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“Our whole universe was in a hot dense state 
Then nearly fourteen billion years ago expansion 
started” 
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Why should a particle physicist learn cosmology? 

•  main evidences from BSM comes from cosmology: 
Dark matter, dark energy, inflation; 

•  particle physics affect cosmology: eg origin of matter- 
anti-matter asymmetry, Higgs as inflaton, neutrinos and 
the formation of structures, phase transitions;  

•  cosmology affects particle physics: eg evolution of the 
Universe may be responsible for electroweak symmetry 
breaking (relaxion idea).  
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•  early Universe is a testbed for SM and BSM: stability or 
metastability of SM vacuum; 

•  gravity (geometry) may play an important role in particle  
physics: eg models with warped extra dimensions  

•  new particles from geometry: KK excitations, radion, etc 

•  Models with extra dimensions can change the evolution 
of the Universe (and hence be tested). 
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We know that we don’t know what 95% of 
the Universe is made of: 

What is dark matter? 
Cold, warm, fuzzy, self-interacting... 

What is dark energy? 
New degree of freedom/MG: 
Quintessence, galileon, f(R), 
Hordensky, beyond Hordensky, 
massive gravity, EFTofDE... 
Does it interact with matter? 
Does it cluster? 
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General Relativity rules the Universe at large scales 
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10 nonlinear differential equations 
Numerical GR, eg gravitational waves from coalescence of  
binary black holes  
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Geometry 

Matter/Energy/Pressure 

Kolb 

Matter tells space 
how to curve 

Space tells matter 
how to move 
(J.A. Wheeler) 

13 



CLASHEP 2017 
14 

Details of Einstein’s equation: 

•  G: Newton’s constant 

•  Metric: 

Obs.: sometimes the reduced Planck mass is used: 
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Details of Einstein’s equation: 

•  Christoffel symbols (aka metric conection, affine connection) –  
first derivative of the metric : 

•  Ricci tensor – second derivative of the metric:  

•  Ricci scalar:  
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•  Action is invariant under general coordinate transformations:  

•   
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•  Dimensional analysis:  

•  Einstein equation in vacuum obtained from: 
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February 1917 (100 years ago): “Cosmological Cosniderations in  
the General Theory of Relativity” introduces the cosmological  
constant in the theory without violating symmetries:   
a new constant of Nature!   

It has an “anti-gravity” effect (repulsive force) and it was introduced 
to stabilize the Universe. 

With the discovery of the expansion of the Universe (Hubble, 1929)  
it was no longer needed – “my biggest blunder”.  
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Modified gravity is anything different from E-H (+ Λ) action 
(see 1601.06133) 

Example: f(R) theories (see 1002.4928) 

cosmological  
constant GR Higher order derivatives 
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Issues with modified gravity: 

•  introduces new light degrees of freedom – new forces  
Since there are stringent constraints one has to invoke “screening  
mechanisms” – chameleon, symmetron, Vainshtein, ... 

•  may have classical instabilities due to higher derivatives in  
equations of motion (Ostrogadski instabilities) 

•  may have quantum instabilities – “ghosts”  

•  may be brought in the form of GR with a suitable change of  
coordinates (Jordan frame -> Einstein frame) introducing non- 
standard couplings in the matter sector 

•  search for MG: use simple parametrizations (more later)     
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Examples: 

Electromagnetism: 

Real scalar field: 
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Definition: 

which implies 
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Exercise 1: Show that for a real scalar field 

Exercise 2: Show that for a cosmological constant 
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Finally, Einstein equation for GR is obtained from the requirement: 
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Universe is spatially homogeneous and isotropic on average. 

It is described by the FLRW metric (for a spatially flat universe): 
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FLRW metric is determined by one time-dependent function:  
the so-called scale factor a(t). 
Distances in the universe are set by the scale factor. 

Scale factor is the key function to study how the average universe 
evolves with time.  



           Average evolution of the universe 

- specified by one function: scale factor a(t) 
- determines measurement of large scale distances,  
  velocities and acceleration 

-  measured through standard candles (SNIa’s) and  
standard rulers (position of CMB peak, BAO 
peak,...)  

Redshift z:                                z=0 today. 

€ 

a(t) =
1
1+ z
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Space itself expands and galaxies get a free “ride”. 

Analogy of the expansion of the universe with a balloon: 
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Exercise 3: Show that for a spatially flat FLRW metric the Ricci  
tensor and the Ricci scalar are given by:  
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It is usually assumed that one can describe the components of the 
Universe as “perfect fluids”: at every point in the medium there is 
a locally inertial frame (rest frame) in which the fluid is  
homogeneous and isotropic (consistent with FLRW metric):  

Homegeneity: density and pressure depend only on time. 

density pressure isotropy 
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Energy-momentum in the rest frame (indices are important): 

In a frame with a given 4-velocity:  

[Imperfect fluids: anisotropic stress, dissipation, etc.] 
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00 component: 

1st Friedmann equation 
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ii component: 

2nd Friedmann equation 
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Also follows from the conservation of the energy-momentum  
tensor and also from the 1st law of thermodynamics:  

Exercise 4: Take a time derivative of 1st Friedmann equation to  
derive the “continuity”equation :  
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In order to study the evolution of a fluid we need to postulate a 
relation between density and pressure: the equation of state 

Assume a simple relation: 

ω  is called the equation of state parameter. 

Examples: 

•  Non-relativistic matter (dust): 

•  Relativistic matter (radiation): 
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•  Cosmological constant: 

Exercise 5: From the continuity equation show that the evolution 
of the density for a constant equation of state is:  
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•  Non-relativistic matter (dust): 

•  Relativistic matter (radiation): 

•  Cosmological constant: 



ln ρ	


ln a	
ln aeq	
 ln aDE	
 0	


radiation	

matter	


cosmological constant	


“Our whole universe was in a hot dense state” 
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Exercise 6: Using 1st Friedmann equation and the result from last 
section: 

show that:  

but for the cosmological constant one has an exponential growth:  



CLASHEP 2017 42 

Exponential growth: universe is accelerating! 

2nd Friedmann equation is:  
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Accelerated expansion: inflation 
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Curiosity: what happens if w<-1 (“phantom” dark energy)? 

Density increases with time. It can be shown that there is a  
singularity where                  at finite time: the “big rip”  
[see astro-ph/0302506]    



CLASHEP 2017 45 

Critical density: density at which the Universe is spatially flat. 

Hubble constant today has been measured with some precision  
and there is a mild tension: 

Exercise 6: estimate the critical density in units of protons/m3  
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Different contributions to the energy density budget of the Universe 

Spatially flat universe: 

1st Friedmann equation: 
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Exercise 7: given a Universe with 

compute: 

a.  H0
-1 in units of years  

b.  the age of the Universe 
c.  (ρc)1/4 in unites of eV – energy scale associated with the     

cosmological constant 
d.  H0 in units of eV 
e.  the redshift zeq 
f.  the redshift zΛ	
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For a real homogeneous scalar field the energy-momentum tensor 
gives:  

and therefore the time-dependent equation of state in this case is:  

If potential energy dominates w~-1 and scalar field resembles a  
cosmological constant: quintessence field. Can be ultralight (~H0)! 
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Cosmological Constant 

Canonical Scalar Field: 
Quintessence 

Perfect Fluid 

Chaplygin Gas 

K-essence 

e.g. Tachyon, 
       Born-Infeld 
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I.2.8 – Vacuum energy: the elephant in the room 

  

€ 

E = ω n +1/2( )

€ 

ρvac =
d3k
2π( )3

1
2

k 2 +m2∫



€ 

ρΛ ∝ constant

E. L. Wright 

€ 

dE = −pdV ⇒ pΛ < 0
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There are 2 ways to measure large distances in the Universe:  
from known luminosities (standard candles – eg SNIa) or  
from known scales (standard rulers – eg BAO). 

Let’s recall that  
physical distance = a(t) comoving distance 
and discuss some other typical distances in the Universe.  

a. Comoving distance between us (z=0) and an object at redshift z: 	
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b. Comoving particle horizon: largest region in causal contact since  
the Big Bang: 	


c. Luminosity distance (dL):	


Flux of photons 
Known luminosity of the 
source 

In FLRW there are 2 extra source of dilution of the flux: 
•  redshift of photons (1/(1+z)) 
•  rate of arrival decrease by (1/(1+z)) – time dilation 
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Therefore: 

Exercise 8: plot dL(z) for 0<z<2 for a flat Universe with   

α.  Ωm = 1 and ΩΛ = 0 
β.  Ωm = 0.3 and ΩΛ = 0.7 

dLis larger for a Universe with Λ -> objects with same z look fainter 

This is how the accelerated expansion of the Universe was  
discovered in 1998 using SNIa   
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d. Angular diameter distance (dA):  
related to the angle subentended by a physical lenght (l)	


Closed Universe Flat Universe Open Universe 
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e. Hubble radius: distance particles can travel in a Hubble time	


Comoving Hubble radius: 

•  Radiation dominated 

•  Matter dominated 

•  Λ dominated 
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Comoving  
distance	


a	
  aeq	
 aDE	
 0	


Comoving scale	


aend	


inside	
 inside	
 outside	
outside	


Inflation	
 Radiation	
 Matter	
 Dark Energy	


Comoving Hubble radius during the evolution of the Universe	


[If Λ dominates Hubble horizon decreases and things 
will disappear: lonely and cold end]	
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Quick way to derive relation between temperature and scale factor: 

Stefan-Boltzmann law 
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More formally the number density and energy density are: 

E is the energy of a state, f(p) is the phase-space distribution and g  
is number of internal degrees of freedom (eg g=2 for photons, g=8 
for gluons, g=12 for quarks, etc). 
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Phase-space distribution (+ for FD, - for BE), kB=1,  
µ chemical potential: 

Relativistic limit (T>>m) and T>>µ	


Exercise 9: compute the number of CMB photons (T=2.73 K)  
in a  cm3 
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Non-relativistic limit (T<<m) and µ=0 [same for B-E and F-D]	


Exponential Boltzmann suppression	
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Density of relativistic particles in the Universe is set by the effective  
number of relativistic degrees of freedom g*:	


g*(T) changes when mass thresholds are crossed as T decreases.  
At high T (>200 GeV) g*

(SM) ~100.	
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From Friedmann’s 1st equation for a radiation-dominated era: 

and  

one finds: 

Putting numbers: 
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Different particles are in thermal equilibrium when they can interact 
efficiently. There are 2 typical rates that can be compared: 

•  rate of particle interactions: 

•  expansion rate of the Universe: 

Number density	
 Thermal averaged  
cross section x velocity	
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When 

particles are in thermal equilibrium. 

As a first estimate particles decouple when 

More precise estimate requires solving a Boltzmann equation  
(more later) 
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Example: decoupling of neutrinos from the thermal bath	


Weak interactions:	


Low energy cross section (4-fermi interaction):	


GF 

e 

e 

ν	


ν	


GF= 10-5 GeV-2: Fermi  constant 
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After decoupling neutrinos cool down as T α 1/a. 

They would have the same temperature as photons except for the 
fact that photons get heated up by the annihilation of e+e- at around 
T~0.5 MeV. Hence neutrinos are a bit cooler (Tν=1.95 K)	


Obs.1: In SM ν’s are massless and only νL exist. Now we know that  
this is incorrect. Some extensions of the SM postulate the existence  
of νR to explain ν masses. This is a new degree of freedom and is 
gauge singlet under SM interactions [eg 1303.6912].	


Obs.2: Today there is a cosmic ν background which is very difficult 
to detect – experiment Ptolomy is being designed for this search.	
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Obs.3: Experiments such as Planck are sensitive to the number 
of relativistic degrees of freedom present at the time of CMB.  
This is characterized by the so-called Neff parameter. In the SM, 
Neff = 3.046 (some ν’s are heated by e+e- annihilation). There were 
some measurements giving a larger  Neff which prompted many  
papers postulating new relativistic degrees of freedom dubbed 
“dark radiation”.  

In 2015 Planck measured Neff = 3.15 +/- 0.23 and most people 
are now happy. 

Obs.4: If massless ρν∼ργ. If massive: 
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Obs.5: Most stringent bounds on ν masses comes from cosmology. 
More later. 


