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Statement of the Problem
We consider the following problem: find in D a continuous function  21, xxu ,
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, (3)

where  21, xxf  and  21, xxf  are known, sufficiently smooth functions. Suppose that coefficients

  ,2,1,,  K and  k satisfy all the conditions, sufficient for Dirichlet problems in D and

D to have the unique solutions for any continuous initial functions.
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Uniqueness of a Solution of Problem (1)-(8)

The following theorem is true.

Theorem 1. If the regular solution of problem (1)-(8) exists and condition

10
11

 

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
m

j
j

n

i
i  is fulfilled, then the solution is unique.

Proof. Suppose that problem (1)-(8) has two solutions:  21, xxv and  21, xxw . Then

for the function      212121 ,,, xxwxxvxxz  we have the following problem

      DxxifxxzL 2121 ,,0, , (9)

      DxxifxxzL 2121 ,,0, , (10)
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Uniqueness of a Solution of Problem (1)-(8)
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Iteration Process for Problem (1)-(8)

Let us consider the following iteration process for the problem (1)-(8):

         DxxifxxfxxuL
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Iteration Process for Problem (1)-(8)

Then for the function  21, xxz we obtain the problem

       DxxifxxzL
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Iteration Process for Problem (1)-(8)
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Iteration Process for Problem (1)-(8)

14

4t
h 

S
ou

th
 C

au
ca

su
s 

C
om

pu
ti
ng

 a
nd

 T
ec

hn
ol

og
y 

W
or

ks
ho

p
–

S
C
C
TW

’2
01

6

For solving classical problems are developed powerful, well-tested
numerical algorithms and programs, among them parallel methods.

Existence of a Solution of Problem (1)-(8)

Let us now prove the existence of a regular solution of the problem (1)-(8)

in case   0, 21  xxf and   0, 21  xxf . We introduce the notation

     21
)1(
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)(
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the problem
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where ,2,1,0k and    0
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Existence of a Solution of Problem (1)-(8)

Then, similarly to (25), we obtain the estimate

      10,maxmax )1(
0

)(
0

00

 


QQ kk  ,

or

        10,maxmax 0
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0
)1(

0
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0
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 






QuuQuu kkkk .

This means that the sequence   21
)( , xxu k converges uniformly on 0 . Then

the functions    )(
21,

k
xxu and    )(

21,
k

xxu converge to the functions

 21, xxu and  21, xxu , respectively, for the domains D and D on the

base of Harnak’s first theorem [22].

From this we conclude that the limit function is the regular solution of the
problem (1)-(8):

   2121
)( ,,lim xxuxxu k

k



.
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Example
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The Calculation Results
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The Calculation Results, k = 1
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The Calculation Results, k = 1
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The Calculation Results, k = 2
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The Calculation Results, k = 2
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The Calculation Results
Difference between exact and approximatesolutions, k= 3
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The Calculation Results
Difference between exact and approximatesolutions, k= 4
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The Calculation Results
Difference between exact and approximatesolutions, k= 5
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The Calculation Results
Difference between exact and approximatesolutions, k= 6
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The Calculation Results
Difference between exact and approximatesolutions, k= 7
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The Calculation Results
Difference between exact and approximatesolutions, k= 8
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The Calculation Results
Difference between exact and approximatesolutions, k= 9
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The Calculation Results
Difference between exact and approximatesolutions, k= 10
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Thank you for your attention
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