Review of Electromagnetism

This review is not meant to teach the subject,
but to repeat and to refresh, at least partially,
what you have learnt at university.
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Maxwell's equations (in material)

electric and magnetic field
electric displacement and magnetic induction
e

ectric current density
electric charge density
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ff J(7,t)-d A stands for all currents going through
the area A. It may consist of 3 parts

-

J(7,t)=T (F,t)+J (F,t)+J.(F,¢)

J (7.t)=xE(7,¢) conduction current (Ohm's law)
J (7,t)=p(7#,¢)v(F,t) convection current
J(7,1) impressed current

fﬂ o(7,t)dV stands for all charges in the
volume V

Current and charge may have different distributions :
point, line , surface, volume
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Maxwell's equations (in differential form)

With Stokes' theorem:

dt 0
[[1VxE+28.d4=0
ot
. .. . . <.z OB
sincethisisvalid forany area: V XE= — (2)
L = . - 9D
correspondingly: VXH:J+87 (1)
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With Gauss' theorem:

ff D-dA=[[[ V-Ddv=][[ pav
([ 1V-D-pldv=0

sincethis is valid for any volume:

correspondingly -

-

V.-B=0
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Time-harmonic fields

Time-harmonic fields can be written as complex quantities

—

E(?,t)zEO(?)COE((DtJrcp):ﬂ%[EO(F)ei@eiwt]ziR[E(?)eiwt]

E (F)is called phasor.

Advantages are. - 0/0t — iw,
- phasors are vectors in a coordinate
system rotating with wf,

ot

- ¢ cancels out in the equations

We will drop the tilde on following transparencies
whenever the situation is sufficiently clear!
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Fields in matter (time-harmonic case)

The effect of electric fields on matter can be described by a
polarization P, the effect of magnetic fields by a magnetization M.
P and M result from averaging over atomic / molecular electric
and magnetic dipoles, respectively.

There are several electric reactions. One is for example
due to induced dipoles

I pe:qx — i):nﬁe:EOXeE

n: dipoledensity

_ _ X .. €lectric susceptibility
Linear materials:

—

D=EOE+I5=EOE+EOXGE=E,,EOE=EE
D: electric displacement, e =1+vy_: relative permittivity
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Dielectric behavior is a dynamic process, dependent on
frequency (ar=£r'-i ", €"respresents the losses):

el A microwaves

infrared ultraviolet

l _____________________________________________________
polarization \/-

€

S |
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Magnetic reaction of material is due to particle spins
(magnetic moments). It can be described by means of
magnetic dipoles, i.e. by circulating elementary currents:

Ap

m

- —

| n: dipoledensity
X, - magnetic susceptibility

Linear materials:

B=u,H+uM=u,H+u,xnH=u,u,H=uH

B: magneticinduction
u=1+y,: relative permeability
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For ferromagnetic materials the relation between the external
field and the magnetization is non-linear and depends
typically on the history of the material (hysteresis).

M |

\

saturation

remaneicce

- initial magnetization curve

B

. coercitivity
saturation

III
|
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-

Dzaoé—l—soxl_5 and EIMOI_:I_I_MOM
take into account the reaction of the material on the fields

averaged over allatoms and/or molecules,i.e. over
all elementary electrical and magnetic dipoles.

-

In many materialsthe relations P=P(E) and M=M (H)
are linear .
But in general they are nonlinear, anisotropic, I.e.

dependent onthe direction of E or H, and they aretime

or frequency dependent .
They may alsoinclude losses .
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There are losses due to radiation and interaction between
electric and magnetic dipoles

e=e'—je''=e'(1—itand,)
tand,=€''/e’', 0O, electric loss angle

u=u —/iu'"'=u '(l—itanéu)
tano,=w''/u’, 9, magnetic loss angle

and losses due to collisions between free charges
VxH=J+ioeE=xE+ineE=ive[l+x/(iwe)]E
e.=¢'—ie'"=¢[l-ik/(we)]

In most dielectrics is  tan(o ) « 1
In good conductors is K/we » 1 — € =K/iw
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Boundary / continuity conditions

Maxwell's theory is a continuum theory. It requires continuous,
double differentiable functions.

Solutions in different media have to be matched at the interface
by boundary or continuity conditions.

Take Maxwell's equs. in integral form

$ i (7,1)d3 =ﬂ3(?,r)-d21+j—tﬂz>(7,z)-d,4

$E(7,1)d53 =—Z:—tﬂl§(?,t)-d74

and make an intelligent choice for the integration area:
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As is finite but small, such that
the fields are constant, then

H,As—H, h—Ht2A3+H h=
=J As+ f D-AA

for h—0 itbecomes
Hy—Hyp=Js

E.,—E, =0, correspondingly
If medium 2 is perfectly electric conducting (pec) :

Ey=0, Hy=Js

J. Is a surface current density.
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An intelligent choice of the integration volume:

b D(7,t)-d A= [[| p(7.1)av

(7,1
gﬁﬁé(?,r)-dA:o

D,,AA-D,,AA+ [[ D-d A=
AA

" O _n A A
@  for h—0itbecomes
‘J/‘ D,;—D,,=ps
Y, | B, ,—B, ,=0, correspondingly

AA - If medium?2is pec: D,,=p., B,,=0

ni

Ps p. is a surface charge density.
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Application of Maxwell's equations

Electrostatic fields = (H=0, d/dt=0, e€=const.)

Maxwell's equations

Poisson equation:
V-D=V(cE)]=p - Vo=-F (1)
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Example: Two round tubes forming an electrostatic lense

E-field pattern

(1) becomes circular symmetric Laplace equation
Lod  o°d
Vip=CP =0 >
op’ P ap 62 2)

JUAS 2017: Review Electromagnetism 17
H. Henke



Bernoulli ansatz
®(p,z)=R(p)Z(z)

substituted in (2) and devided by RZ

1l d°R 1 dR 1d°Z _
Rdp*> Rpdp Z g’

i
Last term is independent of p and must be constant. It yields

0 (3)

7

2
92 _K2z=0
dz
with solutions /= CO+DOZ’ kZ:O >

Ce*“*+De ™%, k,#0
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Condition at infinity

® finitefor z=+w: C=D,=0, Z=|

g

C,,  k,=0]
De 7, k,#0

\

The left over equ.(3)isthe Bessel differential equation
2

d I§+1 IR +k:R=0

dp P dp

with solutions

R=.

er""Boln(p/po)a kz:O\
LAJO(kzp)_I_BNO(kzp)’ kz?éOJ

Conditionatp — 0
® finitefor p=0. B,=B=0
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Boundary conditions

CI)=<_(D0 for p=a, Z>O> (4)
+®d, for p=a, z<0

Aoco:_Sign<Z)(D0f Jo(kza)ZO = k_,a=j,

Using above conditions ® becomes

(I):Sign(z)[_q)o_l_zAnJo(jOn%)e_jon|Z|/a] (5)
n=1

and due to symmetry (4), ®(z=0)=0, (5) becomes
Z .IOn (6)
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To calculate the coefficients An we use a Fourier-Bessel

expansion.
Multiplication of (6) with pJ (j,_p/a) and integration over p

a

(I)of JO(jOmp )pdp=z Anf JO(jOnZ_)JO(jOm%)pdp
~1

O a

) SEHTN
gives the final result
. P
o Jo(]()na_) o
®=sign(z)Dy[—1+2) e /"]
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Stationary currents (0/6t=0, k=const.)

-

Maxwell's equations: VYV xH=J, VXE=0

VA(VxH)=0=V-J=V-(xE) - V’®=0

but different boundary / continuity conditions:
here J =xE, =—xd ®/dn=0.

\\\\':/%/ J-field lines

JUAS 2017: Review Electromagnetism 22
H. Henke




Magnetostatic fields (E=0, d/5t=0, p=const.)

- — -

Maxwell's equations VXB=uJ, V-:B=

since V-(VxA)=0 =V xA

I
!

VxB=Vx(VxA)=V(V-A)-V*A=uJ
Ais not fully determined. Subst/tutlon

A - +V1p does not change
Usegauge: V-A=0

B=VxA'=VxA

szlz—uj (1)
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We decompose (1) into cartesian components
VZAi:_MJia i:x’y’z (2)

and make use of knowledge in electro-statics to solve (2). Field
and scalar potential of a point charge q (Coulomb's law) are

I -V - £=-92 , ¢=-_1
dr dner

E= :
dmter

® is solution of the Poisson equ. §2®:—%6(r)

(2) follows from it by substituting

(I)—)A.)é—)phq—)(]. (3)

l l
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Next we use @ as a ,Green's function” to calculate the potential
of a charge distribution and obtain the Coulomb integral

fiy £t

47(60

Substituting (3) into (4) we get the solution of (2), which
becomes in vectorial form

=t i 2 gy
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dD c T
=T < —
dt Ko7 o

T, is called relaxation time

Quasi-stationary fields J| >

Maxwell's equations

vxﬁz_g% V-D=p, V-B=0
o B=Vx4
-~ o 04 . = 04
s VX(E+928)=0 - E=—Vo-22
v ( é%) ~ v ot
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vXé:§X(vXA):v(§’A)_§2Ai
zujzuKéz—v(uK(D) MKgTA

Aand®are not fully determined. Substituting
A- A+Vy, @& - o'— oW

ol
A Ui Bl Ca OA
does notchange B=V XA, E:—ch—aT
So, usegauge: @-Z\z—pu(q)
=2~ 0 A e ,
- V A- MKaTZO diffusion equation
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(€, U, k=const. and real, J=KE,
full set of Maxwell's equations)

Poynting's theorem

If flelds move a charge pdV by a distance 6s in the
interval 6t, the work done by the fields (dissipated

power) is
dgt—W_d? g—f_pdv(mvxé)-v E-ovdV=E-JdV
Express E-J with the aid of Maxwell ' s equations
E- VxH=J+ gf
—H @xE‘z—%

(B o Lz p.lpg
- —V-(ExH)= EJ+at[2ED ~H-B]
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We get Poynting's theorem after integration
over V and application of Gauss' law:

6 (Exi)dAs
~[[] E-Jav+2 fff ;— H-B)dV

Poynting vector (radiation flux) .§ = E X

radiation

dissipated power density Pd=E°~7
electric energy density w,=(1/2)E-D
magnetic energy density Wm=(1/2)l_:l B

Energy radiated into the volume V equals the dissipation
plus the increase of stored electromagnetic energy in V.
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Poynting's theorem for time-harmonic fields

decomposee.g. Ezﬂ%[lz‘e’“t]zé—[ée’“tﬂz‘* —eh
We:;—E-E):é—[E Ee'm+/§-*.5*e'2wf]+é—[é- D*+E*D]
1 53 3 20t 1 3 3
— > R[E-De?"|+~E-D*
. R | e " | 1 E-D
and after time-averaging Ww.=(1/4)E-D"

correspondingly : Wm=(1/4)lfl-§*, I5d=(1/2)lf:-f*

§C=(1/2)I§‘><I-7* complex, time-averaged radiation flux

JUAS 2017: Review Electromagnetism 30
H. Henke



Again, using Maxwell"s equations
(1/2)E V><H =J —IooD
(1/2)/‘7 @XE —Iu)B

- =V ExH* )zl—éJ rizolt ﬁ*.é—i—é-ﬁ*)

we get Poynting's theorem after integration over V and
application of Gauss' law:

~p S, dA=|[[ pav+i2e [[[ (w,—w

Active power (time averaged Joulean heat, dissipation)
——§p R[S, dA=|[[ p,dv=P,

Reactive power
Powi=—9P 3[S.J-dA=20 [[[ (W, ~w,)dV=20(W,-W,)
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In good conductors is W _»W_ (IEl«IHI)

—#S d A= +i20W

This allows to calculate the resistance and internal
inductance of a conductor. We define

[=$H d3
2
U=[E-d$=I(R+iwL,)
1
and obtain

PC:;—Ul*zé—\lz\(RHmL,):PdHZm|/|7m
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Electromagnetic waves (€, y=const., p=J=0)

The simplest electromagnetic wave is a plane wave.
It depends only on one space variable (direction of
propagation) and on the time.

- - - -

E=E(z,t), H=H(z,t)
0E &_z OH

First two Maxwell's egs. V><I:I Eat VXE= —MaT
give two sets of uncoupled equations:

_aHy_ OE, oE, 6H

oz ot 6z ot

oH, OE, oE, oH,

0Z ot 0Z ot
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From the red set e.g. follows the wave equation
0’E, 1 O'E, 1
2 2 A42 =0, C= e
0Z c” ot

JIE
withd ' Alembert’ s solution
E =f(z—ct)+g(z+ct)=E +E,

ZH =f(z—ct)—g(z+ct)=H'~H,, Z=y%
Bk

E(z — ctg) E(z — cl[tg + At)])

C
—>

— h__
e

Similar solutions follow from the blue set with Ey and HX.
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|
C:ﬁ

velocity of light :
wave impedance: V4 :\/g
~377CQ) infree space

field properties:
1H
—ExH — directionof propagation

H are 1 to directionof propagation
IH =—E |H =Z

+u

m m i My
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(5

Time-harmonic plane wave Py =i, €,=E€,
Wave equation becomes Helmholtz equation:
o°E,
—+k"E,=0, K=wvIe
0Z
E A (Dt kZ _I_B (x)t+kZ) _E+_|_E-
ZH A (x)t kZ) Be (Dt-i-kZ ZH ZH
loss —free material - K=w/c=2n/A
lossy dielectric: K=wJITE €,=P—1I0

o. afttenuation constant, . phase constant

iEr”)
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real physical field: E.=R Ae''" ™™ =Acos(wt—pz)e **

8

g
!

3

- ~ exp
T
~—
‘Z“‘“‘H COSs
/_V /— -
\/—— - =
- I
——
-
-
L~
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Low-loss dielectrics: &"«¢g'

pie, ko am ;?e Z~T (145

Example: Polyamide (nylon)
k=10° Q'm™, e =3, f=10MHz

11% attenuation in 100km, arc Z=10"*°

Very good conductors (metallic): €"=-ik/w » €'

s ouk 1 N .
p~ao R Z~(1+i)

o arc/Z=45°

A

Skin depth (z=5): e ““=— — ad,=1
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In general, B is a function of w and is called dispersion relation.
Developing 8 around w_

dap

plo)=Blog) (G- do+O((do]]

Phase velocity

dp=witFpPz=const. — Z—?zmiﬁ%zwiﬁvsz
Vv :-|-(D

Vo has no physical importance. Monochromatic waves

carry no information.
Example: Water waves at shore

JUAS 2017: Review Electromagnetism 39
H. Henke



Group velocity (velocity with which a signal propagates)
As an example take two plane waves with w_ and w,

W;=0W,+0w, W,=wW,—0W

B=B,+0p, B,=By—0P

Re" P4 =2 cos(Swt—dB z)cos(wyt—P,2)
b, - oy —(49)
OB TE B

W

v Is the velocity with which the envelope propagates.
Signals with small bandwidth 20w propagate with V.

Large bandwidth signals require higher order terms O((dw)?).
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Energy velocity

Energy transported / AA o
by Az in time At: / e

A S

WAAAZ :SCZAA - Ve:A—Z: _cz

At At w
for plane waves
s.-LExi) Bl wolepilag-L.
2 2 27 4 4 2
1 1
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Cylindrical, ideal conducting waveguides

AN
K=o0
Z
Substituting one of the 2 first Maxwell's equ. into the other gives
a 2" order diff. equ., which requires 2 independent functions.
The 3 and 4™ equ. are additional conditions.

These conditions and the required independent functions are
fulfilled by

—> —>

A" =A""& , TE—-waves

"=V xA

> =§ AM=A™& = TM—waves

I
!

V-E=0
V-H=0
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With the vector potentials A one gets e.g. for TE-waves

> - O0E 5 <. = = o OA
XH=ec—=e¢%*—V XA X(H—e—
VxH=¢5 Eatv = VX(H=eor)
oA
D+
- H=Vo+cs
and from Maxwell's 2™ equ.
= = oH
vx(va):V(W-ﬁ)—ﬁzﬁ: V( g;p) “EZtA

A, @ are not fully determined. Substituting

A - A—Ierp b - O—ecoy/ot
yields the sameE, H.
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One can make a gauge-transformation and choose
e.g. the Lorenz gauge

=7 A oD
A=— &
V-A=-ug
which results in a vectorial wave equ.
- 2 A
VzA_lz ‘ f\ =0
c” Ot

Similarily, we proceed for the TM-case and obtain the same equ..
Since A has only a cartesian component, the vectorial wave equ.
becomes a scalar one and in case of time-harmonic fields a
scalar Helmholtz equ.

—2 2
AP+ k Ap:(), K=
v ™M

O|8

g p:[TE}
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Circular waveguide

Helmholtz equ.for /
circular cylinder coordinates: e

1o (aA

1 9’A 8A (1)
Pop p@p

0> 0@’ 62
Bernoulli ansatz: A=R(p)P(¢p)Z(z)

)+

Substituted in (1) and devision by R®Z

1 g , 0R\ 1 aq) 1 0°Z
=~ |+ +k°=0 2
Rop\Pap 7004 Zaz 2)

—k
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d*7
dz*

—ik_z

+k*Z=0 — Z=Cle_ikZZ+CzeikZZ - C,e
for waves propagating in +z-direction

(2) becomes with k_

PO _(OR\ 1 0°d 20,2 ;2

e N T 3
—

d” ®

_|_ki(1):O — (I): C3 COS(kMCP)+C4Sin(kM(p)

2
d g
— ®=C,cos(mq)

because of 2m-periodicity and free choice of origin
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With m and k (3) becomes Bessel's equ.

2 2
R R " R=0, k=K
op op 0

because Neumann's function is infinite at p=0

Vector potential . |
A=C,,cos(me)J,,(k.p)e "

TE—waves: E=V x(AE,)
E,.=—0Aldp~J, (k.p)
E(p=a)=0 -  kgna=j',
j'_+ n"nonvanishing zeroof J',_
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1 0 A m . , —ik_z
Epzﬁwz—p—cmnsm(mw)f (J mn%) k
aA j’mn / / T
E(p:—ﬁz—a CmnCOS(WI(P)J (] mn%) '
VxE=—iouwH
H_kz ]’mnC J! 1 Py ks
p_(l)M . mnCOS<m(P) m(] mna_>e
kz ) .y —ik_ z
Hcp:_(i)M gz CmnSIIl(me)Jm<] mn%)e '
Ly P
H :_ . . P —ik_z
“iou (a ) Cpeos(me) /() "a Je
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k2
E. =
zooe

I'M —waves: @ (4é.), vxﬁ:imeﬁ
Julkp),  E.(p=a)=0 — k,,a=j,,

=P

H = ]mnD J, p —ik_z H_O

=L, cos(me mwa—)e H-
kz ]mn ’ —ik _z
Ep__U)E a DmnCOS(me)J m(]mng)e "

]mn p —ik_z
E.= Pye:
——(>=) D,,cos(m@)J,(j,, -)e
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The ratio of the transverse field components
is the field (wave) impedance

( TE_(DM\

E, _ E, |“7 Tk

Z :—:——:< z \
! HCP HP ™ kz

\ZF :(DEJ

The dependence of the propagation constant k on frequency
Is the dispersion relation

kK2 =k =k, = k==K

zmn

real K>K,_., propagation\
kzmn:< 0 for k:kcmn >
\imaginary k<k,,, attenuation

J
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\

critical wavenumber: k.. =) Jmn'l@ for TE>

o Jmn! @ TMJ
cutoff frequency : fon=CK_p, /2T
cutoff wavelength. xcmn =2n/k,,,
guide wavelength . A, .=2nlk,. A
o " =, )

free space wavelength A

energy fluxdensity — S_ = ;— (E x H )= ;— ZeH | +H ]

:
imaginary k<k Cw
=10 for  k=k_|
real k> k |
k C
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Each mn defines a certain (eigen-) mode. The general
solution is the linear combination of all modes

E=) 2.(E,+E,), H= 2 (H,+H,

Modes are normally sorted refering to their cutoff frequency:

™ 0 1 11.46

TE/TM 0/1 11 18.29
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——— —————
oiolelolo |

i —— —— o o i — —

;i"i‘-‘i-"ix
c = 3.41a

A

e
S,

N
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Copper waveguide with a=2.5 cm

0.07

0.06

S
-
v

Attenuation, dB/m

TMOI
e
TEg1—
TEq

3 5 7 9

11 13 15

Frequency, GHz
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Impedance boundary condition on

good conductors (I8D/3tI<<IJI) [ T

Fields on metallic surfaces:
E=perp, H=parallel |

We decompose the fields and the nabla operator
iInto tangential and normal components

—

E=E+EéZ., H=H+H.@Z, V=V +&%-

and subsequently also Maxwell's equs.:
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- - - - N = N y
VXH=xE Etz—erthHerfezva
A
EZQZ:thXHt
- - l = l N 8Et

Tangential to the surface the typical length of change is A,.
Normal to the surface, in metal, the typical length of change
IS 0g<KA,.

With an order of magnitude approximation Wt‘ ~1/A,

one gets for the magnitude of E, and H,
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- I
152:|1—Vt><171t~K H|=n m(5r) Z,|H |

i - S| 1 Z, 1 (=

(DMO V. XE, TOW, A, ‘E |_2_T[‘Et|

With that we estimate the greenterms

1 - 6 2 5. 2
N—\H =x(3) ZH |5 G [,
O O
. 2
/ < -
o XV E| o IE: \— 7, E. \’“ 7\0> Hy.

One finds that they can be neglected compared to E, H. .
So, the tangential parts of Maxwell's equs. are simplified to
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-

E ~e x 2
K ~

t z @Z

. - . OE
ImuOHtN—eZXazt .

Eliminating E .one getsanequ.for H ;
o*H,
0z’

with the solution

I:ItZI‘TtOG_(IH)Z/éS. (2)

(2)substituted into(1) gives a boundary condition
at real (non—ideal ) metallic surfaces

= - e l_l‘l
Eo~Zy(NxH,), ZW:K6 -
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Attenuation in waveguides | (power-loss method)

P(z) A P Ay P(z+Az)=P(z)+(dP(z)/dz)Az

—_— - — = — — >

Az

conservation of power : =—P,’

E, H~e **, P(z)~e 2 —20P(z)=—P,’

dissipation per waveguide surface area:

AP - — 1 - — e 1 - |2
AAd =—n-R (Sc):_zm (n°(EtOXHt0)):ZER(ZW)‘HI‘O‘
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AP, 1

- 2
AAd  2x9, A

dissipation per wa veguide length:

P, = 21<6 95|Ht0‘ as

transported active power
z)=[[%(S,) d A=t ﬂsn ExH")-€,dA=

1 ff m transv transv dA= 5 V4 F ff ‘Htransv 2 dA

1 P,’
2 P(z)

attenuation: o=
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Resonant cavities

Example: Cylindrical cavity, radius a, length g, TM-modes

Forward plus backward traveling wave from
transparency 49

K, m

E(P:(DE P DmnSin(m(p)‘jm(kcmnp)[e_ikzz_rmneikzz]
Boundary conditions
E (z=0)=0 - r,=1, E ~sin(k,z)

E (z=g9)=0 — k,g=pn, p=0,1,2,.

Vector potential
A=2Dcos (me)COS(kZpZ)Jm(kcmnp)

JUAS 2017: Review Electromagnetism 61
H. Henke



Fields:

m :
Hp:_zp_DmnpSHl(m(p)COS(ksz)Jm(kcmnp)
H =-2k,,,D cos(mcp)cos(kZpZ)Jm'(kcmnp), H

k

cmn =~ mnp

E =i2z2k, D

cmn =~ mnp

V4

cos(mq)sin(k,,z)J,," (KgmnP)

K
E,=—i25% 87 D mosin(me)sin(k,,z)J,, (Kmip)
k2
E,=—i2 2" Dmnpcos(mcp)cos(kzpz)Jm(kcmnf)
2 2 jmn (Dmn jmn 2
kcmn:\/k _kzp:a - kmnp:CO P:<a )+kzp

=0
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Example: TM  -resonator (m=0, n=1, p=0)

J D
HcpzzaﬂD01oJ1<101g)
.2
.2 Jo . P
E =—i D, ..J .
z (De(a ) 010 0(1018)
~ Wer Jo
Resonance frequency Koo= = K = -
0
f :(DOIOZ./OICO
M 2% 2na
Stored energy

_ _ _ S
W=W +W,=2W = || E-D'av=L [[[|E [ dv
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W — 2T[g ./01

‘DOIO‘ J

Dissipation per unit area

Py =o——IHdl

2 KO,
total dissipation

) > 17 47[ .
=¢p P, dA="= i, (1

S

Quality factor (Q—value)
W, W

1
“ P,  d1+gla

g - 8,Q=2— ~

"'g)‘Dom‘zJ?(jm)

vV Volume

S Surface
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Q, gives the decay rate of the stored energy or the
time T to fill the cavity.

From power conservation

_ L Q
. 2t/T, - 0
W - W=W,e, T=2g

Example: 3 Ghz copper cavity, g=A_ /2=5 cm
J,,=2.405, J (j,,)=0.5191, k=58+10° Q'm

a=3.83 cm, 0.=1.21 ym, Q =17963, T=1.9pus
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Resonance behaviour of a cavity mode

Instead of lossy walls assume ideal conducting walls and
lossy dielectric filling. That preserves the ideal mode but

allows for studying losses.

The cavity is driven by a current J passing through it. J splits
into a conduction current J =kE, responsible for the losses in

the dielectric, and in an enforced current J as driving term:
vx(vxé)=v(v-5)—v25=—uat V xH=

N =, OE
= uat(J—I—KE—I—eat)

—0 = 8E o E 5-./ : =, =
E— =u—— with E =
VE—u Py Py Py with gauge V-
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We expand E in (eigen-)modes
Z a x Y, z) r goes over all m,n,p

where V’6.+k>8.=0
V-6.=0 in volume, nxé =0 on walls

If &-6.dv=5;

Substituting (2) in (1) and deviding by -ue

d’a, da k 10J
ro, K r r > _ 1 0
g[dtz +€ dt —l_ME ar]er_ c Ot ’
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Multiplying (3) with eS and integrating over V

d’a, c da od, . of
dtz +E dt ME R fff € dv_at . (4)

In case of time-harmonic excitation (4) becomes

k2
[~ i (D-I—M—E] =iof,
Q f €0
as:(DS W - W, .’ (Ds:Cks’ Qs: =
S . S
1+iQ o~ | :

Now replace Q_by Q_ as calculated with impedance-boundary-
condition and w_by the resonance frequency W
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/2

arc(a )

—7t/2
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Well seperated modes can be represented by a
lumped element resonator

I
i — CS LS RS
V
W
1 QS:(DS S:(D R C

ms:m’ Pds s"'s™s

(U)S+6(D)—((DS—6U)) 0 1

dth B = 2=
Bandwidt s o, o, ~ Q.
Q; 1

Fillingtime T ,=2 O, =50

JUAS 2017: Review Electromagnetism
H. Henke

70



Accelerating voltage for a particle passing the cavity
on-axis with velocity v

g
VS:fasés-éze’wtdz, z=vt
0
Shunt impedance (available V_for given P_ )
v S S
RShS: : :2RS
Pds

R-upon-Q (available V_for given W , geometrical

quantity, independent of losses)
Rshs V? 2

QS :(DS WS :(DS CS
W, Qsand RshleS define RS, LS, CS.
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Exercise 1:

Given is a conducting hollow sphere carrying a charge Q.
What is the field inside and outside and what is the stored
energy?

If the sphere is a model for an electron (E_= 511keV) what

IS then the classical electron radius r =a ?

Exercise 2:

A capacotor is filled with a lossy dielectric and charged to a
voltage V. What is the time constant for discharge?

R S

€ K V, C
\
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Exercise 3:

A long dipole magnet is excited by a coil with n windings
and current | . Calculate the magnetic field in the air gap.

e

_ @
' A

X
nxl, v 9

A

L \
|

“ |
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Exercise 4:

Derive the multi-poles for a static 2-dimensional magnetic field.
Remark: Solve the magnetic potential equation in circular
cylindrical coordinates and free-space.

Exercise 5:

Give the E- and H-field of a z-polarized plane wave which
propagates in x-direction.
What is the time-averaged radiated power density?
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Exercise 6:

Derive the longitudinal vector potential for TM-waves in a
rectangular waveguide.
What is the equation for the separation constants?

b

Exercise 7:

Give the guide wavelength and phase and group
velocity of a TM, -mode in a rectangular waveguide.

Exercise 8:

Calculate the accelerating voltage, shunt impedance and
R-upon-Q of a TM_ -mode in a rectangular cavity

resonator with dimensions a,b,g.
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