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    3DSPIN’16: structure of the nucleon

How “wide” is the distribution?

Difference between flavors?

Does it get wider at low x?
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Data region
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Fig. 2: Event distribution in the inclusive variables Q2
and xB j and the 23 bins of the hadron cross section

analysis. Within each bin, the fraction of events contained is indicated in %.
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Fig. 3: Hadron acceptances Ah− and Ah+ determined with the Monte Carlo simulation for Q2 > 1

(GeV/c)2
as a function of

lab pT and
labη for negative hadrons h− (left) and positive hadrons h+ (right).

The acceptances have been smoothed in order to reduce the granularity from the binning.

teristics, making the use of variables defined in the laboratory frame preferable; therefore, the transverse

momentum
lab pT , the polar angle

labθ , and the pseudorapidity
labη = − ln(tan

labθ
2
) of the hadron are

defined with respect to the direction of the incoming muon. The choice of
labθ is particularly convenient

to exhibit the acceptance cut due to the aperture limit of the polarised target magnet at
labθ = 70 mrad

for the upstream edge of the target. The factorization of hadron and muon acceptances implies that the

differential multiplicities only depend on Ah(+,−) since Aincl cancels, see Eq. 2. Figure 3 shows the hadron

acceptances Ah− and Ah+ used in the analysis.

The four-dimensional acceptance used in the present analysis is integrated over the azimuthal angle of

the hadrons, i.e. does not take into account the azimuthal modulations in the cross section [2]. The

systematic effect on the extracted �p2

T � have been investigated and found to be negligible.

3 Results

The differential multiplicities d2nh±/dzd p2

T in bins of (Q2, xB j) are defined in the introduction in terms of

the semi-inclusive and inclusive differential cross sections. They are obtained as the acceptance corrected

number of hadrons ∆4Nh±
in 8×40 (z, p2

T ) bins and 23 (∆xB j,∆Q2
) bins, divided by the number ∆2Nµ
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teristics, making the use of variables defined in the laboratory frame preferable; therefore, the transverse

momentum
lab pT , the polar angle

labθ , and the pseudorapidity
labη = − ln(tan

labθ
2
) of the hadron are

defined with respect to the direction of the incoming muon. The choice of
labθ is particularly convenient

to exhibit the acceptance cut due to the aperture limit of the polarised target magnet at
labθ = 70 mrad

for the upstream edge of the target. The factorization of hadron and muon acceptances implies that the

differential multiplicities only depend on Ah(+,−) since Aincl cancels, see Eq. 2. Figure 3 shows the hadron

acceptances Ah− and Ah+ used in the analysis.

The four-dimensional acceptance used in the present analysis is integrated over the azimuthal angle of

the hadrons, i.e. does not take into account the azimuthal modulations in the cross section [2]. The

systematic effect on the extracted �p2

T � have been investigated and found to be negligible.

3 Results

The differential multiplicities d2nh±/dzd p2

T in bins of (Q2, xB j) are defined in the introduction in terms of

the semi-inclusive and inclusive differential cross sections. They are obtained as the acceptance corrected

number of hadrons ∆4Nh±
in 8×40 (z, p2

T ) bins and 23 (∆xB j,∆Q2
) bins, divided by the number ∆2Nµ
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Current state fits

Framework HERMES COMPASS DY Z 
production N of points

KN 2006
 hep-ph/0506225

LO-NLL ! ! " " 98

Pavia 2013
(+Amsterdam, Bilbao)
 arXiv:1309.3507

No evo 
(QPM) " ! ! ! 1538

Torino 2014
(+JLab)

 arXiv:1312.6261

No evo 
(QPM)

"
(separately)

"
(separately) ! !

576 (H)
6284 (C)

DEMS 2014
arXiv:1407.3311

NLO-NNLL ! ! " " 223

EIKV 2014
 arXiv:1401.5078

LO-NLL 1 (x,Q2) bin 1 (x,Q2) bin " " 500 (?)

Pavia 2016
(+Amsterdam) LO-NLL " " " " 8156
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An almost global fitPavia / Ams. 2016 : an almost global fit

16

Framework HERMES COMPASS DY Z 
production N of points

Pavia 2016
(+Amsterdam) LO-NLL ! ! ! ! 8156

A step closer to a global fit of 
quark unpolarized TMDs

Flexible functional form, beyond
the Gaussian assumption

PROs CONs

includes TMD evolution

no “pure” info on TMD FFs

accuracy of TMD evolution : 
not the state of the art

need for a light and fast analysis codereplica methodology (in progress)

kinematic and flavor dependence 
in intrinsic part of TMDs (in progress)

Features
heading	  towards	  a	  global	  fit	  of	  quark	  unpolarized	  TMDs

Flexible	  functional	  form	  (beyond	  gaussians)

includes	  TMD	  evolution

replica	  methodology

kinematic	  and	  flavor	  dependence	  (preliminary)	  
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An almost global fitPavia / Ams. 2016 : an almost global fit

16

Framework HERMES COMPASS DY Z 
production N of points

Pavia 2016
(+Amsterdam) LO-NLL ! ! ! ! 8156

A step closer to a global fit of 
quark unpolarized TMDs

Flexible functional form, beyond
the Gaussian assumption

PROs CONs

includes TMD evolution

no “pure” info on TMD FFs

accuracy of TMD evolution : 
not the state of the art

need for a light and fast analysis codereplica methodology (in progress)

kinematic and flavor dependence 
in intrinsic part of TMDs (in progress)

Cons

no	  “pure”	  info	  on	  TMD	  FFs
	  (would	  require	  e+e-‐	  annihilation)

TMD	  accuracy:	  not	  the	  state	  of	  the	  art

long	  computation	  time
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Data selection

3

We made the following choices for the nonperturbative terms

gK(bT ) = −g2b
2
T /2, with Q0 = 1 GeV (12)

f̂f
NP(x, bT ) =

�k2
⊥�e−�k

2
⊥�

b2T
4 + λ�k�2

⊥�
�
1− �k�2

⊥�
b2T
4

�
e−�k

�2
⊥�

b2T
4

(�k2
⊥�+ λ�k�2

⊥�)
(13)

with We choose the following functional form for the average square transverse momentum of flavor a:

�
k2
⊥,a

�
(x) =

�
k̂2
⊥,a

� (1− x)αxσ

(1− x̂)αx̂σ
, where

�
k̂2
⊥,a

�
≡

�
k2
⊥,a

�
(x̂), and x̂ = 0.1. (14)

�k̂2
⊥,a�, α, σ, are free parameters.

�
P 2
⊥,a�h

�
(z) =

�
P̂ 2
⊥,a�h

� (zβ + δ) (1− z)γ

(ẑβ + δ) (1− ẑ)γ
where

�
P̂ 2
⊥,a�h

�
≡

�
P 2
⊥,a�h

�
(ẑ), and ẑ = 0.5. (15)

The free parameters β, γ, and δ are equal for all kinds of fragmentation functions.

III. DATA SELECTION

HERMES HERMES HERMES HERMES

p→ π+ p→ π− p→ K+ p→ K−

Reference

Cuts

Q2 > 1.4 GeV
2

0.2 < z < 0.7

PhT < Min[0.2 Q, 0.6 Qz] + 0.5 GeV

Points 188 186 187 185

Max. Q2
9.2 GeV

2

x range 0.06 < x < 0.4

Notes

χ2/points

TABLE I: Semi-inclusive DIS proton-target data

IV. RESULTS

V. CONCLUSIONS AND OUTLOOK

Acknowledgments

This work is supported by the European Research Council (ERC) under the European Union’s Horizon 2020
research and innovation programme (grant agreement No. 647981, 3DSPIN). The work of AS is part of the program
of the Stichting voor Fundamenteel Onderzoek der Materie (FOM), which is financially supported by the Nederlandse
Organisatie voor Wetenschappelijk Onderzoek (NWO).

Motivations	  behind	  kinematical	  cuts
TMD	  factorization	  (PhT/z	  <<	  Q2)
Avoid	  target	  fragmentation	  (low	  z)
and	  exclusive	  contributions	  (high	  z)

SIDIS
proton-target

data
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Data selection

SIDIS
deuteron-target

data 4

HERMES HERMES HERMES HERMES COMPASS COMPASS

D → π+ D → π− D → K+ D → K− D → h+ D → h−

Reference

Cuts

Q2 > 1.4 GeV2

0.2 < z < 0.7

PhT < Min[0.2 Q, 0.6 Qz] + 0.5 GeV

Points 188 188 186 187 3024 3021

Max. Q2 9.2 GeV2 10 GeV2

x range 0.06 < x < 0.4 0.006 < x < 0.12

Notes Observable:
mh

N (x, z, P 2
hT , Q2)

mh
N (x, z, Min[P 2

hT ], Q2)

χ2/points

TABLE II: Semi-inclusive DIS deuteron-target data

E288 200 E288 300 E288 400 E605

Reference [? ] [? ] [? ] [? ]

Cuts qT < 0.2 Q + 0.5 GeV

Points 45 45 78 35
√

s 19.4 GeV 23.8 GeV 27.4 GeV 38.8 GeV

Q range 4-9 GeV 4-9 GeV 5-9, 11-14 GeV 7-9, 10.5-18 GeV

Kin. var. y=0.4 y=0.21 y=0.03 −0.1 < xF < 0.2

χ2/points 0.52 0.98 0.68 0.68

TABLE III: Drell-Yan data

CDF Run I D0 Run I CDF Run II D0 Run II

Reference [? ] [? ] [? ] [? ]

Cuts qT < 0.2 Q + 0.5 GeV = 18.7 GeV

Points 31 14 37 8
√

s 1.8 TeV 1.8 TeV 1.96 TeV 1.96 TeV

Normalization 1.114 0.992 1.049 1.048

χ2/points 0.52 0.98 0.68 0.68

TABLE IV: Z-production data

Points bmax

˙
k̂2
⊥

¸
α σ g2

(fixed) [GeV2] (random) [GeV2]

8156 2e−γE /GeV 0.34± 0.01 5.0± 1.0 0.25± 0.01 0.13± 0.01

χ2 bmin

˙
P̂ 2
⊥

¸
β δ γ

(fixed) [GeV2]

12100 2e−γE /Q 0.20± 0.01 2.7± 0.1 3.4± 0.1 0.041± 0.004

TABLE V: 68% confidence intervals of best-fit parameters for TMD PDFs.

to avoid problems 
with Compass data normalization
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Data selection
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√
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√
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Drell-Yan
data

Z production
data

fixed from DEMS fit,
different from exp.
(not really relevant for TMD
parametrizations)
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Model: TMD evolution and Fourier transform

fa
1 (x, k⊥;µ2) =

1
2π

�
d2b⊥e−ib⊥·k⊥ �fa

1 (x, b⊥;µ2)

FUU,T (x, z,P 2
hT , Q2) =

�

a

�
dk⊥ dP⊥ fa

1

�
x, k2

⊥
�
Da→h

1

�
z,P 2

⊥
�
δ
�
zk⊥ − P hT + P⊥

�
+O

�
M2/Q2

�

convolution

Fourier transform: bT space
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Model: TMD evolution and Fourier transform

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )

fa
1 (x, k⊥;µ2) =

1
2π
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Model: TMD evolution and Fourier transform

nonperturbative part
 of TMD

collinear PDF

pQCD

nonperturbative part
 of evolution

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
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fa
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Model: non perturbative elements
Models - intrinsic momenta and evolution

22

weighted sum of two different Gaussians,
both for distributions and fragmentations

In total we have 12 parameters, for intrinsic transverse momentum 
(5 PDFs, 6 FFs) and evolution (g2)

( Kinematic dependence of the average transverse momenta as in Pavia/Ams. 2013 )

gK = −g2
b2
T

2

F̃i,NP (x, bT ) =

�k2
⊥�i e−�k2

⊥�ib2
T/4 + λ�k�2

⊥�i
�
1− �k�2

⊥�i b
2
T
4

�
e−�k�2

⊥ �ib2
T/4

�k2
⊥�i + λ�k�2

⊥�i

g2 = 0.14± 0.01 GeV

estimate from 33 replicas

sum of two different gaussians
both for parton distributions (not fundamental) and fragmentation
with kinematic dependence on transverse momenta

3

We made the following choices for the nonperturbative terms

gK(bT ) = −g2b
2
T /2, with Q0 = 1 GeV (12)

f̂f
NP(x, bT ) =

�k2
⊥�e−�k

2
⊥�

b2T
4 + λ�k�2

⊥�
�
1− �k�2

⊥�
b2T
4

�
e−�k

�2
⊥�

b2T
4

(�k2
⊥�+ λ�k�2

⊥�)
(13)

with We choose the following functional form for the average square transverse momentum of flavor a:

�
k2
⊥,a

�
(x) =

�
k̂2
⊥,a

� (1− x)αxσ

(1− x̂)αx̂σ
, where

�
k̂2
⊥,a

�
≡

�
k2
⊥,a

�
(x̂), and x̂ = 0.1. (14)

�k̂2
⊥,a�, α, σ, are free parameters.

�
P 2
⊥,a�h

�
(z) =

�
P̂ 2
⊥,a�h

� (zβ + δ) (1− z)γ

(ẑβ + δ) (1− ẑ)γ
where

�
P̂ 2
⊥,a�h

�
≡

�
P 2
⊥,a�h

�
(ẑ), and ẑ = 0.5. (15)

The free parameters β, γ, and δ are equal for all kinds of fragmentation functions.

III. DATA SELECTION

HERMES HERMES HERMES HERMES

p→ π+ p→ π− p→ K+ p→ K−

Reference [? ]

Cuts

Q2 > 1.4 GeV
2

0.2 < z < 0.7

PhT < Min[0.2 Q, 0.6 Qz] + 0.5 GeV

Points 188 186 187 185

Max. Q2
9.2 GeV

2

x range 0.06 < x < 0.4

Notes

χ2/points 4.24 3.49 0.63 1.00

TABLE I: Semi-inclusive DIS proton-target data

IV. RESULTS

V. CONCLUSIONS AND OUTLOOK

Acknowledgments
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where

�
P̂ 2
⊥,a�h

�
≡

�
P 2
⊥,a�h

�
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(ẑβ + δ) (1− ẑ)γ
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Models - intrinsic momenta and evolution

22

weighted sum of two different Gaussians,
both for distributions and fragmentations

In total we have 12 parameters, for intrinsic transverse momentum 
(5 PDFs, 6 FFs) and evolution (g2)

( Kinematic dependence of the average transverse momenta as in Pavia/Ams. 2013 )

gK = −g2
b2
T

2

F̃i,NP (x, bT ) =

�k2
⊥�i e−�k2

⊥�ib2
T/4 + λ�k�2

⊥�i
�
1− �k�2

⊥�i b
2
T
4

�
e−�k�2

⊥ �ib2
T/4

�k2
⊥�i + λ�k�2

⊥�i

g2 = 0.14± 0.01 GeV

estimate from 33 replicas
g2=0.13 ± 0.02 GeV2

In total we have 11 parameters, for intrinsic transverse momentum
(4 PDFs, 6 FFs) and evolution (g2)
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b̄∗

C1 = 2 e−γE bmax = C1 bmin =
C1

Q

Models - bT prescription

23

b̄�(bT ; bmin, bmax) = bmax

�
1− e−b4T /b4max

1− e−b4T /b4min

�

These choices guarantee that for
Q=1 GeV the TMD coincides with 

the NP model 

bmax , bT → +∞

bmin , bT → 0

bmax = 2e−γE

bmin = 2e−γE/Q

 Nonperturbative TMD evolution

Collins, Soper, Sterman, N.P. B250 (85)

choice!

!"! !"# $"! $"# %"!

!"%

!"&

!"'

!"(

$"!

$"%

$"&

b̄∗ = bmax

�
1− e−b4T /b4max

1− e−b4T /b4min

� 1
4

b̄∗
bmax

bT (GeV-1)

large bT → μb gets frozen → nonperturbative evolution sets in 
small bT → μb is prevented from becoming larger than Q

fq
1 (x, bT ;Q

2) =
�

i

�
Cq/i ⊗ f i

1

�
(x, b∗;µb) e

S(b∗;µb,Q) egK(bT ) log Q
Q0 fq

NP(x, bT ;Q
2
0)

Q=2 GeV

Q=5 GeV

Q=20 GeV

original choice: the CSS scheme b∗ =
bT�

1 + b2T /b
2
max

other choices: Bacchetta et al., JHEP 1511 (15) 076

b∗[bc(bT )] Collins et al., arXiv:1605.00671

µb = Q0 + qT
b∗ = bT

D’Alesio et al.,  
JHEP 1411 (14)

µb =
C1

b̄∗

C1 = 2 e−γE bmax = C1 bmin =
C1

Q

The phenomenological importance of bmin is a signal that, especially in
SIDIS data at low Q, we are exiting the proper TMD region and
approaching the region of collinear factorization

μb < Q
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Hermes results (some bins)
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Hermes results (some bins)
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replica results
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Hermes results (some bins)
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grey bands represent 68% c.l. of 
replica results
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Hermes results (some bins)
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proton π+ worse, however normalizing the theory curves to the first 
bin, without changing the parameters of the fit, χ2/dof improves

grey bands represent 68% c.l. of 
replica results
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Compass (some bins)
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problems related to data 
normalization (considered as fixed 
parameters)

Compass deuteron h+ 

χ2/dof = 1.49
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Drell-Yan data
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χ2/dof  distribution

!"# $"% $"# &"% &"# #"%
%

#

'%

'#

!%

!#

$%

$#

χ2/dof

50 replicas

χ2/dof greater w.r.t original data

minimization convergence more difficult

n. replicas

χ2/dof = 1.42
with original data:
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TMD PDF parameter
!

"

# $ %

!
"

# $

3

We made the following choices for the nonperturbative terms

gK(bT ) = −g2b
2
T /2, with Q0 = 1 GeV (12)

f̂f
NP(x, bT ) =

�k2
⊥�e−�k

2
⊥�

b2T
4 + λ�k�2

⊥�
�
1− �k�2

⊥�
b2T
4

�
e−�k

�2
⊥�

b2T
4

(�k2
⊥�+ λ�k�2

⊥�)
(13)

with We choose the following functional form for the average square transverse momentum of flavor a:

�
k2
⊥,a

�
(x) =

�
k̂2
⊥,a

� (1− x)αxσ

(1− x̂)αx̂σ
, where

�
k̂2
⊥,a

�
≡

�
k2
⊥,a

�
(x̂), and x̂ = 0.1. (14)

�k̂2
⊥,a�, α, σ, are free parameters.

�
P 2
⊥,a�h

�
(z) =

�
P̂ 2
⊥,a�h

� (zβ + δ) (1− z)γ

(ẑβ + δ) (1− ẑ)γ
where

�
P̂ 2
⊥,a�h

�
≡

�
P 2
⊥,a�h

�
(ẑ), and ẑ = 0.5. (15)

The free parameters β, γ, and δ are equal for all kinds of fragmentation functions.

III. DATA SELECTION

HERMES HERMES HERMES HERMES

p→ π+ p→ π− p→ K+ p→ K−

Reference [? ]

Cuts

Q2 > 1.4 GeV
2

0.2 < z < 0.7

PhT < Min[0.2 Q, 0.6 Qz] + 0.5 GeV

Points 188 186 187 185

Max. Q2
9.2 GeV

2

x range 0.06 < x < 0.4

Notes

χ2/points 4.24 3.49 0.63 1.00

TABLE I: Semi-inclusive DIS proton-target data

IV. RESULTS

V. CONCLUSIONS AND OUTLOOK

Acknowledgments
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at initial scale 1GeV2 68% c.l. compared with other fits (i.e. 
Anselmino, Schweitzer, gmc_trans)

α(random) σ λF

0.28±0.07
[GeV2 ]

2.99±0.01 0.20±0.03 1.74±1.73

〈k̂2⊥,d〉
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TMD FF parameters
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We made the following choices for the nonperturbative terms
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The free parameters β, γ, and δ are equal for all kinds of fragmentation functions.

III. DATA SELECTION
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p→ π+ p→ π− p→ K+ p→ K−

Reference [? ]

Cuts

Q2 > 1.4 GeV
2

0.2 < z < 0.7

PhT < Min[0.2 Q, 0.6 Qz] + 0.5 GeV

Points 188 186 187 185

Max. Q2
9.2 GeV

2

x range 0.06 < x < 0.4

Notes

χ2/points 4.24 3.49 0.63 1.00

TABLE I: Semi-inclusive DIS proton-target data

IV. RESULTS
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at initial scale 1GeV2

β ϒ δ λF

0.21±0.01
[GeV2 ]

0.03±0.001
[GeV2 ]

1.69±0.81 2.32±0.66 0.12±0.09 4.31±1.34

〈P̂ 2

⊥,fav〉 〈P̂ ′2
⊥,fav〉
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Preliminary: flavor dependence
New cuts are probably necessary:

Q2 > 1.5 GeV2 ,   0.25 < z < 0.6

Reduced number of bins 

5533

improved χ2/dof

~1.10

work in progress!
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Conclusions

‣We extracted TMD PDFs on more than 8000 data points on 
different data sets, multidimensional and at different energy scales

‣ We used the replica method to extract the parameter values

‣This work is a first attempt toward a global fit of unpolarized TMDs, 

once the analysis of unpolarized structures will be complete, we can 

rely on a solid baseline to address polarized structures

‣Working on improving the analysis of flavor dependence
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BACKUP
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The replica method

m�x,z,PhT ,Q2�, proton target
�x��0.15�Q2��2.9 GeV2

0.0 0.4 0.8
PhT

1

2

3
Π�

0.27�z�0.30
0.38�z�0.48

Example of original data
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The replica method

m�x,z,PhT ,Q2�, proton target
�x��0.15�Q2��2.9 GeV2

0.0 0.4 0.8
PhT

1

2

3
Π�

0.27�z�0.30
0.38�z�0.48

Example of original data

two targets

4 final hadrons

5 x bins

7 z bins
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The replica method

m�x,z,PhT ,Q2�, proton target
�x��0.15�Q2��2.9 GeV2

0.0 0.4 0.8
PhT

1

2

3
Π�

0.27�z�0.30
0.38�z�0.48

Data are replicated (with Gaussian distribution)
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The replica method

m�x,z,PhT ,Q2�, proton target
�x��0.15�Q2��2.9 GeV2

0.0 0.4 0.8
PhT

1

2

3
Π�

0.27�z�0.30
0.38�z�0.48

The fit is performed on the replicated data
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The replica method

m�x,z,PhT ,Q2�, proton target
�x��0.15�Q2��2.9 GeV2

0.0 0.4 0.8
PhT

1

2

3
Π�

0.27�z�0.30
0.38�z�0.48

The procedure is repeated 200 times
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The replica method

m�x,z,PhT ,Q2�, proton target
�x��0.15�Q2��2.9 GeV2

0.0 0.4 0.8
PhT

1

2

3
Π�

0.27�z�0.30
0.38�z�0.48

For each point, a central 68% confidence interval is identified
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μ and b∗ prescriptions

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )
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μ and b∗ prescriptions

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )

Choice Choice
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μ and b∗ prescriptions

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )

Choice Choice

b∗ ≡
bT�

1 + b2
T /b2

max

b∗ ≡ bmax

�
1− e

− b4T
b4max

�1/4

µb = 2e−γE /b∗

µb = Q0 + qT b∗ = bT

µb = 2e−γE /b∗

Collins, Soper, Sterman, NPB250 (85)

DEMS 2014

Bacchetta, Echevarria, Mulders, Radici, Signori
arXiv:1508.00402
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μ and b∗ prescriptions

�fa
1 (x, bT ;µ2) =
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�
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�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )

Choice Choice

b∗ ≡
bT�

1 + b2
T /b2

max

b∗ ≡ bmax

�
1− e

− b4T
b4max

�1/4

µb = 2e−γE /b∗

µb = Q0 + qT b∗ = bT

µb = 2e−γE /b∗

Collins, Soper, Sterman, NPB250 (85)

DEMS 2014

Bacchetta, Echevarria, Mulders, Radici, Signori
arXiv:1508.00402

Laenen, Sterman, Vogelsang, PRL 84 (00)Complex-b prescription
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Nonperturbative ingredients 1

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
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µ0 f̂a
NP(x, bT )

36Monday, September 26, 2016



Nonperturbative ingredients 1

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )

Choice

36Monday, September 26, 2016



Nonperturbative ingredients 1

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )

Choice

almost everybody

Pavia 2013, KN 2006

DEMS 2014

e
− b2T

�b2
T
�

J
H
E
P
1
1
(
2
0
1
4
)
0
9
8

• It has to be such that

lim
bT→0

F̃NP
q/N = 1 , (2.33)

in order to guarantee that the perturbative series is not altered where its convergence

properties are sound.

We have not included a dependence on x, as data eventually do not need such correction

and to keep the model simple enough. In eq. (2.33) we are assuming that the values of x

are not extremely small (say x > 10−3), in which case the whole TMD formalism should

be re-considered.

We have studied several parametrizations of the non-perturbative part (Gaussian, poly-

nomial, etc.) and the final one which better provides a good fit of the data, with the

minimum set of parameters and DNP = 0, is

F̃NP
q/N (x, bT ;Q) = e−λ1bT

(
1 + λ2b

2
T

)
. (2.34)

As discussed below in the text the data for Z-boson production are basically sensitive just

to the parameter λ1, that is to the exponential factor and not to the second power-like term

that, controlling the large-bT region, is more sensitive to small-qT data. The global fit so

performed allows to fix, to a certain precision, the value of this non-perturbative constant.

In other words, this fit can be used to fix the amount of non-perturbative QCD corrections

in the transverse momentum spectra. As commented above, the parameter λ2 corrects the

behavior of the TMDPDF at high values of bT and results necessary to describe the data

at low dilepton invariant mass and low qT .

Considering now a nonzero DNP, this results in a Q-dependent factor in the non-

perturbative model (see the studies of refs. [23, 24] and more recently refs. [5, 8]). Thus,

from eqs. (2.31) and (2.34), by setting DNP = λ3b2T /2, we have

F̃NP
q/N (x, bT ;Q) = e−λ1bT

(
1 + λ2b

2
T

)(Q2

Q2
0

)−λ3
2 b2T

. (2.35)

We anticipate here that the sensitivity of the data to this extra factor with λ3 is not

very strong, although we observe an improvement in the χ2. This is a consequence of the

fact that the fully resummed D function is actually valid on a region of impact parameter

space which is broad enough for the analysis of the sets of available data (notice that we

have in all cases a dilepton invariant mass Q > 4GeV). It might be that at lower values

of Q such corrections could be more significant. On the other hand one expects that also

the factorization theorem should be revised when the values of Q become of the order

of the hadronization scale. It is then possible that the non-perturbative corrections to

the evolution kernel happen there where the basic hypothesis of the factorization theorem

(Q ! qT ∼ ΛQCD ∼ O(1 GeV)) become weaker and so are more difficult to extract. A

more detailed study in this direction is beyond the scope of this paper.

Finally in figure 2 we show the effect of the model of eq. (2.34) on the TMDPDF at

low scale, Q = 2GeV, where we expect that its impact is more substantial. We see that the

– 11 –

e
− b2T

�b2
T

(x)�
a
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Low-bT modifications

log
�
Q2b2

T

�
→ log

�
Q2b2

T + 1
�

see talks by Collins, Boglione, (Rogers?)

see, e.g., Bozzi, Catani, De Florian, Grazzini 
hep-ph/0302104
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Low-bT modifications

log
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�
→ log

�
Q2b2

T + 1
�

see talks by Collins, Boglione, (Rogers?)

10

lidity of the W -term approximation does not end at a
sharp point in qT, and thus a smooth function character-
izes general physical expectations. A reasonable choice
is

Ξ

(

qT
Q

, η

)

= exp

[

−

(

qT
ηQ

)aΞ
]

, (39)

with aΞ > 2.
The only differences between the old and new W -term

are: i) the use of bc(bT) rather than bT in W̃ , and ii) the
multiplication by Ξ(qT/Q, η). (The second modification
was proposed by Collins in Ref. [4, Eq. (13.75)]. There Ξ
is called F (qT/Q).) Equation (38) matches the standard
definition in the limit that C5 and η approach infinity.
Finally, we will present a fully optimized formula for

WNew(qT, Q; η, C5) corresponding to the one for the orig-
inal W (qT, Q) in Eq. (35).
But first it will be convenient to construct some auxil-

iary results.
Naturally, b∗ is to be replaced by

b∗(bc(bT)) =

√

b2T + b20/(C
2
5Q

2)

1 + b2T/b
2
max + b20/(C

2
5Q

2b2max)
. (40)

Also we define

bmin ≡ b∗(bc(0)) =
b0

C5Q

√

1

1 + b20/(C
2
5Q

2b2max)
. (41)

Then, for large enough Q and bmax

bmin ≈
b0

C5Q
. (42)

Thus, bmin decreases like 1/Q, in contrast to bmax which
remains fixed. Note also that

b∗(bc(bT)) −→











bmin bT % bmin

bT bmin % bT % bmax

bmax bT & bmax .

(43)

For bT % 1/Q, b∗(bc(bT)) ≈ b∗(bT). Instead of µb∗ , we
will ultimately use the scale

µ̄ ≡
C1

b∗(bc(bT))
(44)

to implement renormalization group improvement in
TMD correlation functions. There is a maximum cut-
off on the renormalization scale equal to

µc ≡ lim
bT→0

µ̄ =
C1C5Q

b0

√

1 +
b20

C2
5 b

2
maxQ

2
≈

C1C5Q

b0
.

(45)
The approximation sign corresponds to the limit of large
Qbmax. Note that,

bminµc = C1 . (46)

The steps for finding a useful formula for the evolved WNew(qT, Q; η, C5) are as follows. Equation (32) becomes

WNew(qT, Q; η, C5) = Ξ

(

qT
Q

, η

)
∫

d2bT
(2π)2

eiqT·bTW̃NP(bc(bT), Q)W̃ (b∗(bc(bT)), Q) . (47)

Now the definition of W̃ (bT, Q) is unchanged, and only the bT → bc(bT) replacement is new. Therefore instead of
Eq. (35) we simply need

W̃ (bc(bT), Q) = H(µQ, Q)
∑

j′i′

∫ 1

xA

dx̂

x̂
C̃pdf

j/j′ (xA/x̂, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))fj′/A(x̂; µ̄)×

×

∫ 1

zB

dẑ

ẑ3
C̃ff

i′/j(zB/ẑ, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))dB/i′ (ẑ; µ̄)×

× exp

{

ln
Q2

µ̄2
K̃(b∗(bc(bT)); µ̄) +

∫ µQ

µ̄

dµ′

µ′

[

2γ(αs(µ
′); 1)− ln

Q2

µ′2
γK(αs(µ

′))

]}

× exp

{

−gA(xA, bc(bT); bmax)− gB(zB, bc(bT); bmax)− 2gK(bc(bT); bmax) ln

(

Q

Q0

)}

. (48)

This is the same as Eq. (35) except that b∗(bc(bT)) and µ̄ = C1/b∗(bc(bT)) are used instead of b∗(bT) and
µb∗ = C1/b∗(bT). Note that gK(bc(bT); bmax) depends on Q through bc, albeit only for bT ! 1/Q. For bT & 1/Q,
gK(bc(bT); bmax) → gK(bT; bmax). Also, gK(bc(bT); bmax) does not vanish exactly as bT → 0 but instead approaches a
power of 1/Q.
Up to this point, we have introduced two new parameters, η and C5, in the treatment of the W -term.
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The steps for finding a useful formula for the evolved WNew(qT, Q; η, C5) are as follows. Equation (32) becomes
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(
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Q
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)
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This is the same as Eq. (35) except that b∗(bc(bT)) and µ̄ = C1/b∗(bc(bT)) are used instead of b∗(bT) and
µb∗ = C1/b∗(bT). Note that gK(bc(bT); bmax) depends on Q through bc, albeit only for bT ! 1/Q. For bT & 1/Q,
gK(bc(bT); bmax) → gK(bT; bmax). Also, gK(bc(bT); bmax) does not vanish exactly as bT → 0 but instead approaches a
power of 1/Q.
Up to this point, we have introduced two new parameters, η and C5, in the treatment of the W -term.

Collins et al.
arXiv:1605.00671

see, e.g., Bozzi, Catani, De Florian, Grazzini 
hep-ph/0302104
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Data selection

Q2 > 1.4 GeV2

0.2 < z < 0.7
PhT , qT < 0.2 Q + 0.5 GeV PhT < 0.8 GeV (if z < 0.3)
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Data selection

Q2 > 1.4 GeV2

0.2 < z < 0.7
PhT , qT < 0.2 Q + 0.5 GeV PhT < 0.8 GeV (if z < 0.3)

Total number of data points: 8156
Total χ2/dof = 1.45 Preliminary
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Pavia 2016 perturbative 

�fa
1 (x, bT ;µ2) =

�

i

�
C̃a/i ⊗ f i

1

�
(x, b∗;µb)eS̃(b∗;µb,µ)egK(bT ) ln µ

µ0 f̂a
NP(x, bT )

A1

�
O(α1

S)
�

A2

�
O(α2

S)
�

A3

�
O(α3

S)
�

. . .

B1

�
O(α1

S)
�

B2

�
O(α2

S)
�

. . .

C0

�
O(α0

S)
�

C1

�
O(α1

S)
�

C2

�
O(α2

S)
�

. . .

H0

�
O(α0

S)
�

H1

�
O(α1

S)
�

H2

�
O(α2

S)
�

. . .

Y1

�
O(α1

S)
�

Y2

�
O(α2

S)
�

. . .

✔ ✔

✔

✔

✔
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