivity

Losses (heat) due to damping of vibrating dipoles f

g-2 B =puH = —ju" complex permeability
Ho
Ohm Law J.=oF o

o Losses (heat) due to
conductivity (S/m) moving charges

colliding with lattice

I V x E = —jwuH
VAo juD Tt T —jueB 4 e=€ = —
SES = jw et J = jwe "
Loss tangent
we' + o Losses
tand = , /
we' Displacement current :
€ = €60 (1 — jtand)
€ = €€

Dielectric constant
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Ha'r,mor)‘i{c{jglas'".irL’media-i.i..Mﬁixw,e‘
4 = (" 2 N ‘ > .

DIELECTRIC CONSTANTS AND LOSS TANGENTS FOR 1 Dispersive media
SOME MATERIALS
o complex permittivity
Material Frequency €r tan$ (25°C)
Alumina (99.5%) 10 GHz 9.5-10. 0.0003
Barium tetratitanate 6 GHz 37 £ 5% 0.0005
Beeswax 10 GHz 2.35 0.005 // -
Beryllia 10 GHz 6.4 0.0003 4 complex permeability
Ceramic (A-35) 3 GHz 5.60 0.0041
Fused quartz 10 GHz 378 0.0001 o Losses (heat) due to
Gallium arsenide 10 GHz 130 0.006 Ictvity  (S/m) moving charges
Glass (pyrex) 3 GHz 4.82 0.0054 colliding with lattice
Glazed ceramic 10 GHz 7.2 0.008
Lucite 10 GHz 2.56 0.005
Nylon (610) 3 GHz 2.84 0.012
Parafin 10 GHz 224 0.0002
Plexiglass 3 GHz 2.60 0.0057
Polyethylene 10 GHz 2.25 0.0004
Polystyrene 10 GHz 2.54 0.00033 - - / . .0
Porcelain (dry process) 100 MHz 504 0.0078 v+ J €e=¢ —Je — ] o
Rexolite (1422) 3 GHz 2.54 0.00048
Styrofoam (103.7) 3 GHz 1.03 0.0001
Teflon 10 GHz 208 0.0004 /
Titania (D-100) 6 GHz 96 + 5% 0.001 € = €,€0 (1 — jtan 5)
Vaseline 10 GHz 2.16 0.001
Water (distilled) 3 GHz 76.7 0.157

Dielectric constant
Source: Pozar, Microwave Engineering 4ed, 2012 Andrea.Mostacci@uniromal.it



Boundary.Cendit

Medium 2: €,, u,

Fields at a lossless
dielectric interface

Perfect conductor
(electric wall)

Magnetic Wall
(dual of the E-wall)

21

\B’” Medium 1: €;,

ions ..

S——

2 ps Surface Charge Density  (C/m?)
J, Surface Current Density  (4/m)

= ps i (B Bi) =0

o — OO

approx. i-D =0 iv-B =0

AxH=0 #nxE+#0
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Helmotz equatlonjnd |ts sfmplgst's flutl{

, Helmotz equation " (1/m)
v E = /’LOGO— = Ww ILLG m
ot? 2 2 _
\ \% E Tw MGE =0 Propagation/phase constant
o P VHiuucl =0 Waverumbe
ot?
The simples solution: the plane wave Uniformin x, y
Lossless medium
0 0 d*E, . .
_— = — = O 2 — + —jkz — jkz
9z~ oy T +k°E, =0 E.(z)=FE"¢ + FE e

E,(z,t) = Re {E(z,w)e’*"} = ET cos (wt—kz) + E~ cos (wt+kz)

It is a wave, moving in the +z direction or —z direction

SUECEAVEI AW VVelocity at which a fixed phase point on the wave travels
dz d (wt:Fconst> L w 1

wt F kz = const Vp =

E — E i = E = ﬁ Speed of light
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Mr‘q

sverséﬂectré?Ma'%tic,(T_E, A

‘ ’n/‘ —

WEVERER Il Distance between two consecutive maxima (or minima or ...)

B _27T_27m)p_v_p
(wt —kz) — [wt —k(z+ )] =27 A\ = P e

—

VXFE=—jwuH ComputeH ...

E,(z) = Ete k= 4 Fmelk=
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Plane wgvgs@h'& Transverse ElectrosMagfeti
y Al : : = s ;;,J- N

"N A A\

WEVERER Il Distance between two consecutive maxima (or minima or ...)

27T B 27m)p Up

— —_ —_ _— )\ pr— _— _ —
(wt —kz) — [wt —k(z+N)] =27 . » ;
. R g OE, 1, _ _ ik
= — — — H, = — = (F IRZ _ [T elkz
VX FE JwuH H,=H,=0 v = on oz 77( e e )
n= —wkﬂ = \/g Intrinsic impedance of the medium () Mo = ,//:—;) =377 Q

The ration of E and E component is an impedance called wave impedance

—

L k
H
d-tivi
n

E and H field are transverse to Zrgn =1
the direction of propagation.

24

Andrea.Mostacci@uniromal.it



Plane wavein16ssy media.”. . =

& '._""m’. S
= ~ : we'’ + o
V2E + w?ueE = 0 € = €60 (1 — jtand) tan § = ————
Definition: v = a+ 78 = jw\/je = jw+/ o€, (1 — jtan o)
Attenuation constant Phase constant
E = E.x d2E
x 2 . — T, — Yz
Uniform in x, y d=2 by =0 Ey(z) = ETe +E e
_ e~ “* cos (wt — Bz)
Positive z direction eV = e e TIPF — time —> w o

B
1 .
e e gt
n > v €
complex
ZTEM =1 &~

Attenuating

H = B x E TEM “wave” ...

=N
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f .',}""> : ——— 2

Conduction current >> displacement current
Good conductor oF > we 2
1
tang = 2=~ 7 ¥ =a+jB = juyie~ (1+4) ] =2
we' WEQYE, 2
. : . 1 [ 2
Characteristic depth of penetration: skin depth 0s = — =/ —
«Q WU
Eo Al 6, =81410"7 m
-7
vacuum conductor Cu §,=6.6010""m
@ 10 GHz
\ Au 5, =7.8610"7 m
Z
%\ AQ  §,=6.4010""m
impedance of | _ JWk o JWB o ] ? Copper @ 100 MHz
the medium ' ~ (1 +7) 20 ( 3)058
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Maxwell eguéii’bns”- and-boundary-va Iuefﬁpﬁl}eﬁ;;' 1

e (Sliefy
——— ¥ N

Maxwell equation with sources + boundary conditions = boundary value problem

Homogeneous medium

Sources
V-E=ple V-H=0 J, p
VXE:—jwuﬁ fo]=—|—jweﬁ—|—j

Do you see asymmetries?
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Maxwell eguations and boundaryvalue #rob
4 At e\ s I 3

”xg/, \b

Maxwell equation with sources + boundary conditions = boundary value problem

Hom n medium
omogeneous mediu Sources

V- E=ple V.-H=pn/u J, p

Actual or equivalent

equivalent

VXE:—jquI—jm Vxﬁ:+jweﬁ+j J;l, Prm

Vector Helmotz Equation

, , . |
V2E +k*E =V x J,, + jwpd + =Vp , ,
€ k® = w”ue

— — — — 1
V2H + k?’H = -V x J + jwed,, + =V pm
o)

—

Step 1 Source free region J=Jp=pm=p=0 Homogeneous problem

c
o
=
>
o
n

Step 2 Solution = Z Ch (f, fm, O s p) Solution-Homogeneous-Problem,,
k
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Method of: wlutlon of Heln‘uifz eqﬁatlo

4'§/

Integration of 6 Helmotz equations

Radiated Fields

—

Vector
Potentials

ﬁe) ﬁh
A F

Solution of the 5 Shape of
homogeneous equation radiated field — > [enEs
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Radiated Fields

—

Vector
Potentials

— —

A F

Why/when is
it convenient?

. VZA+ k2A =0
MODES 3 Solution of the | 3 . .
homogeneous equations V2F + k2F =0

30 Andrea.Mostacci@uniromal.it



: /. ol ) ey A o2 = ’ . R g5 >'
cylindrical waveguides: propagating.field.
b A\ — - B~ i £
e J ‘ - b / L . - . !

g g Field propagating in the
positive z direction

5 , 02 s Vids + (K= 57) A =0 2 Helmotz equations
V — Vt + @ 9 9 2 t d t
V2F, + (K — %) F. =0 (transverse coordinates)
— 1 . R S . :
Hy= -V x (ZA) —> Hy=h; e 75 Only E field along z
H 3 E-mode
Eq=—jwAs — W—MGVA —> Ea=1[6+2¢c.]e?  Transverse Magnetic (TM)
Ep = —lv x (2F) —> Ep=2¢ e 7P Only H field along z
¢ H-mode
ﬁF = —jwF% — ivp —_ ﬁp = [ﬁt + Z hz] e 78% Transverse Electric (TE)
W L€
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YA YA

Field propagating in the
positive z direction

=
=)
gl
I
N>
o
—~
E‘%
Ny
N—"
Q)
<
™
N
|
N>
Y

Z Z

~ 1 R S . :

Hy= -V x (ZA) —> Hj=h; e 787 Only E field along z

B H 3 . | E-mode

Ejp=—jwAs— VA —» E4=1[¢+%e.]e?P? Transverse Magnetic (TM)
W e

" 1 " : :

Ep = —-V x (4F) —> LEp=2¢ e 7P Only H field along z

H-mode

Hp = —jwF?Z — iVF o Hp = ht +2Zh ] e~79% Transverse Electric (TE)

W ILE

Y N TE
modes modes

Andrea.Mostacci@uniromal.it




Transverse Electric Magneticmode | =7

r

. At Y 2

Look for a Transverse Electric Magnetic mode F, =

Start from a TM mode ( vector potential A) H,.=0

0 S
VZVt—FZA/_ V.A:-..
0z

Hint 2 Eqg=--
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Transverse: Elecfrlc Magneticmgde- ==/

£ *«r’. A : ‘ |
Look for a Transverse Electrlc Magnetlc mode E,=H,=0 S 17 9
y H? Up
Start from a TM mode ( vector potential A) H,=0
.0 S .
V=V;+ 22— V- A== —jBA,e 75>
0z
. ~ ok Be 0 . g
w,ue 0z

S (w? e — B A, e P75 — inAz e Pz

W LLE W LLE

if B2 =w?ue=%k* = e, =0

. . — A —JW\/HEZ E . v AZ —Jw /uez
Selllile]sM For agiven 4. H = y Vix (24;)e = - Tie tAz €

V,?Az = — (k2 — 52) A, =0 Thetransverse E field is “electrostatic”

As plane waves: ...e J9VEE — g =1/ e

- € . 1
ht = — 2 X e = 7 Z X €
34 H TEM Andrea.Mostacci@uniromal.it




Transverse; Electric Magneticmgde-:.“_ w ﬁgk I

. . — A —JWw./LEZ E — v Az —JWL/UEZ
SOIIy® For agiven A. H uvt X (2A.) e 7%V e V! e

TEM waves are possible only if there are at least two conductors.

Vo

|

The plane wave is a TEM wave of two infinitely large plates separated to infinity

Electrostatic problem

—

with boundary conditions . 1 E = &, e JwvHez
€. —_—> ht — Z X 515 —_ . .
t ZTEM H = ht e—jw\/ﬁz
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\

th on for flelds rntchm rical

Ge'neral

Write the Helmotz equations for potentials
TMwaves V;A,+kiA, =0 k2 = k? — 5% = w?pe — B
TEwaves V;F, +k’F, =0 € = ereg (1 — jtand)

YA
YA

b
M, €
0 >
. Z
Cartesian coordinates Cylindrical coordinates
0 02 22 10 1 0
2 __ 2 _ 7 - -
Vi= a2t oy Vi= o2 T o0 T R og
Ax(z,y) = X(2)Y (y) A (p,¢) = R(p)®(¢)

Separation of variables

37 Andrea.Mostacci@uniromal.it
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General solu tion for flelds rntchm

P
* /‘/‘ ———

Eigenvalue problem: Eigenvalues + Eigen-function
T™M V2A, + k24, =0 ki A, F,
TE V?F, +Ek'F,=0

Compute the fields and apply the boundary conditions

€=¢€ + 2 e,

h=hy+2 h,
/ i can be complex \
b= § Am,n gm,n e_jﬁm’nz H = § bm,n hm,n e_jﬁm’nz

e \ o f
It depends on the sources
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b Example

F, = X(m)Y(y) Write the Helmotz equation "
5 > 42 constraint
—ky —ky Tk =0 ¢ondition b
W, €
X(ZC) — 0 —_—
a X
<
Y(y) =
1 OF, 1
er = = —— XY’
e Oy €
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Rectangu laf«wavegmde& TEdeé‘__ )

4 ﬂﬁ,‘;‘ A\
F,.=X(2)Y(y) V2F, + k2F YX" + XY +E2XY =0
X" y” ) 5> 40 19 constraint
vty k=0 Rk A+ =0 condition b
X Hs€
5 = —k2 =3 X(z)=C)cos(kyx)+ Dysin (k) 0 —
Y// . z
v =k —> Y(y) = Cacos (kyy) + D sin (kyy)
1 OF, 1 k
eyp = 5 = = —=XY' = -2 [C] cos (kyx) + Dy sin (k,x)] [-Cs sin (k,y) + Da cos (k,y)]
e Oy € €
e:(0 <z <a,y=0) —C5-0+Dy-11=0 <= Dy=0
‘ E,=0=¢€,=0
, kyb =nm
) ex(0<z<a,y=0b)=...[-Cesin(kyd)| =0 =
e n=20,1,2,...
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Rectangu laf«wavegmde& TEdeé‘__ )

4 ﬂﬁ,‘;‘ A\
F,.=X(2)Y(y) V2F, + k2F YX" + XY +E2XY =0
X" y” ) 5> 40 19 constraint
vty k=0 Rk A+ =0 condition b
X Hs€
5 = —k2 =3 X(z)=C)cos(kyx)+ Dysin (k) 0 —
Y// . z
5 = _kz —> Y(y) = Cycos(kyy) + Dasin (k,y)
1 OF, 1 k
eyp = 5 = = —=XY' = -2 [C] cos (kyx) + Dy sin (k,x)] [-Cs sin (k,y) + Da cos (k,y)]
e Oy € €
e:(0<z<a,y=0) [—C5-0+Dy-11=0 <= Dy;=0
: E,=0=¢€,=0
, kyb =nm
) ex(0<z<a,y=0b)=...[-Cesin(kyd)| =0 =
e n=20,1,2,...
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Eigenvalues-and cut-off frequencies](TE Iﬁ

5 .2 . .2 (mT\? 2, , constraint
ky =k +ky = (7) T (T) =wne=PB" condition

b
H = E bm,n hm,n e_jﬂm’nz K. €
5 mi\ 2 nm\2 0 A
B = |w?pe —(—) — (5 a  x
a b
E = g Ao Emon e /Bm.nz z

m,n

Cut-off frequencies f. such that B, n, = 0
(£.) B 1 \/(mr)2+(n7r)2 m, n=0,1,2,...
Cm’n_Qﬂ'\//E a b m=n+#0
f< (fc)m,n mode m, n is attenuated exponentially (evanescent mode)

/> (fc)m,n mode m, n is propagating with no attenuation
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Waveguide dispersion‘curve .., =

" <)

Courtesy of S. Pisa

- - .'-ﬁ:‘.‘W" a v

1

o b
R
.’o. M, €
Ll' 0 .,
,. / a X
.’ TE 12 TM|2 <

40 50
Frequency (GHz)

Fundamental TE,

mode ™,, TE,,
cutoffl ™,,

TE,, cutoffl
cutofT

Same curve for TE and TM mode, but n=0 or m=0 is possible only for TE modes.

In any metallic waveguide the fundamental mode is TE.
44
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oneo | < \/..""" & —/m S oz e = 7 ‘K Q] N 4
Single m‘?dg;operatlon of.a ‘rec}ta,ltf@lar"ﬁye‘éulde |

State the largest bandwidth of single mode operation  ?

i= l
"\ wX : '_:, e o Y ‘ e

« EXxercise

—7

Find the smallest ratio a/b allowing the largest yA
bandwidth of single mode operation

W, €
Defining the single mode bandwidth as 0 —

1.25 (fo)1 < f < 0.95 (fe)2 i
Find the single mode BW for WR-90 waveguide (a=22.86mm and b=10.16 mm)
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Single mod&;operatlon of a. rectarfﬁlar :

4‘5‘;'

#

Find the smallest ratio a/b allowmg the largest yA
bandwidth of single mode operation

State the largest bandwidth of single mode operation  ?

W, €
Defining the single mode bandwidth as 0 —

1.25 (fo)1 < f < 0.95 (fe)2 i
Find the single mode BW for WR-90 waveguide (a=22.86mm and b=10.16 mm)

1 1

1
c — c — =2(/fe c —
TE1 0 TEO 1 TE2 0 TEO 1
i i
| ! | :
— — >
(fc)l 0 ”’fa’ (fC)Q 0 \\~~
*"’ TEO 1 = TEQ’O ~\\
TE(),l if b > 2a a = 2b TEO’l if b < 2a
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Single mod&;operatlon of a. rectarfﬁlar :

4‘5‘;'

#

Find the smallest ratio a/b allowmg the largest yA
bandwidth of single mode operation

State the largest bandwidth of single mode operation  ?

W, €
Defining the single mode bandwidth as 0 —

1.25 (fo)1 < f < 0.95 (fe)2 i
Find the single mode BW for WR-90 waveguide (a=22.86mm and b=10.16 mm)

TE: ¢ TEs
’ I TEO’l
a=0.9 inches b=0.4 inches I | '

- >
(fe)1,0 (fe)a,o
(fe)10 = ¢/2a =3 10%/(2 22.86 107°) = 6.56 GHz
(fe)ao = ¢/a=310%/(22.86 107°) = 13.12 GHz
Single mode BW 6.56 1.25 =8.2 GHz < f < 124 GHz = 13.12 0.95
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Eigenfunctiens and mode pattern{lE m

* .‘,/""" ’ ———— ¥

k’ .
€
b
T k 1 —91Bz m, €
E;'a( n) amm?y sin (kxx) COS (kyy)e B .
a X
‘ mm nw
E+’(m’n) N ky, =— k,=—
z 0 a y :
b3 - 52\/602#6—1@%—/@5
WLE
+z
TEm,n
k‘ .
H;‘,(m,n) — am’nleui COS (kg;x) sin (k‘yy)e_]ﬁz
2
H‘h(m,n) = _jam nk_t CcoS (kxx) COS (]{3 y)e—jﬂz
) T we Y
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: b
|
| W, €
|
I 0 —
| a X
|
i X 2
- >
0 . k . 8.
Efmn) — g~ cos (kyx)sin (kyy)e Bz
' €
k,

E;L'-(m’”) = mn— sin (k,) cos (k,y)e 77

H:ca Hy7 Hz

E ) =

L N N N N N §N §B N N N N N N N N _§N ] k, .{3 . A

1 gt = a,, = sin (k) cos (kyy)e 777
I WLE
' ky 3
! HAmm = g Y cos (kya) sin (kyy)e ™77
I Yy T, J.j’
i e
I k2 o
I g = ja,, ,— cos (kyx) cos (kyy)e 77
1 X Wte
: >

0 a
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Eigenfu nctmp.% and mode patternTE n

- { -~ 1

L |
ERmn) — g Y cos (kyx) sin (kyy)e P*
€
b
EHmn) — g ky sin (k) cos (k,y)e 7P? o
y m,n . x Y 0 —yx
< mm nm
E+a(m7n) — kx —_ k -
® 0 a Y b
k.3 \/wQ,ue— k2 — k2
g — g 22 sin (k) cos (kyy)e 1P
WLE
+z
TE;}
k
H;’(m’”) = Qy, nLﬁ cos (k,x) sin (k,y)e P>
- 1E 1,0
y

k2 .
Hj’(m’n) = —Jam, n— cos (k) cos (ky y)e_ﬁz
WlLe
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Field patter (TE10 mode, fect.
‘ €8 =

T ET# m(n)is the number of half periods (or
maxima/minima) along the x (y) axis in the cross-
section.

csT -
478
W, €
4, 435
%
’ 348 O e
304 a x
261
217
174
130
86.9 Z
435
o
¥
e-field {f=2) [1] {(peak)
Cutplane Name: Cross Section A
Cutplane Normal: 0,1, 0
Cutplane Position: 0 z =
2D Maximum [\jm]: 477.7 Afm
Frequency: 2
Phase: 0 0.955
0.868
0.781
0.694
0.607
0.521
0.434
0.347
0.26
0.174
0.0868
0
¥

Simulations by L. Ficcadenti P

Cutplane Name:  Cross Section A
Cutplane Normal: 0,1, 0
Cutplane Position: 0
2D Maximum [Afm]: 0.9531

2

5 1 Frequency:

Phase: 0




Field patter (TE10 mode, fect.
‘ €8 =

T ET# m(n)is the number of half periods (or
maxima/minima) along the x (y) axis in the cross-
section.

CST “vjm

e-field (f=2) [1] (peak)
Cutplane Name: Cross Section A
Cutplane Normal: 0, 1,0
Cutplane Position: 0
2D Maximum [¥jm]: 477.7
Frequency: 2
Phase: 0

A/m
0,955
0.868
0.781
0.69¢

0.607
0.521
0.434
0.347
0.26
0.174
0.0868

Animations by L. Ficcadenti e "
Cutplane Name: Cross Section A
Cutplane Normal: 0, 1,0
Cutplane Position: 0 x

2D Maximum [Afm]: 0.9531

5 2 Frequency: E

Phase:



Field patterm at'the cross séction, =7,

- \p -

T ET# m(n)is the number of half periods (or
maxima/minima) along the x (y) axis in the cross-
section.

m
N
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ield pa‘ttera} at'the cross.séction

g, N v

T ET# m(n)is the number of half periods (or
maxima/minima) along the x (y) axis in the cross-
section.
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Field pattera (TE mode, rect. WG)=7

T ET# m(n)is the number of half periods (or
maxima/minima) along the x (y) axis in the cross-

section.
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... The universe is written in the mathematical V X
language and the letters are triangles, circles

and other geometrical figures ... f% /‘/é V -

Integration of 6 Helmotz equations

Sources
"F' ‘J?;n'l

E, H

RUSSELL CROWE

WATER - DIVINER

Vector
Potentials

.. I

A F

CST o
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