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𝐷 𝑧, 𝑆; 𝑆𝑞 = 𝐷1 𝑧 + 𝜆𝑞𝜆𝐺1𝐿 𝑧 + Ԧ𝑆⊥𝑞 ⋅ Ԧ𝑆𝑇 𝐻1𝑇(𝑧)

𝐷 𝑧, 𝑝𝑇 , 𝑆; 𝑆𝑞 = 𝐷1 𝑧, 𝑝𝑇 + 𝜆𝑞𝜆𝐺1𝐿 𝑧, 𝑝𝑇 + Ԧ𝑆⊥𝑞 ⋅ Ԧ𝑆𝑇 𝐻1𝑇 𝑧, 𝑝𝑇

+
1

𝑀
Ԧ𝑆𝑇 ⋅ ෠𝑘 × Ԧ𝑝𝑇 𝐷1𝑇

⊥ 𝑧, 𝑝𝑇 +
1

𝑀
Ԧ𝑆⊥𝑞 ⋅ ෠𝑘 × Ԧ𝑝𝑇 𝐻1

⊥(𝑧, 𝑝𝑇)

+
1

𝑀2
Ԧ𝑆⊥𝑞 ⋅ Ԧ𝑝𝑇 Ԧ𝑆𝑇 ⋅ Ԧ𝑝𝑇 𝐻1𝑇

⊥ 𝑧, 𝑝𝑇 +
1

𝑀
𝜆 Ԧ𝑆⊥𝑞 ⋅ Ԧ𝑝𝑇 𝐻1𝐿

⊥ (𝑧, 𝑝𝑇) +
1

𝑀
𝜆𝑞 Ԧ𝑆𝑇 ⋅ Ԧ𝑝𝑇 𝐺1𝑇

⊥ (𝑧, 𝑝𝑇)

1 dimensional:

3 dimensional:

𝐷1
𝑞→ℎ

(𝑧): number density of hadron with fractional momentum 𝑧 = Τ𝑝 𝑘 from parton.

Number density Transvers spin transferLongitudinal spin transfer

Polarized:

PDFs: Parton distribution functions
(hadron structure)

Intuitive definition of FFs

Important inputs for high energy reactions 

FFs: Fragmentation functions
(hadronization)

“conjugate” to each other 

Introduction

Transverse momentum dependent
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෠Ξ𝑖𝑗
0

𝑘𝐹; 𝑝, 𝑆 =
1

2𝜋
෍

𝑋

න𝑑4𝜉 𝑒−𝑖𝑘𝐹𝜉 0 ℒ† 0;∞ 𝜓𝑖 0 𝑝, 𝑆; 𝑋 〈𝑝, 𝑆; 𝑋 ത𝜓𝑗 𝜉 ℒ 𝜉;∞ 0〉

ℒ 𝜉,∞ = 𝒫𝑒
𝑖𝑔 −𝜉׬

∞
𝑑𝜂−𝐴+(𝜂−;𝜉+,𝜉⊥)

෠Ξ𝑖𝑗
0

𝑧, 𝑘𝐹⊥; 𝑝, 𝑆 =෍

𝑋

න
𝑝+𝑑𝜉−𝑑2𝜉⊥

2𝜋
𝑒−𝑖( Τ𝑝+𝜉− 𝑧+𝑘𝐹⊥⋅𝜉⊥) 0 ℒ† 0;∞ 𝜓𝑗 0 𝑝, 𝑆; 𝑋 〈𝑝, 𝑆; 𝑋 ത𝜓𝑖 𝜉 ℒ 𝜉;∞ 0〉

= Ξ(0) 𝑧, 𝑘𝐹⊥; 𝑝, 𝑆

+𝑖𝛾5 ෨Ξ
(0) 𝑧, 𝑘𝐹⊥; 𝑝, 𝑆

+𝛾𝛼Ξ𝛼
(0)

𝑧, 𝑘𝐹⊥; 𝑝, 𝑆

+𝛾5𝛾
𝛼 ෨Ξ𝛼

0
𝑧, 𝑘𝐹; 𝑝, 𝑆

+ 𝑖𝜎𝛼𝛽𝛾5Ξ𝛼𝛽
(0)

𝑧, 𝑘𝐹⊥; 𝑝, 𝑆

4 × 4 matrix

Scalar

Pseudo-scalar

Vector

Pseudo-vector

Tensor

TMD FFs

𝜌 =
1

2
1 + Ԧ𝑆 ⋅ Ԧ𝜎 . 𝜌 =

1

3
1 +

3

2
Ԧ𝑆 ⋅ Σ + 3𝑇𝑖𝑗Σ𝑖𝑗

Hadron polarizations: spin density matrix

Spin-1/2: Spin-1:

TMD FFs from quark-quark correlator

Introduction
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Leading twist fragmentation functions from quark-quark correlator for spin-1 hadron

Quark pol. Hadron pol. TMD FFs integrate  over  𝒌𝑭⊥ name

𝑼

𝑼 𝐷1(𝑧,𝑘𝐹⊥) 𝐷1(𝑧) Number density

𝑻 𝐷1𝑇
⊥ (𝑧,𝑘𝐹⊥) ×

𝑳𝑳 𝐷1𝐿𝐿(𝑧,𝑘𝐹⊥) 𝐷1𝐿𝐿(𝑧) Spin alignment 

𝑳𝑻 𝐷1𝐿𝑇
⊥ (𝑧,𝑘𝐹⊥) ×

𝑻𝑻 𝐷1𝑇𝑇
⊥ (𝑧,𝑘𝐹⊥) ×

𝑳

𝑳 𝐺1𝐿(𝑧,𝑘𝐹⊥) 𝐺1𝐿(𝑧) Longitudinal  spin  transfer 

𝑻 𝐺1𝑇
⊥ (𝑧,𝑘𝐹⊥) ×

𝑳𝑻 𝐺1𝐿𝑇
⊥ (𝑧,𝑘𝐹⊥) ×

𝑻𝑻 𝐺1𝑇𝑇
⊥ (𝑧,𝑘𝐹⊥) ×

𝑻

𝑼 𝐻1
⊥(𝑧,𝑘𝐹⊥) × Collins  function 

𝑳 𝐻1𝐿
⊥ (𝑧,𝑘𝐹⊥) ×

𝑻(∥) 𝐻1𝑇(𝑧,𝑘𝐹⊥)
𝐻1𝑇(𝑧) Transverse spin  transfer 

𝑻(⊥) 𝐻1𝑇
⊥ (𝑧,𝑘𝐹⊥)

𝑳𝑳 𝐻1𝐿𝐿
⊥ (𝑧,𝑘𝐹⊥) ×

𝑳𝑻 𝐻1𝐿𝑇(𝑧,𝑘𝐹⊥),  𝐻1𝐿𝑇
⊥ (𝑧,𝑘𝐹⊥) 𝐻1𝐿𝑇(𝑧)

𝑻𝑻 𝐻1𝑇𝑇
⊥ (𝑧,𝑘𝐹⊥),  𝐻1𝑇𝑇

′⊥ (𝑧,𝑘𝐹⊥) ×,   ×

Introduction
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Quark
polarization

Hadron
polarization

Chiral-even Chiral-odd

T-even T-odd T-even T-odd

𝐔

𝐔 𝐷1 𝐷⊥ 𝐷3 𝐸

𝐋 𝐷𝐿
⊥

𝐓 𝐷1𝑇
⊥ 𝐷𝑇 𝐷𝑇

⊥ 𝐷3𝑇
⊥ 𝐸𝑇

⊥

𝐋𝐋 𝐷1𝐿𝐿 𝐷𝐿𝐿
⊥ 𝐷3𝐿𝐿 𝐸𝐿𝐿

𝐋𝐓 𝐷1𝐿𝑇
⊥ 𝐷𝐿𝑇 𝐷𝐿𝑇

⊥ 𝐷3𝐿𝑇
⊥ 𝐸𝐿𝑇

⊥

𝐓𝐓 𝐷1𝑇𝑇
⊥ 𝐷𝑇𝑇

⊥ 𝐷𝑇𝑇
′⊥ 𝐷3𝑇𝑇

⊥ 𝐸𝑇𝑇
⊥

𝐋

𝐔 𝐺⊥

𝐋 𝐺1𝐿 𝐺𝐿
⊥ 𝐺3𝐿 𝐸𝐿

𝐓 𝐺1𝑇
⊥ 𝐺𝑇 𝐺𝑇

⊥ 𝐺3𝑇
⊥ 𝐸𝑇

′⊥

𝐋𝐋 𝐺𝐿𝐿
⊥

𝐋𝐓 𝐺1𝐿𝑇
⊥ 𝐺𝐿𝑇 𝐺𝐿𝑇

⊥ 𝐺3𝐿𝑇
⊥ 𝐸𝐿𝑇

′⊥

𝐓𝐓 𝐺1𝑇𝑇
⊥ 𝐺𝑇𝑇

⊥ 𝐺𝑇𝑇
′⊥ 𝐺3𝑇𝑇

⊥ 𝐸𝑇𝑇
′⊥

𝐓

𝐔 𝐻1
⊥ 𝐻 𝐻3

⊥

𝐋 𝐻1𝐿
⊥ 𝐻𝐿 𝐻3𝐿

⊥

𝐓(∥) 𝐻1𝑇 𝐻𝑇
⊥ 𝐻3𝑇

𝐓(⊥) 𝐻1𝑇
⊥ 𝐻𝑇

′⊥ 𝐻3𝑇
⊥

𝐋𝐋

𝐋𝐓 𝐻1𝐿𝑇 𝐻1𝐿𝑇
⊥ 𝐻𝐿𝑇

⊥ 𝐻𝐿𝑇
′⊥ 𝐻3𝐿𝑇 𝐻3𝐿𝑇

⊥

𝐓𝐓 𝐻1𝑇𝑇
⊥ 𝐻1𝑇𝑇

′⊥ 𝐻𝑇𝑇
⊥ 𝐻𝑇𝑇

′⊥ 𝐻3𝑇𝑇
⊥ 𝐻3𝑇𝑇

′⊥

Introduction
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The best place to study tensor polarized TMD FFs:

Semi-inclusive 𝑒+𝑒− annihilation with vector and pseudo-scalar meson production

𝐸1𝐸2𝑑𝜎

𝑑3𝑝1𝑑
3𝑝2

=
𝛼2𝜒

2𝑠𝑄4
𝐿𝜇𝜈 𝑙1, 𝑙2 𝑊𝜇𝜈(𝑞, 𝑝1, 𝑆, 𝑝2)

𝐿𝜇𝜈 𝑙1, 𝑙2 = 𝑐1
𝑒 𝑙1

𝜇
𝑙2
𝜈 + 𝑙1

𝜈𝑙2
𝜇
− 𝑙1 ⋅ 𝑙2 𝑔𝜇𝜈 + 𝑖𝑐3

𝑒𝜀𝜇𝜈𝜌𝜎𝑙1𝜌𝑙2𝜎

𝑊𝜇𝜈 𝑞, 𝑝1, 𝑆, 𝑝2 = σ𝑋 0 𝐽𝜈 0 𝑝1, 𝑆, 𝑝2, 𝑋 〈𝑝1, 𝑆, 𝑝2, 𝑋|𝐽
𝜇(0)|0〉 𝛿4(𝑞 − 𝑝1 − 𝑝2 − 𝑝𝑋)

= 𝑊𝑆𝜇𝜈(symmetric part) + 𝑖𝑊𝐴𝜇𝜈(anti − symmetric part)

= σ𝜎,𝑖𝑊𝜎𝑖
𝑆 ℎ𝜎𝑖

𝑆𝜇𝜈
+ 𝑖 σ𝜎,𝑗𝑊𝜎𝑗

𝐴 ℎ𝜎𝑗
𝐴𝜇𝜈

+ σ𝜎,𝑘
෩𝑊𝜎𝑘
𝑆 ෨ℎ𝜎𝑘

𝑆𝜇𝜈
+ 𝑖 σ𝜎,𝑙

෩𝑊𝜎𝑙
𝐴 ෨ℎ𝜎𝑙

𝐴𝜇𝜈

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋

(𝜎 = 𝑈, 𝑉, 𝐿𝐿, 𝐿𝑇, 𝑇𝑇)
Construct the independent basic Lorentz tensors

parity even parity odd

𝑊∗𝜇𝜈 = 𝑊𝜈𝜇 (Hermiticity), 𝑞𝜇𝑊
𝜇𝜈 = 𝑞𝜈𝑊

𝜇𝜈 = 0 (current conservation)Constraints:

General kinematic analysis
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Unpolarized part

( 𝑝𝑞
𝜇
= 𝑝𝜇 −

𝑝⋅𝑞

𝑞2
𝑞𝜇,    𝑞 ⋅ 𝑝𝑞 = 0 )

9 independent basic tensors

Vector polarized part

Tensor polarized part

Same structure for polarized case

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋

9 27

45
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Cross section in Helicity-Gottfried-Jackson frame

Structure functions!

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋
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Structure functions for transverse polarization dependent parts

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋
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Azimuthal asymmetries

Hadron polarizations

P-even

P-odd

Longitudinal pol.

Transvers pol. w.r.t.
hadron-hadron plane

Ԧ𝑒𝑛 =
𝑝1×𝑝2
𝑝1×𝑝2

,       Ԧ𝑒𝑡 =
𝑝2𝑇
|𝑝2𝑇|

(unpolarized hadron)

(average over azimuthal angle)

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋
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Parton model results

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋

Leading order in QCD and up to twist-3
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Structure functions at twist-2

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋
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Azimuthal asymmetries

twist-2

twist-3

Hadron polarizations

twist-2

Collins effect

Cahn effect in DIS

P-odd counterpart

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋

Quark
polarization
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P-odd, T-even

P-even, T-odd

P-even, T-even

P-odd, T-odd

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋

Azimuthal asymmetries

twist-2

twist-3

Hadron polarizations

Collins effect

Cahn effect in DIS

P-odd counterpart

𝑒+𝑒− → 𝑉𝑋
twist-3
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Energy dependence of hadron polarizations

𝑒+𝑒− → Τ𝛾∗ 𝑍0 → ℎ𝑋 :  Leading twist and Leading order DGLAP evolution

𝑃𝐿Λ =
σ𝑞

ത𝑃𝑞𝑊𝑞 ⋅ 𝐺1𝐿
𝑞→Λ

(𝑧, 𝑄2)

σ𝑞𝑊𝑞 ⋅ 𝐷1
𝑞→Λ

(𝑧, 𝑄2)
𝜌00
𝐾∗0 =

1

3
−
1

3

σ𝑞𝑊𝑞 ⋅ 𝐷1𝐿𝐿
𝑞→𝐾∗0

(𝑧, 𝑄2)

σ𝑞𝑊𝑞 ⋅ 𝐷1
𝑞→𝐾∗0

(𝑧, 𝑄2)

Longitudinal spin transfer
depends on quark polarization

Hyperon longitudinal polarization Vector meson spin alignment

Induced polarization
independent of quark polarization

Data on hadron polarizations at LEP give us the chance to do some simple  phenomenological 
analysis and make some rough predictions.

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋

𝒆+𝒆− → 𝒁 → 𝑲∗𝟎𝑿,  𝝆𝟎𝟎 =
𝟏

𝟑
(𝟏 − 𝟐𝑺𝑳𝑳)
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Very different
energy dependence

Strong energy dependence Weak energy dependence

Accessing TMD FFs in 𝑒+𝑒− → 𝑉𝜋𝑋
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Summary

 We give a complete decomposition of TMD FFs from quark-quark correlator 
for spin-1 hadron and define 72 TMD FFs.

 General kinematic analysis for 𝑒+𝑒− → 𝑉𝜋𝑋 leads to 81 structure functions.

 Parton model calculation for 𝑒+𝑒− → 𝑉𝜋𝑋 is carried out up to twist-3 level. 
Relationships between structure functions and FFs are given. Azimuthal 
asymmetries and hadron polarizations are expressed using FFs.

 Energy dependences of Hyperon longitudinal polarization and vector meson 
spin alignment are very much different.

Thank you for your attention!
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Back up
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QCD equation of motion

𝐷𝑑𝑆
𝐾 𝑧, 𝑘𝐹⊥ + 𝐺𝑑𝑆

𝐾 𝑧, 𝑘𝐹⊥ =
1

𝑧
𝐷𝑆
𝐾 𝑧, 𝑘𝐹⊥ + 𝑖𝐺𝑆

𝐾(𝑧, 𝑘𝐹⊥)

𝐻𝑑𝑆
𝐾 𝑧, 𝑘𝐹⊥ +

𝑘𝐹⊥
2

2𝑀2
𝐻𝑑𝑆
𝐾′

𝑧, 𝑘𝐹⊥ =
1

2𝑧
𝐻𝑆
𝐾 𝑧, 𝑘𝐹⊥ +

𝑖

2
𝐸𝑆
𝐾(𝑧, 𝑘𝐹⊥)

𝜸 ⋅ 𝑫 𝒙 𝝍 𝒙 = 𝟎

𝐾 𝑆

𝑛𝑢𝑙𝑙 𝑇 𝐿𝑇

⊥ 𝑛𝑢𝑙𝑙 𝐿 𝑇 𝐿𝐿 𝐿𝑇 𝑇𝑇

′ ⊥ 𝑇𝑇

𝐾 𝐾′ 𝑆

𝑛𝑢𝑙𝑙 ⊥ 𝑛𝑢𝑙𝑙 𝐿 𝐿𝐿

⊥ ⊥ ′ 𝑇 𝐿𝑇 𝑇𝑇

′ ⊥ ′ ⊥ ′ 𝑇 𝐿𝑇 𝑇𝑇

All the twist-3 FFs defined from quark-gluon-quark correlator
are replaced by those from quark-quark correlator in calculations!

Twist-3 TMD FFs from quark-gluon-quark correlator

෠Ξ𝜌,𝑖𝑗
1

𝑘𝐹; 𝑝, 𝑆 =
1

2𝜋
෍

𝑋

න𝑑4𝜉 𝑒−𝑖𝑘𝐹𝜉 0 ℒ† 0;∞ 𝐷𝜌(0)𝜓𝑖 0 𝑝, 𝑆; 𝑋 〈𝑝, 𝑆; 𝑋 ത𝜓𝑗 𝜉 ℒ 𝜉;∞ 0〉
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