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‣Several observables measured with high accuracy

‣Requiere perturbative and non-perturbative effort 

TH precision

Features of EW corrections

Relevance and size of EW corrections

generic size O(α) ∼ O(α2
s ) suggests NLO EW ∼ NNLO QCD

but systematic enhancements possible, e.g.

• by photon emission
↪→ kinematical effects, mass-singular log’s ∝ α ln(mµ/Q) for bare muons, etc.

• at high energies
↪→ EW Sudakov log’s ∝ (α/s2W) ln2(MW/Q) and subleading log’s

EW corrections to PDFs at hadron colliders → talks by F.Giuli, G.Sborlini

induced by factorization of collinear initial-state singularities, new: photon PDF

Instability of W and Z bosons

• realistic observables have to be defined via decay products (leptons, γ’s, jets)
• off-shell effects ∼ O(Γ/M) ∼ O(α) are part of the NLO EW corrections

Combining QCD and EW corrections in predictions → talk by A.Vicini

• how to merge QCD and EW results with a proper error estimate
• reweighting procedures in MC’s

Stefan Dittmaier, Standard Model Theory EPS Conference on HEP, Venice, July 5–12, 2017 – 10

‣QCD corrections can be rather large: NNLO neededFeatures of EW corrections
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but systematic enhancements possible, e.g.

• by photon emission
↪→ kinematical effects, mass-singular log’s ∝ α ln(mµ/Q) for bare muons, etc.

• at high energies
↪→ EW Sudakov log’s ∝ (α/s2W) ln2(MW/Q) and subleading log’s

EW corrections to PDFs at hadron colliders → talks by F.Giuli, G.Sborlini

induced by factorization of collinear initial-state singularities, new: photon PDF

Instability of W and Z bosons

• realistic observables have to be defined via decay products (leptons, γ’s, jets)
• off-shell effects ∼ O(Γ/M) ∼ O(α) are part of the NLO EW corrections

Combining QCD and EW corrections in predictions → talk by A.Vicini

• how to merge QCD and EW results with a proper error estimate
• reweighting procedures in MC’s

Stefan Dittmaier, Standard Model Theory EPS Conference on HEP, Venice, July 5–12, 2017 – 10

‣Enhanced

• LUXqed :precise determination of photon content of the proton

• QEDxQCD splitting functions

Manohar, Nason, Salam, Zanderighi(2016)

DdeF, Rodrigo, Sborlini (2016)

Electroweak effects in PDFs

p

...q

γ } X
p

...γ

q̄ } X
p

...γ

q } X

Collinear splittings q → qγ, γ → qq̄ lead to quark mass singularities

• absorption of α lnmq singularities via factorization into redefined PDFs

↪→ O(α) corrections in DGLAP evolution (evaluate, e.g., with APFEL, Bertone et al. ’13)

• O(α) corrections to all PDFs

↪→ typical impact: ∆(PDF) <
∼ 0.3% (1%) for x <

∼ 0.1 (0.4), µfact ∼ MW

• photon PDF ∼
Q2

qα

αs
× gluon PDF ∼ 10−2 × gluon PDF

↪→ inelastic (p breaks up) + elastic (p remains intact) contributions

Stefan Dittmaier, Standard Model Theory EPS Conference on HEP, Venice, July 5–12, 2017 – 12
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‣Partial results at NNLO EWxQCD for inclusive cross section 

Dittmaier, Huss, Schwinn (2014, 2015)

Real corrections : Bonciani, Buccioni, Mondini, Vicini (2017)

Master integrals for Virtual corrections : Bonciani, Di Vita, Mastrolia, Schubert (2016)

‣Mixed EWxQCD corrections in the resonance region

‣Rely on assumption that missing initial-initial (production) terms are negligible

2 Calculation of the dominant O(↵s↵) corrections in pole approximation

In this section we identify and calculate the dominant O(↵s↵) corrections to the charged-
current and neutral-current Drell–Yan processes in the vicinity of an intermediate vector-boson
resonance. In Sect. 2.1 we describe the classification of theO(↵s↵) corrections in the framework of
the PA [82]. We identify factorizable contributions of “initial–final” type—i.e. the combination
of QCD corrections to vector-boson production with EW corrections to vector-boson decay—
as dominant source for corrections to distributions dominated by the vector-boson resonance.
The calculation of the building blocks contributing to the initial–final factorizable corrections is
performed in Sect. 2.2. In Sect. 2.3 the di↵erent building blocks of the initial–final contributions
are combined into a formula suitable for numerical evaluation, where all IR singularities are
cancelled explicitly. Finally, in Sect. 2.4 we calculate corrections of “final–final” type, which are
given by pure counterterm contributions and are numerically small.

2.1 Survey of types of O(↵s↵) corrections in pole approximation

The PA for Drell–Yan processes [39,82–85] provides a systematic classification of contributions
to Feynman diagrams that are enhanced by the resonant propagator of a vector boson V = W,Z.
The leading corrections in the expansion around the resonance pole arise from factorizable cor-
rections to W/Z production and decay subprocesses, and non-factorizable corrections that link
production and decay by soft-photon exchange. The PA separates corrections to production
and decay stages in a consistent and gauge-invariant way. This is particularly relevant for the
charged-current Drell-Yan process, where photon radiation o↵ the intermediate W boson con-
tributes simultaneously to the corrections to production and decay of a W boson, and to the
non-factorizable contributions. Applications of di↵erent variants of the PA to NLO EW correc-
tions [39,82,84,85] have been validated by a comparison to the complete EW NLO calculations
and show excellent agreement at the order of some 0.1% in kinematic distributions dominated
by the resonance region.
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Figure 1: The four types of corrections that contribute to the mixed QCD–EW corrections in the
PA illustrated in terms of generic two-loop amplitudes. Simple circles symbolize tree structures,
double circles one-loop corrections, and triple circles two-loop contributions.
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‣Cross section dominated by factorizable terms : production x decay
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‣Big effort to obtain EW/QED perturbative corrections for DY

QED NLO:  Baur, Keller, Sakumoto (1997)

EW NLO:  Baur, Brein, Hollik, Schappacher, Wackeroth (2001)
‣Full results at NLO 
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‣Partial results at NNLO EWxQCD for inclusive cross section 

Dittmaier, Huss, Schwinn (2014, 2015)

Real corrections : Bonciani, Buccioni, Mondini, Vicini (2017)

Master integrals for Virtual corrections : Bonciani, Di Vita, Mastrolia, Schubert (2016)

‣Mixed EWxQCD corrections in the resonance region

‣Rely on assumption that missing initial-initial (production) terms are negligible

2 Calculation of the dominant O(↵s↵) corrections in pole approximation

In this section we identify and calculate the dominant O(↵s↵) corrections to the charged-
current and neutral-current Drell–Yan processes in the vicinity of an intermediate vector-boson
resonance. In Sect. 2.1 we describe the classification of theO(↵s↵) corrections in the framework of
the PA [82]. We identify factorizable contributions of “initial–final” type—i.e. the combination
of QCD corrections to vector-boson production with EW corrections to vector-boson decay—
as dominant source for corrections to distributions dominated by the vector-boson resonance.
The calculation of the building blocks contributing to the initial–final factorizable corrections is
performed in Sect. 2.2. In Sect. 2.3 the di↵erent building blocks of the initial–final contributions
are combined into a formula suitable for numerical evaluation, where all IR singularities are
cancelled explicitly. Finally, in Sect. 2.4 we calculate corrections of “final–final” type, which are
given by pure counterterm contributions and are numerically small.

2.1 Survey of types of O(↵s↵) corrections in pole approximation

The PA for Drell–Yan processes [39,82–85] provides a systematic classification of contributions
to Feynman diagrams that are enhanced by the resonant propagator of a vector boson V = W,Z.
The leading corrections in the expansion around the resonance pole arise from factorizable cor-
rections to W/Z production and decay subprocesses, and non-factorizable corrections that link
production and decay by soft-photon exchange. The PA separates corrections to production
and decay stages in a consistent and gauge-invariant way. This is particularly relevant for the
charged-current Drell-Yan process, where photon radiation o↵ the intermediate W boson con-
tributes simultaneously to the corrections to production and decay of a W boson, and to the
non-factorizable contributions. Applications of di↵erent variants of the PA to NLO EW correc-
tions [39,82,84,85] have been validated by a comparison to the complete EW NLO calculations
and show excellent agreement at the order of some 0.1% in kinematic distributions dominated
by the resonance region.
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Here :  NNLO QED+QCD corrections to Z production

‣Cross section dominated by factorizable terms : production x decay

2 Calculation of the dominant O(↵s↵) corrections in pole approximation

In this section we identify and calculate the dominant O(↵s↵) corrections to the charged-
current and neutral-current Drell–Yan processes in the vicinity of an intermediate vector-boson
resonance. In Sect. 2.1 we describe the classification of theO(↵s↵) corrections in the framework of
the PA [82]. We identify factorizable contributions of “initial–final” type—i.e. the combination
of QCD corrections to vector-boson production with EW corrections to vector-boson decay—
as dominant source for corrections to distributions dominated by the vector-boson resonance.
The calculation of the building blocks contributing to the initial–final factorizable corrections is
performed in Sect. 2.2. In Sect. 2.3 the di↵erent building blocks of the initial–final contributions
are combined into a formula suitable for numerical evaluation, where all IR singularities are
cancelled explicitly. Finally, in Sect. 2.4 we calculate corrections of “final–final” type, which are
given by pure counterterm contributions and are numerically small.
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to Feynman diagrams that are enhanced by the resonant propagator of a vector boson V = W,Z.
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production and decay by soft-photon exchange. The PA separates corrections to production
and decay stages in a consistent and gauge-invariant way. This is particularly relevant for the
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tributes simultaneously to the corrections to production and decay of a W boson, and to the
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tions [39,82,84,85] have been validated by a comparison to the complete EW NLO calculations
and show excellent agreement at the order of some 0.1% in kinematic distributions dominated
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2 Calculation of the dominant O(↵s↵) corrections in pole approximation
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as dominant source for corrections to distributions dominated by the vector-boson resonance.
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‣Big effort to obtain EW/QED perturbative corrections for DY

QED NLO:  Baur, Keller, Sakumoto (1997)

EW NLO:  Baur, Brein, Hollik, Schappacher, Wackeroth (2001)
‣Full results at NLO 
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‣NNLO in QCD+QED
the first EW and mixed order contributions to Drell-Yan pair production in the general expansion

dσ =
!

i,j

αi
sα

jdσ(i,j), (1)

where pure EW dσ(0,j) and QCD dσ(i,0) corrections, as well as mixed order contributions, which
combine effects of the two interactions, arise.

So far, QCD corrections to the total cross- section have been calculated at next-to leading
order (NLO) in ref [12], and at next-to-next-to leading order (NNLO) in an inclusive way, in
refs. [13–15]. Exclusive results have also been presented up to NNLO QCD accuracy [16–21].
Additionally, threshold calculations have been performed at next-to-next-to-next-to-leading-order
(N3LO) and next-to-next-to-next-to-leading-logarithmic (N3LL) accuracy in refs. [22, 23].

On the other hand, concerning the EW contributions, exclusive computations for NLO-EW
corrections to CC-DY are available in refs. [24–26] and for NC-DY, in refs. [27,28]. Finally, progress
towards the computation of NNLO-EW has been accomplished in recent years too [29–32]. Due
to the lack of the full calculation of the NNLO mixed-order terms O(ααs), different approaches
have been followed to approximately combine the QCD and QED/EW corrections [33–37], by
either assuming the full factorisation or the additive combination of the strong and electroweak
contributions. Particularly, recent partial exclusive results have been presented for the resonance
region, by using the pole approximation [38–40].

The contributions for a general (i.e. including the decay of the gauge boson) perturbative cal-
culation of Drell-Yan can be roughly characterised into the following subsets: on one hand, purely
factorisable terms that arise due to initial state (production, from the initial state partons) and final
state (decay, from the final state leptons) emission and, on the other hand, non-factorisable terms
originated by soft photon exchange between the production and the decay. The non-factorisable
O(ααs) terms have been shown [38–40] to have a negligible impact on the cross section, allowing
to treat effectively Drell-Yan in the (resonant) limit of the decoupling between the production and
decay processes, at least for the achieved experimental accuracy. The results presented in [40] also
rely on the assumption that the missing initial-initial state factorisable O(ααs) contributions are
very small.

The computation of the so far unknown mixed QCD×QED O(ααs) corrections to the inclusive
on-shell production of a Z boson in hadronic collisions is exactly the main goal of this paper†.
Those contributions are by themselves a gauge-invariant set of the complete Drell-Yan cross section
calculation at O(ααs), even for CC-DY. Furthermore, counting with analytical expressions for
the total cross section can be useful to establish a subtraction method to compute differential
distributions for different observables at O(ααs) by extending, for example, the qT− subtraction
method [41] originally developed for pure QCD corrections.

In principle a full computation of QCD×QED O(ααs) terms involves, as in any NNLO calcu-
lation, the evaluation of double-virtual, single-virtual plus one parton emission and double parton
emission contributions, where parton in general refers to quarks, antiquarks, gluons, and photons.

†In order to separate the QED contributions computed here from the weak induced effects, we consider the
coupling between the Z boson and the quarks as an effective coupling and do not take into account self-energy
insertions in the Z (and eventually γ) propagator.

2

general expansion in both couplings

“Full NNLO” means i + j = 2
(2,0)
(1,1)
(0,2)

QCD2

QED2

QEDxQCD

‣QCD NNLO for (inclusive) DY has been available for quite some time
corrected by Harlander, Kilgore (2002)Hamberg, van Neerven, Matsuura (1990)
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‣It is possible to use the NNLO QCD result to obtain the QEDxQCD 
  mixed terms and the QED2  :  Abelianization procedure
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD
corrections in Fig.1.

that also the colour factor TR vanishes when the similar contribution is analysed in the QCD×QED
case, since the result for

!

(c)(2,0) × (c∗)(0,2)
"

becomes proportional to Tr[T a]. Therefore, since terms

proportional to both CA and TR are vanishing, the same occurs for terms proportional to βQCD
0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed
at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive
in the products of the type

!

(c)(2,0) × (d∗)(0,2)
"

and
!

(d)(2,0) × (d′∗)(0,2)
"

, i.e. the interference of
amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different
colour factors (after factorising an overall factor of 1/2NC) for diagrams contributing to σ(2,0), and
the resulting ones after the abelianisation procedure corresponding to σ(1,1). The replacements in
the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can
be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED
corrections to Drell-Yan as well (i.e. the calculation of σ(0,2)), if a deeper abelian limit is consid-
ered in this case. Here, by turning two gluons into photons from the topologies of NNLO QCD
calculation one can recover correction terms up to second order in α, thus completing the set of
QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour
factors (including electric charges of both quarks and leptons that might appear in the final state)
are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-
pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Figure 1: Some of the diagrams contributing to NNLO QCD corrections to Drell-Yan.

different colour factors, according to the configurations of colour matrix traces in the calculation
of each contribution to the partonic cross section.

For example, terms corresponding to the calculation of
!

!(a)(2,0)
!

!

2
in NNLO QCD result pro-

portional to 1
2N2

C
Tr
"

T bT aT aT b
#

= 1
2NC

C2
F , where the N2

C in the denominator arises due to the

average over the colour factor of the incoming quarks and the symmetry factor 1/2 is due to
the appearance of two identical gluons in the final state. For the case of

"

(a)(2,0) × (a′∗)(2,0)
#

both abelian and non-abelian contributions appear resulting in a factor 1
2N2

C
Tr
"

T bT aT bT a
#

=
1

2NC
CF (CF − CA/2) and, when considering terms from

"

(b)(2,0) × (a∗)(2,0)
#

, they result propor-

tional to 1
2N2

C
fabcTr

"

T cT aT b
#

= 1
2N2

C
Tr
"

[T a, T b]T aT b
#

= − 1
2NC

(CFCA/2), a purely non-abelian

contribution.

Once colour factors are characterised for each term, we choose a gluon in the diagram, replace
it by a photon and recalculate the colour structure, thus obtaining modified diagrams with the
corresponding new factors for QCD×QED corrections. These are shown in Fig.2. Naturally,
all the diagrams of type (b) (i.e. topologies containing at least one 3-gluon-vertex), which always
contribute to second order for the NNLO QCD calculation in this process, vanish when considering
the abelian limit.

Taking this into account, we find that the modified factors for
!

!(a)(1,1)
!

!

2
and

"

(a)(1,1) × (a′∗)(1,1)
#

are both given by
e2q
N2

C
Tr[T aT a] =

e2q
NC

CF , where we have included the charge of the quark for the

QED coupling, while the non-abelian one obviously vanishes. Here we may notice that all the
colour factors proportional to CA, which corresponds to non-abelian part of the calculation, could
be thrown out when considering the abelian limit, while the ones proportional to C2

F are to be
replaced by 2e2qCF , thus obtaining QCD×QED factors in each case. It is worth noticing by
performing the same analysis for the topology shown in Fig.1c, i.e. the production of a qq̄ pair,
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD
corrections in Fig.1.

that also the colour factor TR vanishes when the similar contribution is analysed in the QCD×QED
case, since the result for

!

(c)(2,0) × (c∗)(0,2)
"

becomes proportional to Tr[T a]. Therefore, since terms

proportional to both CA and TR are vanishing, the same occurs for terms proportional to βQCD
0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed
at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive
in the products of the type

!

(c)(2,0) × (d∗)(0,2)
"

and
!

(d)(2,0) × (d′∗)(0,2)
"

, i.e. the interference of
amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different
colour factors (after factorising an overall factor of 1/2NC) for diagrams contributing to σ(2,0), and
the resulting ones after the abelianisation procedure corresponding to σ(1,1). The replacements in
the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can
be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED
corrections to Drell-Yan as well (i.e. the calculation of σ(0,2)), if a deeper abelian limit is consid-
ered in this case. Here, by turning two gluons into photons from the topologies of NNLO QCD
calculation one can recover correction terms up to second order in α, thus completing the set of
QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour
factors (including electric charges of both quarks and leptons that might appear in the final state)
are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-
pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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§As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Colour factors in qq̄

diagram α2
s α× αs α2

|(a)|2 C2
F 2e2qCF e4q

(d)× (d∗) CFTR 0 CA e2i e
2
j

(c)× (c∗) nF CFTR 0 e2q

!

NC

"

kϵQ

e2k +
"

kϵL

e2k

#

(a)× (a′∗) C2
F − CF CA

2 2e2qCF e4q

(d)× (d′∗) C2
F − CF CA

2 2e2qCF e4q

(b)× (a∗) −CF CA

2 0 0

(c)× (d∗) C2
F − CF CA

2 2e2qCF e4q

Table 1: Colour factors corresponding to qq̄ channel for each contribution to NNLO QCD⊕QED
corrections to Drell-Yan, up to an overall 1

2NC
factor. Focusing on α2 factors, the third column

includes sums over sets of quark (Q) and lepton (L) final state charges, while ei and ej refer to
different quark flavour charges in the scattering.

to σ(1,1) can be obtained from the qg calculation for NNLO QCD corrections, by choosing the ini-
tial or final state gluon, respectively, to perform the abelianisation and following the procedure
detailed above. Particularly, in the case of γg channel, we have performed the explicit calculation
of the fixed order corrections, finding perfect agreement with the result obtained by applying the
abelianisation procedure.

3 Results and Phenomenology

In general the cross section can be written as

dσZ

dQ2
= τσZ(Q

2,M2
Z)WZ(τ, Q

2), (2)

where σZ is the point-like LO cross section,
√
S is the hadronic centre-of-mass energy, Q the

invariant mass of the produced Z, τ = Q2

S and WZ(τ, Q2) is the hadronic structure function.

The point-like cross section that appears in Eq.(2) is defined as

σZ(Q
2,M2

Z) =
πα

4MZ sin2 θW cos2 θW

1

NC

ΓZ→X

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

, (3)

where NC = 3 is the number of quark colours, θW is the weak mixing angle (with sin2 θW = 0.23),
MZ = 91.187 GeV and ΓZ are the mass and width of the Z, and ΓZ→X is the partial width due
to the decay of the Z to X (e.g. for leptonic decay, X = ℓℓ̄). The narrow-width approximation
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD

corrections in Fig.1.
that also the colour factor T

R vanishes when the similar contribution is analysed in the QCD×QED

case, since the result for !(c) (2,0)× (c ∗) (0,2) "
becomes proportional to Tr[T a]. Therefore, since terms

proportional to both C
A and T

R are vanishing, the same occurs for terms proportional to β QCD0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed

at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive

in the products of the type !

(c) (2,0)× (d ∗) (0,2) "
and !

(d) (2,0)× (d ′∗) (0,2) "
, i.e. the interference of

amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different

colour factors (after factorising an overall factor of 1/2N
C ) for diagrams contributing to σ (2,0), and

the resulting ones after the abelianisation procedure corresponding to σ (1,1). The replacements in

the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can

be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED

corrections to Drell-Yan as well (i.e. the calculation of σ (0,2)), if a deeper abelian limit is consid-

ered in this case. Here, by turning two gluons into photons from
the topologies of NNLO QCD

calculation one can recover correction terms up to second order in α, thus completing the set of

QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour

factors (including electric charges of both quarks and leptons that might appear in the final state)

are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-

pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z
in the sense of an effective

coupling.
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Figure 3: K-factors for the different distributions as defined in Eq.(6). The (blue) dashed line
corresponds to KNLO

QED , the (blue) dotted line to KNNLO
QED , the solid line to the mixed KNNLO

QCD×QED

and the (black) dotted line to the pure NNLO QCD corrections KNNLO
QCD .

used along this paper consists on making the following replacement

1

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

→
π

MZΓZ
δ(Q2 −M2

Z). (4)

ensuring the decoupling of the production and decay mechanisms. The hadronic structure function
appearing in (2) can be written as a sum of contributions of different orders

WZ(τ, Q
2) =

! 1

0

dx1

! 1

0

dx2

! 1

0

dx δ(τ − xx1x2)
"

i, j

#αs

4π

$i # α

4π

$j
w(i,j)

Z (x, x1, x2, Q
2), (5)

where the dependence on the factorisation µF and renormalisation µR scales is implicit.

The analytic expressions for the inclusive cross section of Drell-Yan Z-production at QCD⊕QED
NNLO are presented in the Appendices. In this section we study the phenomenology of the total
inclusive cross section, i.e. in all the decay channels of the Z, within the narrow-width approxi-
mation. To this end, a specific code was written which makes use of the LHAPDF [44] package
to interpolate sets of parton distribution functions.

For the phenomenological study, unless explicitly stated, we set the renormalisation and fac-
torisation scales to µR = µF = MZ . For both interactions, we set the running coupling at the
corresponding renormalisation scale (i.e. α(MZ) ∼ 1

128
¶) and always use the parton distributions

¶For the sake of simplicity we make the same choice for the value of the coupling between quarks and the Z

boson in the Born cross section in Eq.(3).
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MZΓZ
δ(Q2 −M2

Z). (4)

ensuring the decoupling of the production and decay mechanisms. The hadronic structure function
appearing in (2) can be written as a sum of contributions of different orders

WZ(τ, Q
2) =

! 1

0

dx1

! 1

0

dx2

! 1

0

dx δ(τ − xx1x2)
"

i, j

#αs

4π

$i # α

4π

$j
w(i,j)

Z (x, x1, x2, Q
2), (5)

where the dependence on the factorisation µF and renormalisation µR scales is implicit.

The analytic expressions for the inclusive cross section of Drell-Yan Z-production at QCD⊕QED
NNLO are presented in the Appendices. In this section we study the phenomenology of the total
inclusive cross section, i.e. in all the decay channels of the Z, within the narrow-width approxi-
mation. To this end, a specific code was written which makes use of the LHAPDF [44] package
to interpolate sets of parton distribution functions.

For the phenomenological study, unless explicitly stated, we set the renormalisation and fac-
torisation scales to µR = µF = MZ . For both interactions, we set the running coupling at the
corresponding renormalisation scale (i.e. α(MZ) ∼ 1

128
¶) and always use the parton distributions

¶For the sake of simplicity we make the same choice for the value of the coupling between quarks and the Z

boson in the Born cross section in Eq.(3).
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Colour factors in qq̄

diagram α2
s α× αs α2

|(a)|2 C2
F 2e2qCF e4q

(d)× (d∗) CFTR 0 CA e2i e
2
j

(c)× (c∗) nF CFTR 0 e2q

!

NC

"

kϵQ

e2k +
"

kϵL

e2k

#

(a)× (a′∗) C2
F − CF CA

2 2e2qCF e4q

(d)× (d′∗) C2
F − CF CA

2 2e2qCF e4q

(b)× (a∗) −CF CA

2 0 0

(c)× (d∗) C2
F − CF CA

2 2e2qCF e4q

Table 1: Colour factors corresponding to qq̄ channel for each contribution to NNLO QCD⊕QED
corrections to Drell-Yan, up to an overall 1

2NC
factor. Focusing on α2 factors, the third column

includes sums over sets of quark (Q) and lepton (L) final state charges, while ei and ej refer to
different quark flavour charges in the scattering.

to σ(1,1) can be obtained from the qg calculation for NNLO QCD corrections, by choosing the ini-
tial or final state gluon, respectively, to perform the abelianisation and following the procedure
detailed above. Particularly, in the case of γg channel, we have performed the explicit calculation
of the fixed order corrections, finding perfect agreement with the result obtained by applying the
abelianisation procedure.

3 Results and Phenomenology

In general the cross section can be written as

dσZ

dQ2
= τσZ(Q

2,M2
Z)WZ(τ, Q

2), (2)

where σZ is the point-like LO cross section,
√
S is the hadronic centre-of-mass energy, Q the

invariant mass of the produced Z, τ = Q2

S and WZ(τ, Q2) is the hadronic structure function.

The point-like cross section that appears in Eq.(2) is defined as

σZ(Q
2,M2

Z) =
πα

4MZ sin2 θW cos2 θW

1

NC

ΓZ→X

(Q2 −M2
Z)

2 +M2
ZΓ

2
Z

, (3)

where NC = 3 is the number of quark colours, θW is the weak mixing angle (with sin2 θW = 0.23),
MZ = 91.187 GeV and ΓZ are the mass and width of the Z, and ΓZ→X is the partial width due
to the decay of the Z to X (e.g. for leptonic decay, X = ℓℓ̄). The narrow-width approximation
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Figure 2: Diagrams that result after applying the abelianisation procedure to the real NNLO QCD

corrections in Fig.1.
that also the colour factor T

R vanishes when the similar contribution is analysed in the QCD×QED

case, since the result for !(c) (2,0)× (c ∗) (0,2) "
becomes proportional to Tr[T a]. Therefore, since terms

proportional to both C
A and T

R are vanishing, the same occurs for terms proportional to β QCD0

in the original pure QCD calculation, consistent with the fact that no renormalisation is needed

at this order either for the QED or QCD couplings §. Same wise, only a few contributions survive

in the products of the type !

(c) (2,0)× (d ∗) (0,2) "
and !

(d) (2,0)× (d ′∗) (0,2) "
, i.e. the interference of

amplitudes with one photon and with one gluon exchange.

This strategy can be extended for all the topologies in qq̄. In Table 2 we show the different

colour factors (after factorising an overall factor of 1/2N
C ) for diagrams contributing to σ (2,0), and

the resulting ones after the abelianisation procedure corresponding to σ (1,1). The replacements in

the colour structures needed to go from the NNLO QCD coefficients to the QCD×QED ones can

be directly read from the entries in Table 2.

As an important feature, this method shows to be versatile in order to obtain NNLO QED

corrections to Drell-Yan as well (i.e. the calculation of σ (0,2)), if a deeper abelian limit is consid-

ered in this case. Here, by turning two gluons into photons from
the topologies of NNLO QCD

calculation one can recover correction terms up to second order in α, thus completing the set of

QCD⊕QED NNLO corrections to Drell-Yan, in the sense of Eq.(1). The corresponding colour

factors (including electric charges of both quarks and leptons that might appear in the final state)

are also shown in Table 2 for the qq̄ channel.

The same occurs for other channels, after treating carefully the initial flux factor, which de-

pends on the colour properties of initial state particles. For instance, both qγ and qg contributions

§As stated above, we consider the Born coupling between the quarks and the Z
in the sense of an effective

coupling.
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NNLO
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Figure 4: Ratio R between the exact and the factorisation approximation for the mixed
QCD×QED contributions. The inset plot shows the ratio of the cross section computed exactly
and with the factorisation approximation for the mixed term.

to NNLO (QCD) accuracy [3–5,45] with the corresponding QED corrections from LUXqed [10,11].
In Fig.3 we plot the K-factors for different orders as a way to quantify the size of the QED and
QCD corrections to Drell-Yan at different centre-of-mass energies.

Here the K-factor is defined as the ratio of the cross-section computed at a given order over
the previous one, i.e.

KNLO
QED =

σ(0,0) + ασ(0,1)

σ(0,0)

KNNLO
QCD =

σ(0,0) + αs σ(1,0) + α2
s σ

(2,0)

σ(0,0) + αs σ(1,0)
(6)

KNNLO
QED =

σ(0,0) + ασ(0,1) + α2 σ(0,2)

σ(0,0) + ασ(0,1)

KNNLO
QCD×QED =

σ(0,0) + ασ(0,1) + αs σ(1,0) + ααs σ(1,1)

σ(0,0) + α σ(0,1) + αs σ(1,0)
.

As can be observed, the NNLO QCD corrections are of the same (∼ 5 per mille level) order,
but typically with the opposite sign, as the NLO QED corrections, as expected from the simple
counting α2

s ∼ α. The mixed QCD×QED turn out to be positive and below the per mille level over
the whole range of energies spanned in the plot. Interestingly, due to the particular dependence
of the NNLO QCD corrections with the energy, with a sign change around

√
S ∼ 18 TeV, for the

LHC at
√
S ∼ 14 TeV the mixed QCD×QED corrections are only a factor of ∼ 3.5 smaller than

the pure NNLO QCD contributions. Furthermore, for lower centre-of-mass energies
√
S ∼ 2 TeV

the mixed terms almost reach the per mille level and are just a factor of 5 smaller than the NLO

8

Figure 3: K-factors for the different distributions as defined in Eq.(6). The (blue) dashed line
corresponds to KNLO

QED , the (blue) dotted line to KNNLO
QED , the solid line to the mixed KNNLO

QCD×QED

and the (black) dotted line to the pure NNLO QCD corrections KNNLO
QCD .

used along this paper consists on making the following replacement
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(Q2 −M2
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2 +M2
ZΓ

2
Z

→
π

MZΓZ
δ(Q2 −M2

Z). (4)

ensuring the decoupling of the production and decay mechanisms. The hadronic structure function
appearing in (2) can be written as a sum of contributions of different orders

WZ(τ, Q
2) =

! 1

0

dx1

! 1

0

dx2

! 1

0

dx δ(τ − xx1x2)
"

i, j

#αs

4π

$i # α

4π

$j
w(i,j)

Z (x, x1, x2, Q
2), (5)

where the dependence on the factorisation µF and renormalisation µR scales is implicit.

The analytic expressions for the inclusive cross section of Drell-Yan Z-production at QCD⊕QED
NNLO are presented in the Appendices. In this section we study the phenomenology of the total
inclusive cross section, i.e. in all the decay channels of the Z, within the narrow-width approxi-
mation. To this end, a specific code was written which makes use of the LHAPDF [44] package
to interpolate sets of parton distribution functions.

For the phenomenological study, unless explicitly stated, we set the renormalisation and fac-
torisation scales to µR = µF = MZ . For both interactions, we set the running coupling at the
corresponding renormalisation scale (i.e. α(MZ) ∼ 1
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¶) and always use the parton distributions

¶For the sake of simplicity we make the same choice for the value of the coupling between quarks and the Z

boson in the Born cross section in Eq.(3).

7

Figure 4: Ratio R between the exact and the factorisation approximation for the mixed
QCD×QED contributions. The inset plot shows the ratio of the cross section computed exactly
and with the factorisation approximation for the mixed term.

to NNLO (QCD) accuracy [3–5,45] with the corresponding QED corrections from LUXqed [10,11].
In Fig.3 we plot the K-factors for different orders as a way to quantify the size of the QED and
QCD corrections to Drell-Yan at different centre-of-mass energies.

Here the K-factor is defined as the ratio of the cross-section computed at a given order over
the previous one, i.e.

KNLO
QED =

σ(0,0) + ασ(0,1)

σ(0,0)

KNNLO
QCD =

σ(0,0) + αs σ(1,0) + α2
s σ

(2,0)

σ(0,0) + αs σ(1,0)
(6)

KNNLO
QED =

σ(0,0) + ασ(0,1) + α2 σ(0,2)

σ(0,0) + ασ(0,1)

KNNLO
QCD×QED =

σ(0,0) + ασ(0,1) + αs σ(1,0) + ααs σ(1,1)

σ(0,0) + α σ(0,1) + αs σ(1,0)
.

As can be observed, the NNLO QCD corrections are of the same (∼ 5 per mille level) order,
but typically with the opposite sign, as the NLO QED corrections, as expected from the simple
counting α2

s ∼ α. The mixed QCD×QED turn out to be positive and below the per mille level over
the whole range of energies spanned in the plot. Interestingly, due to the particular dependence
of the NNLO QCD corrections with the energy, with a sign change around

√
S ∼ 18 TeV, for the

LHC at
√
S ∼ 14 TeV the mixed QCD×QED corrections are only a factor of ∼ 3.5 smaller than

the pure NNLO QCD contributions. Furthermore, for lower centre-of-mass energies
√
S ∼ 2 TeV

the mixed terms almost reach the per mille level and are just a factor of 5 smaller than the NLO

8

‣              QED NLO ~ QCD NNLO around 5 per-mille 

‣Mixed QEDxQCD below the per-mille level (max. ~ 2 TeV)

‣At 14 TeV QCD NNLO ~ 3.5 mixed QEDxQCD  (not ~15)

‣ QED2 ∼ 𝒪(10−5)

LHC

K
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‣Approx. based on “factorization” for QED+QCD

QED ones, showing that the elementary counting of couplings can fail under certain kinematical
conditions. The pure NNLO QED terms, also plotted in Fig.3, are negative but the corrections
always remain at the O(10−5) level.

Even though for this particular observable the mixed QCD×QED contributions are small, it is
interesting to study how well they can be approximated by the factorisation assumption on QED
plus QCD corrections, where it is assumed that κfact =

!

KNLO
QED ×KNLO

QCD

"

O(ααs)
= ααs

σ(0,1)σ(1,0)

σ(0,0)σ(0,0) ,

compared to the exact case κmixed = ααs
σ(1,1)

σ(0,0) . For that purpose, in Fig.4 we plot the following
quantity

R =
κmixed

κfact
=

σ(0,0)σ(1,1)

σ(0,1)σ(1,0)
, (7)

which is the ratio between the exact and the approximated factorised contribution. As it can
be observed, the factorisation approach fails to reproduce the correct behaviour of the mixed
contribution typically by a factor of two or more. Of course, given the size of the corrections,
the effect of the factorised treatment of these contributions is small at the level of the cross
section, as shown in the inset plot of Fig.4, where we show the ratio between the cross section
computed exactly and within the factorisation approach, but the situation might not hold for
other observables or even for more exclusive distributions in Drell-Yan.

Figure 5: Contribution to the mixed QCD×QED K-factor from the different channels. Here the
label q accounts for both quarks and antiquarks and qq represents the sum of qq̄ and qq.

In Fig.5 we show the contribution to the mixed QCD×QED K-factor from the different chan-
nels. It is noticeable that the photon initiated contributions are rather small, mostly due to the
size of the photon pdf in the proton, as can be observed by comparing qγ and qg contributions,
which share the same partonic coefficient apart from the colour factor. It is also clear that the
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‣Factorization approach fails by more than a factor of 2
‣Effect in cross section small (because QED small)
‣Might be worse for some distributions (lepton qt sensitive to IS radiation)

multiplicative

additive no mixed terms
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QED ones, showing that the elementary counting of couplings can fail under certain kinematical
conditions. The pure NNLO QED terms, also plotted in Fig.3, are negative but the corrections
always remain at the O(10−5) level.

Even though for this particular observable the mixed QCD×QED contributions are small, it is
interesting to study how well they can be approximated by the factorisation assumption on QED
plus QCD corrections, where it is assumed that κfact =

!

KNLO
QED ×KNLO

QCD

"

O(ααs)
= ααs

σ(0,1)σ(1,0)

σ(0,0)σ(0,0) ,

compared to the exact case κmixed = ααs
σ(1,1)

σ(0,0) . For that purpose, in Fig.4 we plot the following
quantity

R =
κmixed

κfact
=

σ(0,0)σ(1,1)

σ(0,1)σ(1,0)
, (7)

which is the ratio between the exact and the approximated factorised contribution. As it can
be observed, the factorisation approach fails to reproduce the correct behaviour of the mixed
contribution typically by a factor of two or more. Of course, given the size of the corrections,
the effect of the factorised treatment of these contributions is small at the level of the cross
section, as shown in the inset plot of Fig.4, where we show the ratio between the cross section
computed exactly and within the factorisation approach, but the situation might not hold for
other observables or even for more exclusive distributions in Drell-Yan.

Figure 5: Contribution to the mixed QCD×QED K-factor from the different channels. Here the
label q accounts for both quarks and antiquarks and qq represents the sum of qq̄ and qq.

In Fig.5 we show the contribution to the mixed QCD×QED K-factor from the different chan-
nels. It is noticeable that the photon initiated contributions are rather small, mostly due to the
size of the photon pdf in the proton, as can be observed by comparing qγ and qg contributions,
which share the same partonic coefficient apart from the colour factor. It is also clear that the

9

• Mixed QEDxQCD contribution 
       from different channels

‣Tiny photon initiated contribution
‣Dominated by qq and qg
‣qg and qq with different sign : 50% cancellation
‣qg contribution might be suppressed in exclusive distributions (cuts)

1 ‰ effect

Enhance QEDxQCD by 2

0.5 ‰ effectfor inclusive XS
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different signs of qq (fully dominated by the born level qq̄ channel and exceeding the per mille
level) and qg contributions conspire to reduce the effect of the mixed QCD×QED corrections to
the Drell-Yan cross section. Again, in more exclusive distributions this partial cancellation might
be spoiled by some kinematical cuts, resulting in an increase of the mixed order corrections.

Figure 6: Cross sections corresponding to LO (dashes, i+j=0 in Eq.(1)), NLO(dots, i+j=0,1) and
NNLO (solid, i+ j=0,1,2) at different factorisation and renormalisation scales with µR = µF = µ.
All results are normalised by the corresponding cross section at µ = MZ .

Finally, we discuss the effect of the higher order contributions in the stabilisation of the pertur-
bative expansion in terms of the scale dependence for

√
S = 13 TeV (very similar behaviours are

observed for other values of
√
S). In Fig.6 we show the LO (σ(0,0)), NLO (σ(0,0)+ασ(0,1)+αs σ(1,0))

and NNLO (σ(0,0) +ασ(0,1) + αs σ(1,0) + ααs σ(1,1) +α2 σ(0,2) +α2
s σ

(2,0)) cross sections for different
values of the factorisation and renormalisation scales µR = µF = µ, normalised by the correspond-
ing value at the central scale µ = MZ . From the slope of the different curves, it is clearly visible
the reduction in the scale dependence when including higher order corrections, mostly due to the
dominant QCD effects but also thanks to the inclusion of the QED and mixed contributions.

4 Conclusions

In this article, mixed QCD×QED as well as pure QED2 NNLO corrections to the total Drell-Yan Z-
production cross section were presented for the first time. This was achieved via an abelianisation
procedure that profits from the available pure QCD NNLO result and proved to be a versatile
technique.
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Scale dependence

‣Clear improvement in stabilization at higher orders
‣Mostly QCD dominated but small QED effect 
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Conclusions 

‣Full QED+QCD NNLO corrections to DY (on-shell Z production)

Future

‣Fully differential cross section (observables sensitive to IS radiation)
‣Add final state QED radiation
‣EW corrections

‣QED NLO ~ QCD NNLO around 5 per-mille 

‣Mixed QEDxQCD below the per-mille level for inclusive XS

‣At 14 TeV QCD NNLO ~ 3.5 mixed QEDxQCD (QCD cancellation) 

‣Factorization approach for mixed QEDxQCD fails by factor of 2

Cancellation between qq and qg channels

‣Very stable under scale variations at NNLO
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