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Motivation

SM is complete: Era of precision tests

B-physics is beautiful, interesting and suitable

Plenty of data: LHC, BaBar, Belle I,II,...

Stumbling block – QCD: twofold difficulties

i) PT part: αs is not small, SM has differ scales,
mt = 170 GeV, mb = 5 GeV, ΛQCD ∼ 0.5 GeV,
expansions are in αs ln(mt/mb) and
eventually αs ln(mt/µ) with µ ∼ ΛQCD

ii) NonPT: quark-gluons vs hadrons

The point (i) is technical, while (ii) still (un/partly)solved

How does it work for B0 − B̄0 ?



B0− B̄0 mixing phenomenology: what we see

Produced is (B0, B̄0) that evolves

i
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)
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)
with Heff being a 2× 2 (nondiagonal !) matrix

Heff = (M − iΓ/2)ij , i , j = 1,2

Eigenstates are (BL,BH) with fuzzy beauty

Observables of B0 − B̄0 system:

mass difference: ∆m = Mheavy −Mlight ≈ 2 |M12|
decay rates difference:
∆Γ = ΓL − ΓH ≈ −2 |Γ12| cos Φ, Φ = arg(−M12/Γ12)



B0 − B̄0 mixing: SM (EW) picture

EW skeleton diagram
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Famous box diagram that describes flavor changing



B0 − B̄0 mixing: SM (EW+QCD) picture

Full SM diagrams with QCD corrections
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mt = 170 GeV, mb = 5 GeV, ΛQCD ∼ 0.5 GeV
Expansion parameter enhanced ∼ αs ln(mt/mb)



Eff Theory simplification

Heavy fields (t ,W )

integrated away
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4π2 (Vtb
∗Vtd )

2 C(mt ,mW ,mb, αs){b̄LγσdLb̄Lγ
σdL}

C(mt ,mW ,mb, αs(µ)) is known at NLO (two loop graphs)

Thus one needs hadronic ME 〈B̄0|b̄LγσdLb̄Lγ
σdL(mb)|B0〉

Still mb � Λ and one can use PT



Eff Theory simplification: HQET

PT part of ME is extracted by matching to HQET:

b̄LγσdLb̄Lγ
σdL(mb) =

(
1− 7

2
αs
π

)
{h̄+

L γσdLh̄−L γ
σdL}

−3
2
αs
π
{h̄+

L dRh̄−L dR}

h+,h− (remnant) fields for quark b,anti-quark b

HQET operators are at the scale of order ΛQCD

→ genuine nonPT method is required

ME is not computable in model independent way

One computes Green function and extract hadronic ME

Two ways: SR and the lattice



ME
Three-point correlator

K =

∫
ddx1 ddx2 eip1x1−ip2x2〈0|T ̃2(x2)Q̃1(0)̃1(x1)|0〉

of a four-quark operator Q̃1 = h̄+γβdLh̄−γβdL and
interpolating current ̃ with

̃1(µ) = d̄γ5h+, ̃2(µ) = d̄γ5h−

and overlap
〈0|̃1(µ)|B̄(p)〉 = F (µ)

The dispersion relation for Euclidean times τ1,2 (τ = it)

K (τ1, τ2) =

∫ ∞
0

dω1 dω2 e−ω1τ1−ω2τ2 ρ(ω1, ω2) + (p. c.)

determines the spectral density ρ(ω1, ω2)



Hadronic picture: B-meson pole plus continuum

ρH(ω1, ω2) = F 2〈B̄0|Q̃1|B0〉δ(ω1− Λ̄)δ(ω2− Λ̄) + ρcont(ω1, ω2)

Lattice computes K (τ1, τ2) and fits B-contribution

SR method explicitly computes K (ω1, ω2) and analytically
continues it to find

F 2〈B|Q̃1|B〉 =

∫
dω1dω2 ρ

OPE(ω1, ω2).

Why are SR still competitive quantitatively?



OPE diagrams

LO: .

NLO fact: .

NLO nonfact:



Structure of OPE diagrams

OPE diagrams fall into two categories

K (ω1, ω2) = Kfac(ω1, ω2) + ∆K (ω1, ω2)

The factorized part has the explicit form

Kfac(ω1, ω2) =

(
1 +

1
Nc

)
× Π(ω1)Π(ω2)

with Π(ωi) - a 2-point correlator

pαΠ(ω) = i
∫

dxeipx〈T ̃(x)h̄γα(1− γ5)d(0)〉
.

SR for the factorized piece Kfac(ω1, ω2) yields B = 1.



Results: analytical expressions

We have computed these three loop diagrams for three
point correlator (NLO result)

ρ(ω1, ω2) =

(
1 +

1
Nc

)
ρ(ω1)ρ(ω2) + ∆ρ(ω1, ω2)

=

(
1 +

1
Nc

)
ρ(ω1)ρ(ω2)

(
1− αs

4π
Nc − 1

2Nc

(
4
3
π2 − 5

))
.

The result is rather simple and ω independent
(only for LL operator)

Numerically
(
1− 2.72αs

4π

)
= 1− 0.68αs(µ∼1 GeV)

π



Results: numerical values

PT contribution (3-loop)

∆BPT = −0.10± 0.02± 0.03

Quark condensate (2-loop)

∆Bq = −0.002± 0.001

Other condensates (tree-level+2-loop gluon cond)

∆BnonPT = −0.006± 0.005

Total
∆B = −0.11± 0.04± 0.03



Comparison to lattice
Bag parameter SR: B = 1− (0.11± 0.04)

Invariant parameter: B̂ = ZB = 1.34± 0.06

Z = αs(mb)
− γ0

2β0

(
1 +

αs(mb)

4π

(
β1γ0 − β0γ1

2β2
0

))

Z = 1.51 at αs(mb) = 0.2.
Latest lattice (A.Bazavov et al. (2016))

B̂latt = 1.38(12)(6)

Other lattice results

B̂latt = 1.26(9) (S.Aoki et al ., Review , 2016)

B̂latt = 1.30(6) (2009(P.Lepage), 2015(Y .Aoki))



Discussion

SR for B̄0 − B0 mixing are numerically competitive
because of special structure of the OPE:
one can take the factorized part out.

The nonfact part ∆B is small and gives useful estimate
even if its uncertainty is large
Lattice cannot split correlators

The accuracy for ME (B̂ parameter) is better than 10%
B̂SR = 1.34± 0.06, B̂latt = 1.26(9),1.38(12)(6)

New feature: NLO for PT coefficients is not sufficient
CQCD→HQET = 1− 7

2
αs
π
≈ 1− 0.35+?→ 1− 0.35±0.1?



Status and outlook

SR technology works and numerically competitive
independent check/confirmation of lattice results

One can compute other operators (not LL):
i) for width differences; ii) for new physics

Prospects/plans

X Computation of 3-loop correlators for other operators
(competition with lattice)

.
Definitely a must for few % precision
(pure PT results)
X 2-loop matching of QCD operators to HQET
X 3-loop anomalous dimensions in HQET


