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Introduction

[21A8. broame o AA. CaMapckmil, «W o@IIoM OpocToM OG00enNH THISHNLE
FITIATATECKHX Kpaennts sataws, TIATT ATICCCP, 183, 1960, c1. 730-774.
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Here gl ) li= I._.1.] ate known continnons finetions,

T the last bwo deeades, exlensive stslics of nonloeal mitial-boundary and boumdary vale
problemns have boen camicd o, general heoretical fmdarnental principles of analysis
were fomulated, methods have been developed tor iz numerical solution of problems
and for the construction of mathematical models of concretz problems in physics,
ecology, biology, economics and other areas (522 [3-20]|  the results of D.Gordeziani,
HMeladze, M.Sapagovas, V.Makarov, GBerkelasivili, G.Avalishvili, D Kapanadze,
et ).
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Introduction

[1] J.R. Cannon, “The solution of the heat equation subject to the
specification of energy”, Quart.Aappl. Math.21,1963, pp.155-160.

I Cammom™s papor the nonlocal problem was staed as
4
3 -2
du G%u
L= L Dex<l 0wraT,
o x*
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r.al:“,.t‘] =gl I:.l(_x,.f](ir = L’]
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where @, (), ¢.[), () arc known smooth functions, which satisty
the covrdination conditions. This was @ nonlocal problem, which laid

the foundation tor the new direction in rescarch of nonlocal

houndary problems and methods of their numerical solution.

Designations
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sider the rectangle domain D in two-dimensional spaze A7
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D= {I@j.}'; || Do <a, D<ap< 1’.‘} willl pievewise boundary ¥ = LF . where
j=1
¥ =\'(Y.-":)["“ Y, <a, T, :ﬂ}_ v, =4, r3]|ﬂx‘ Y, <a, T, :h}
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Lt us cersider alsc the szgments; I = {1:,?,,,\'1] x =& 0<&<a, Dax s J‘J},
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Designations Statement of the Problem

We consider the following problem: findin D a continuous function u(xq, X, ),
u (4,%), if (q,%)eD",
U, 2) =1, 3), i (x,00)eT?, @
‘(xl Xz) ()(1 Xz ED‘
where u(x,%,) e C*(D), u"(x,%)eC*(D) u(x,%)eClr)

17— v -5, veg 2 ngzm}, i—La, 08 <& <& <&

r :{.‘c,,r:]ir =£, f<dl<a, (H:zﬂh} F=lm. ' ef < < <h

Y1, i= 1.n. and Ly: ;':G. intersect 7, and y,, respectively, in the points:
WNKP@A()SQMJ@MMBE@

which satisfies the equations

Tt is nhvions thar T divides 1h¢= domain T3 ine “wo parts (domains) N7 and N7, where
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23 —{-‘1-13”0 emeg’ Oexpepy D= {‘h-‘z”'— <x <a, O "’} © L u (%, %)= z 8)%[ b (xl,xz)a ]—k’(xl,xz)u’ =—f (%) (x,x)eD”, 2 ©
Q 1
B B, B B' B B = = ) ou =
b oo : L - 3} Lhu* (%, %)= Z 7(Kab (Xlxxz)a ] K" (g u* ==1%(x1, %), (x,%)e D", (3 13
3 a1 Xp st
A 1= 7 - + . . "
Ul i e e el | where f (xl,xz) and f (Xl,XZ) are known, sufficiently smooth functions. Suppose that coefficients
s T oo K2 () a,b=12and k*(-) satisfy all the conditions, sufficient for Dirichlet problemsin D~ and [ 6 ]

D™ to have the unique solutions for any continuousinitial functions.

Statement of the Problem
Uniqueness of a Solution of Problem (1)-(8)

The function uli.\', %3 ) alse satizfies the boundary conditions

P R (R A O Tl a8 (4

norx)-e on) wmomden wr o ()

the nonlocal contact conditions

The following theorem is true.
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i=l ) =l ’ ; L. LI . . . f q ;
i complli conilims £ 0<§b‘ +§bi <1isfulfilled, then the solution is unique. £
ula’ ]—fo u 2, 'I“‘_'J«"u“ (4, )1 6*(4*]. &7 S Proof. Suppose that problem (1)-(8) hastwo solutions: v(x, %, ) and W(xq, X, ). Then §
g — o v 2 for the function z(x;, X, )= VX, X5 )— WX, X, ) we have the following problem @
)£ gt g ) ), o i ) ) wl ) et
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T . sd
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- - Q =15
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Uniqueness of a Solution of Problem (1)-(8)

From tha equality (12) it follows that

EN (I"_r' ]s
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i=1 -

. L]
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Taking into aceount the condition 0 < Z B+ Z A<, wecbiain

o=l =

max

7(|—:J.l~’~i miiKJ7_(r;_) o m2x|:(r0]‘f~ may |z*(]"-_1
0=z Gzjzm M
This means that the funciion = does not attain a maximum on I, but atains

its maximum on D~ or D, that contradiets the maximum principle. So,
z=ponst and toking intc account condition (11}, we obtain ==0, ie. the
solution of the preblem (1)-(8) is unique. *

Iteration Process for Problem (1)-(8)

Then for the function z(x, %, ) we obtain the problem

L’(z’(xl,xz))(k) =0, if (x,%)eD", (18)
Lzt (o x0) =0, if (x, %) e D, 19
[ Gae)f =0, it (%) < Uo7 Lgs (20)
() =0, if (%) e o UaF Las, @

m

ol = o] <o) = S ] o 1 2

where k=042,... and (z’)H)(lT):O, (z*)(fl)(l"j*):o, i=1n, j=1m

)

From equality (22) we have

max|etro )| < ma ey |

n
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m
- bj* + max
=1 1<i<n|
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Iteration Process for Problem (1)-(8)

Let us consider the following iteration process for the problem (1)-(8):
(- (k) _ . -
L (u (xl,xz)) =—f (%, %) if (x,%)eD",
L*(u*(xl,xz))(k) =—f* (%, %) if (%,%)eD",
_ L9 I . - -
el =1 G if (ap) i Loz Lgs,

(S . i
(G =i Gae) if (ax)egr Ugs L,

m

u®(ry)= [u’(l"o)](k) = [u*(l‘o)](k) = ZZ; by [u’(lT )}kfl) + glbi* [u* (FJ* )}kil) + (),

where k=012,... and (u™) "(r7)=0, ()*(r7)=0, i=Ln j=1m
Denote

L :[u’(xl,xz)](k) —u(x, %), if u(x,%)eD",
) =[u (

)] -ur

[ 6]

(
[z (4. %)f (

X, %), if ut(x,%)eD".

13)
(14)
(15)
(16)

(an

Iteration Process for Problem (1)-(8)

If we use Schwarz' lemma, we will ger incquelities:

max [.'"{l";ll}&_” 5q+n|1ax [ 5™ (23)
< fem & B
max _.: ([',- )Ik—h Zg n'\ax|[:{|"n;|]m_!.'|. 24
|£i<n| Ty

where g% =const, O<g® <1, o =comsi, 0<g <1.Note, that these
constants dz2pzand cnly on geometric properties of domains £ and i)',

[T wie use mequalilics (23), (24), then we have

[-'{l"n}]‘“|£ff-iﬁ,‘-rrllax[:'ﬁﬂ}]”‘ "|+Q'-iﬁ'-n}a><|i2(7u} )
= o P
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where Q=g™ -3 BT +a -3 A,
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Iteration Process for Problem (1)-(8)

Taking inw account the conditions 77 =const =0, 37 =comst =0,

H Ll
<Y B 13 3 <l weobiain D<@ <. This implies that
i =

||n1{ ]‘ ) =

_—

If the selution of proklem (1)-18) exists, then by the maximum principle

we pbtain
u!:m Lr_ (.11.12)}:“ —u (1 .an 1{ = :'J{‘u" :I.
2
max [nrl {"I- vy ]ﬁ-“: =u* (_r A E -Q(L'_?k l
e 1 !
and, accordingly,
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Existence of a Solution of Problem (1)-(8)

Let us now prove the existence of aregular solution of the problem (1)-(8)
incase f~(x,%)=0and f*(x,Xx,)=0.Weintroduce the notation

€™ (x, %) =u® (x, %, )~ u® D (x;, %, ). Then for the function e® we obtain

the problem
L [e (xl,xz)]( if (%,%)eD,
L*[e (%, xz)] f (x,%)eD"
k)
[ (4 Xz)]( if (4, %)egr Vgz Uds,
k)
[e (4, Xz)]( if (4. %)e 0] Va3 L.,

(26)
@
(28)
(29)

b S A T

where k=012,... and [~ ]| ¥ =0, [e*(rj*)](’l):o,wln, j=im.
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Iteration Process for Problem (1)-(8)

Thereby we proved the following thearem.

Thenrem 2. If the snlubinn af problem [1)-(8) exisis, then the iteration
process (13) (17) converges to this solution at the rate of an infinitely

decreasing geomeztric progression,

Remark. By using the iteraticn algorithm (12)-(17) the solution of a
nonclassical contact problem (1H(8) is reduced to the solution of a
sequence of elassical Dirichlet problems.
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For solving classical problems are developed powerful, well-tested
numerical algorithms and programs, among them parallel methods.
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Existence of a Solution of Problem (1)-(8)

Then, similarly to (25), we obtain the estimate
max‘[e(l"o )](k)‘ <Q max‘[e(l"o)](k’l)‘, 0<Q<1,
To To
or
mrax‘u(k) (ry)-u®d (Foj <Q n}ax‘u(k’l) () -u®2 (FOX, 0<Q<1.
0 0

This means that the sequence {u(k) (%, % )} converges uniformly on T,. Then

K K
the functions [u*(xl,xz)]( ) and [u’(xl,xz)]( ) converge to the functions
u*(x, %) and u™(xy, %, ), respectively, for the domains D~ and D* on the
base of Harnak’s first theorem [22].

From this we conclude that the limit function is the regular solution of the

problem (1)-(8): [16 ]
lim u® (x, %, )= u(x, %, ).
k—o0




Example

Letus consider the area D= {(x,,x,)[0<x, <1,

-
]
w ] D
I N D~ 7e
.
0 18 14 38 12 58 34 1

findin D a continuous finction w{x,.x- ).

i v )eD |
['f{.\'l\.r_.'JFT[-f.
X, e D,

fu (.23 )
no{\'l\r_.].

u' (.2, ). 3 (E9

x5 )= i

O=x, «:I}

&3]

Example

| erus consider thetallowing ibsration process:

C o WE g -
e ) = 20 b —1 1)+ 206G (3 L -1) #F (yx)e

2

b[:z.rJ'I_'x,:_‘:,_'_I\fk) =256 (% —1]—;.\" |:::|1 —113.‘:; -1l #Fixg,oleDT,

(_:i_(.{‘ L A5 ']_.Iﬂ} =0,

&)

whers E=012,... I is equal ta 1)

The initizl valne for

| -
' '

=0, i ix.x )=

LAt
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Example

which satisfies the equations

Au(xy,% )= 2x8 (0, = 03x, =1+ 2x3 (3%, ~1)(x, =1, (.5 )e D™,

Au”x, x, )= 20 (0, 1)+ Exlllx]_ -1)3x, ~1), if (x,%)e D",

The function z(x;,x; ) also satisfies the boundary conditions
wx.)=0 flgx)erurus.
u'l:xl,x:_]=0, {f{x._,x;}&,. Vi Vs

the nonlocal contact condition

O I E .l Y L ifF )
.u':.E.x; I:u'j V% ,_u('l', l_g § & xg‘.!.*g:e':\—_x:"“
SO 1 .3 ‘| 1 _,/5 Y 315
+3¥ +gu ;\_—I.x;, 5 ,S,x l 4{}96»(“ 1)

and the compalibility conditions are [ullilled,

The Calculation Results

The exact solution of this problem is

.\f.rff.rL Nx, 1) Flexlesr,

zr{.\'l Xy I =« 0= |,I if’ l:_.\'l X ::It= r,) g

E.r,.\'_é‘{.\',‘ l.I.!r: I # (gux)oD',
3 :
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The Calculation Results, k=1

The Calculation Results, k=1
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The Calculation Results
Difference between exact and approximate solutions, k=4

The Calculation Results
Difference between exact and approximate solutions, k=3
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The Calculation Results
Difference between exact and approximate solutions, k=6

The Calculation Results
Difference between exact and approximate solutions, k=5
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The Calculation Results
Difference between exact and approximate solutions, k=8

The Calculation Results
Difference between exact and approximate solutions, k=7
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The Calculation Results
Difference between exact and approximate solutions, k=10

The Calculation Results
Difference between exact and approximate solutions, k=9
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