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INTRODUCTION

Goal: Determine the strange quark contributions to the nucleon form factors 

Experimental effort to measure precisely these contributions. (HAPEX, G0, 
A4…) 

Theoretical work estimate these contributions 

Lattice QCD calculations for more that 15 years now 

Give a flavor of the numerical algorithms involved 

Present some recent results from the LHPC/NME/JLab collaborations
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Gauge sector:

Fermion sector:

LATTICE QCD

Ψ is now a vector whose components 
leave on the sites of the lattice

Sf =  ̄D 

D is the Dirac matrix which is large and sparse



NUCLEON FORM FACTOR

Connected
Disconnected

Strange quark : disconnected only



DISCONNECTED CONTRIBUTIONS

Tr(D�1�)

D: is the Dirac matrix 
Γ: is a spin matrix

D: In lattice QCD is a large space matrix 



STOCHASTIC TRACE

η is a random vector with components that satisfy 

h⌘⇤i ⌘ji = �ij

Tr(A) ⇡ h⌘†A⌘i

M. F. Hutchinson,   Commun. Statist. Simula., 19 (1990) 

W. M. Wilcox, (1999), arXiv:hep-lat/9911013  

For complex ZN noise  (N>2):

V ar(Tr(A)) = kÃk2F =

 
kAk2F �

LX
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|Ai,i|2
!

⇠ 1

Nsamples

A is related to D-1  

h⌘i⌘ji = 0and



V ar(Tr(A)) = kÃk2F =

 
kAk2F �

LX

i=1
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!

splitting the trace in two reduces variance



V ar(Tr(A)) = kÃk2F =
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further subdivision reduces variance 



D-1ij is the quark propagator from point i to point j

i

j

i j points that are close contribute most to the variance

V ar(Tr(A)) = kÃk2F =
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LX

i=1

|Ai,i|2
!



HIERARCHICAL PROBING

Decompose (color) the lattice points according to distance distance  

Estimate the trace of each subdomain stochastically 

Choose a nested coloring so that one can continuously improve the 
approximation

A. Stathopoulos, J. Laeuchli, K. Orginos, SIAM J. Sci. Comput. 35(5) (2013) S299–S322 [1302.4018] 
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J. Green et al. Phys.Rev. D92 (2015) no.3, 031501

Disconnected contribution to nucleon form factors

dynamical 2 + 1 flavors of  Clover fermions 

323   x 96 lattice of dimensions (3.6 fm)3   x (10.9 fm) 

a=0.115fm, pion mass 317 MeV

G(Q2) =
k
maxX

k

akz
k, z =

p
tcut +Q2 �

p
tcutp

tcut +Q2 +
p
tcut

,z-expansion fit:

Fi�ing Q2-dependence

We want to fit GA,P (Q2) with curves to characterize the overall shape of the
form factor and determine the axial radius.
I Common approach: use simple fit forms such as a dipole.
I Be�er: use z-expansion. Conformally map domain where G(Q2) is
analytic in complex Q2 to |z | < 1, then use a Taylor series:

Q
2

z

R. J. Hill and G. Paz, Phys. Rev. D 84 (2011) 073006

z (Q2) =

p
tcut + Q2 � ptcutp
tcut + Q2 +

p
tcut
,

G(Q2) =
X

k

akz (Q2)k ,

with Gaussian priors imposed on the coe�icients ak .
I Leave a0 and a1 unconstrained, so that the intercept and slope are not
directly constrained.

I For higher coe�icients, impose |ak>1 | < 5max{|a0 |, |a1 |}, and vary the
bound to estimate systematic uncertainty.

For GP , perform the fit to (Q2 +m2)GP (Q2) to remove the pseudoscalar pole.
Jeremy Green (Mainz) Light and strange axial form factors La�ice 2016 7 / 25
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. . . same, with quenched lattice QCD [29]
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light-front model + deep inelastic scattering data [31]

perturbative chiral quark model [32]

dispersion analysis [33]
parity-violating elastic scattering [34]

strange magnetic moment

(r2E)
s = �0.0067(10)(17)(15) fm2,

(r2M )s = �0.018(6)(5)(5) fm2,

µs = �0.022(4)(4)(6) µN ,

extrapolation to physical point

[16] P. Shanahan, R. Horsley, Y. Nakamura, D. Pleiter, P. Rakow, et al., 
Phys.Rev.Lett. 114 (2015) 091802, arXiv:1403.6537 [hep-lat]. 
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(2009) 094503, arXiv:0903.3232 [hep-ph]. 
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FURTHER IMPROVEMENTS

Hierarchical probing works because of the exponential decay of the matrix 
elements of the Dirac matrix inverse 

Light quark masses result slower decay 

Largest contributions to the trace are from low modes 

Compute those exactly: Deflation 

Stochastically estimate the rest 

Re-examined this idea, model the effectiveness and combine it with 
hierarchical probing

C. Morningstar et al. Phys.Rev. D83 (2011) 114505 

Gambhir, Stathopoulos, Orginos, arXiv:1603.5988 submitted to SIAM J. of Sci. Comp. 



HP WITH DEFLATION

Tr(A�1) = Tr(A�1
D ) + Tr(A�1

R ) = Tr(V ⌃�1U†) + Tr(A�1 � V ⌃�1U †)

V,U  singular vectors of A 
Σ     the singular values

Estimate stochastically the second term

One can understand analytically  and model the effectiveness of deflation 
Conclusion: Results depend on the spectrum of singular values of A.

Gambhir, Stathopoulos, Orginos, arXiv:1603.5988 submitted to SIAM J. of Sci. Comp. 

Deflation is not always effective.
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Lattice: 323 × 64, 2+1 flavor Clover-Wilson ensemble 𝑎 = 0.081 𝑓𝑚 and 𝑚𝜋 = 312 𝑀𝑒𝑉 

Gambhir, Stathopoulos, Orginos, arXiv:1603.5988 submitted to SIAM J. of Sci. Comp. 



0 10 20 30 40 50 60 70 80
10−10

10−5

100

Manhattan Distance

M
at

rix
 E

le
m

en
ts

 S
qu

ar
ed

 

 

Base
Deflated
Hierarchical Probing
Deflated Hierarchical Probing

Lattice: 323 × 64, 2+1 flavor Clover-Wilson ensemble 𝑎 = 0.081 𝑓𝑚 and 𝑚𝜋 = 312 𝑀𝑒𝑉 

Gambhir, Stathopoulos, Orginos, arXiv:1603.5988 submitted to SIAM J. of Sci. Comp. 
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▪ , where 𝑉𝑠𝑡𝑜𝑐 is variance of a purely stochastic 𝑍4 estimator, 
𝑉ℎ𝑝(𝑠) is variance of HP + Deflation for the 𝑠𝑡ℎ probing vector.

▪ The factor of 𝑠 rescales the stochastic 
variance, since it’s error goes down as 1𝑠

▪ The greatest speedup is observed at the 
color closing points 2, 32, and 512.

▪ HP without deflation only gives a 3x 
speedup.

▪ At 512 probing vectors, HP with Deflation 
has a 60x speedup over pure noise.

where 𝑉 stoc is variance of a stochastic estimator,  

𝑉 hp(𝑠) is variance of HP + Deflation for the s-th probing vector 

Lattice: 323 × 64, 2+1 flavor Clover-Wilson ensemble 𝑎 = 0.081 𝑓𝑚 and 𝑚𝜋 = 312 𝑀𝑒𝑉 

Gambhir, Stathopoulos, Orginos, arXiv:1603.5988 submitted to SIAM J. of Sci. Comp. 
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Gambhir, for the NME/LHPC collaboration (Lattice 2016)

Lattice: 323 × 64, 2+1 flavor Clover-Wilson ensemble 𝑎 = 0.081 𝑓𝑚 and 𝑚𝜋 = 312 𝑀𝑒𝑉 

100 configs
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Lattice: 323 × 64, 2+1 flavor Clover-Wilson ensemble 𝑎 = 0.081 𝑓𝑚 and 𝑚𝜋 = 312 𝑀𝑒𝑉 
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Gambhir, for the NME/LHPC collaboration (Lattice 2016)

Lattice: 323 × 64, 2+1 flavor Clover-Wilson ensemble 𝑎 = 0.081 𝑓𝑚 and 𝑚𝜋 = 312 𝑀𝑒𝑉 

100 configs
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CONCLUSIONS

Progress has been made in the numerical methods needed for disconnected 
diagram calculations 

Further improvements are on the way 

Multi-level algorithms  

Presented results on disconnected contributions to vector form factors  

Corresponding results for axial vector are forthcoming (J. Green Lattice 2016) 

Lattice QCD results represent the most accurate theoretical determinations of 
sea quark effects


