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¥ The Ômaster formulaÕ for LHC observables:

QCD factorisation
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Parton Distribution Functions
non-perturbative; 

describe structure of the proton

Partonic cross section
computable in perturbation theory 

as collisions between quarks and gluons
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= scattering amplitude



! Each diagram translates into an analytic formula.

= + + + . . .
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¥     computed from Feynman diagrams:

Scattering amplitudes

A (L )

! Perturbative expansion ~ expansion in number of loops.

¥ Probabilities are related to the square of the amplitude:
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Anatomy of higher orders

¥ Leading order (LO):



Anatomy of higher orders

¥ Next-to-LO (NLO):¥ Leading order (LO):
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Anatomy of higher orders

Individually divergent, but sum is Þnite.

¥ Next-to-LO (NLO):

Virtual Real

¥ Leading order (LO):
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Anatomy of higher orders

++

Individually divergent, but sum is Þnite.

¥ Next-to-LO (NLO):

¥ Next-to-next-to-LO (NNLO):

Virtual Real

¥ Leading order (LO):



Outline

¥ In the rest of the talk: focus (mostly) on virtual contributions.

[© xkcd.com]

Outline of the talk:

! The frontier of two-loop 
computations.

¥ Virtual corrections require the integration over momentum of 
unresolved particle. 

k

!

!
d4k

! The dawn of N3LO.

http://xkcd.com


The frontier of two-loop 
computations



Loop integrations
¥ State of the art:

! 1 loop: usually doable.

! 3 loops: some          .2 ! 1

! 2 loops: results for low multiplicity.



Loop integrations

!
d4k d4l
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! cf. phase space for 4 jets: 

(4-1) x 3 = 9 integrations.

¥ State of the art:

! 1 loop: usually doable.

! 3 loops: some          .2 ! 1

! 2 loops: results for low multiplicity.

! 2x4 = 8 integrations: Cannot be so hard?



Loop integrations

!
d4k d4l

<latexit sha1_base64="Jlh0P6my+jGIN8/pK1YCn9dcs8A=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGCrosuHFZwT6gM5ZMJtOGZjJDklHKWPBH3LhQxK1f4s6/MdN2oa0HQg7n3EtOTpByprTjfFsrq2vrG5ulrfL2zu7evl05aKskk4S2SMIT2Q2wopwJ2tJMc9pNJcVxwGknGF0VfueeSsUScavHKfVjPBAsYgRrI/XtiseERuFdHY28s+Lifbvq1Jwp0DJx56QKczT79pcXJiSLqdCEY6V6rpNqP8dSM8LppOxliqaYjPCA9gwVOKbKz6fRJ+jEKCGKEmmOCTJVf2/kOFZqHAdmMsZ6qBa9QvzP62U6uvRzJtJMU0FmD0UZRzpBRQ8oZJISzceGYCKZyYrIEEtMtGmrbEpwF7+8TNrnNdepuTf1aqPxNKujBEdwDKfgwgU04Bqa0AICD/AMr/BmPVov1rv1MRtdseYVHsIfWJ8/Ww2TJQ==</latexit><latexit sha1_base64="Jlh0P6my+jGIN8/pK1YCn9dcs8A=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGCrosuHFZwT6gM5ZMJtOGZjJDklHKWPBH3LhQxK1f4s6/MdN2oa0HQg7n3EtOTpByprTjfFsrq2vrG5ulrfL2zu7evl05aKskk4S2SMIT2Q2wopwJ2tJMc9pNJcVxwGknGF0VfueeSsUScavHKfVjPBAsYgRrI/XtiseERuFdHY28s+Lifbvq1Jwp0DJx56QKczT79pcXJiSLqdCEY6V6rpNqP8dSM8LppOxliqaYjPCA9gwVOKbKz6fRJ+jEKCGKEmmOCTJVf2/kOFZqHAdmMsZ6qBa9QvzP62U6uvRzJtJMU0FmD0UZRzpBRQ8oZJISzceGYCKZyYrIEEtMtGmrbEpwF7+8TNrnNdepuTf1aqPxNKujBEdwDKfgwgU04Bqa0AICD/AMr/BmPVov1rv1MRtdseYVHsIfWJ8/Ww2TJQ==</latexit><latexit sha1_base64="Jlh0P6my+jGIN8/pK1YCn9dcs8A=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGCrosuHFZwT6gM5ZMJtOGZjJDklHKWPBH3LhQxK1f4s6/MdN2oa0HQg7n3EtOTpByprTjfFsrq2vrG5ulrfL2zu7evl05aKskk4S2SMIT2Q2wopwJ2tJMc9pNJcVxwGknGF0VfueeSsUScavHKfVjPBAsYgRrI/XtiseERuFdHY28s+Lifbvq1Jwp0DJx56QKczT79pcXJiSLqdCEY6V6rpNqP8dSM8LppOxliqaYjPCA9gwVOKbKz6fRJ+jEKCGKEmmOCTJVf2/kOFZqHAdmMsZ6qBa9QvzP62U6uvRzJtJMU0FmD0UZRzpBRQ8oZJISzceGYCKZyYrIEEtMtGmrbEpwF7+8TNrnNdepuTf1aqPxNKujBEdwDKfgwgU04Bqa0AICD/AMr/BmPVov1rv1MRtdseYVHsIfWJ8/Ww2TJQ==</latexit><latexit sha1_base64="Jlh0P6my+jGIN8/pK1YCn9dcs8A=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwIWVGCrosuHFZwT6gM5ZMJtOGZjJDklHKWPBH3LhQxK1f4s6/MdN2oa0HQg7n3EtOTpByprTjfFsrq2vrG5ulrfL2zu7evl05aKskk4S2SMIT2Q2wopwJ2tJMc9pNJcVxwGknGF0VfueeSsUScavHKfVjPBAsYgRrI/XtiseERuFdHY28s+Lifbvq1Jwp0DJx56QKczT79pcXJiSLqdCEY6V6rpNqP8dSM8LppOxliqaYjPCA9gwVOKbKz6fRJ+jEKCGKEmmOCTJVf2/kOFZqHAdmMsZ6qBa9QvzP62U6uvRzJtJMU0FmD0UZRzpBRQ8oZJISzceGYCKZyYrIEEtMtGmrbEpwF7+8TNrnNdepuTf1aqPxNKujBEdwDKfgwgU04Bqa0AICD/AMr/BmPVov1rv1MRtdseYVHsIfWJ8/Ww2TJQ==</latexit>

k
<latexit sha1_base64="7hffyLEg9yzWkIKF+bT+olZJT38=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPYUYTJ8eAF48JmAWSIfR0apI2PQvdPUIYAt69eFDEq5/kzb+xswgq+qDg8V4VVfX8RHClbfvDWlldW9/YzG3lt3d29/YLB4ctFaeSYZPFIpYdnyoUPMKm5lpgJ5FIQ19g2x9fzfz2HUrF4+hGTxL0QjqMeMAZ1UZqjPuFol2qOBfVikvskj2HIU7FdS/LxFkqRVii3i+89wYxS0OMNBNUqa5jJ9rLqNScCZzme6nChLIxHWLX0IiGqLxsfuiUnBplQIJYmoo0mavfJzIaKjUJfdMZUj1Sv72Z+JfXTXVQ9TIeJanGiC0WBakgOiazr8mAS2RaTAyhTHJzK2EjKinTJpu8CeHrU/I/aZ2XHJNMo1ys1e4XceTgGE7gDBxwoQbXUIcmMEB4gCd4tm6tR+vFel20rljLCI/gB6y3T00+jag=</latexit><latexit sha1_base64="7hffyLEg9yzWkIKF+bT+olZJT38=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPYUYTJ8eAF48JmAWSIfR0apI2PQvdPUIYAt69eFDEq5/kzb+xswgq+qDg8V4VVfX8RHClbfvDWlldW9/YzG3lt3d29/YLB4ctFaeSYZPFIpYdnyoUPMKm5lpgJ5FIQ19g2x9fzfz2HUrF4+hGTxL0QjqMeMAZ1UZqjPuFol2qOBfVikvskj2HIU7FdS/LxFkqRVii3i+89wYxS0OMNBNUqa5jJ9rLqNScCZzme6nChLIxHWLX0IiGqLxsfuiUnBplQIJYmoo0mavfJzIaKjUJfdMZUj1Sv72Z+JfXTXVQ9TIeJanGiC0WBakgOiazr8mAS2RaTAyhTHJzK2EjKinTJpu8CeHrU/I/aZ2XHJNMo1ys1e4XceTgGE7gDBxwoQbXUIcmMEB4gCd4tm6tR+vFel20rljLCI/gB6y3T00+jag=</latexit><latexit sha1_base64="7hffyLEg9yzWkIKF+bT+olZJT38=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPYUYTJ8eAF48JmAWSIfR0apI2PQvdPUIYAt69eFDEq5/kzb+xswgq+qDg8V4VVfX8RHClbfvDWlldW9/YzG3lt3d29/YLB4ctFaeSYZPFIpYdnyoUPMKm5lpgJ5FIQ19g2x9fzfz2HUrF4+hGTxL0QjqMeMAZ1UZqjPuFol2qOBfVikvskj2HIU7FdS/LxFkqRVii3i+89wYxS0OMNBNUqa5jJ9rLqNScCZzme6nChLIxHWLX0IiGqLxsfuiUnBplQIJYmoo0mavfJzIaKjUJfdMZUj1Sv72Z+JfXTXVQ9TIeJanGiC0WBakgOiazr8mAS2RaTAyhTHJzK2EjKinTJpu8CeHrU/I/aZ2XHJNMo1ys1e4XceTgGE7gDBxwoQbXUIcmMEB4gCd4tm6tR+vFel20rljLCI/gB6y3T00+jag=</latexit><latexit sha1_base64="7hffyLEg9yzWkIKF+bT+olZJT38=">AAAB6HicdVDJSgNBEK1xjXGLevTSGARPYUYTJ8eAF48JmAWSIfR0apI2PQvdPUIYAt69eFDEq5/kzb+xswgq+qDg8V4VVfX8RHClbfvDWlldW9/YzG3lt3d29/YLB4ctFaeSYZPFIpYdnyoUPMKm5lpgJ5FIQ19g2x9fzfz2HUrF4+hGTxL0QjqMeMAZ1UZqjPuFol2qOBfVikvskj2HIU7FdS/LxFkqRVii3i+89wYxS0OMNBNUqa5jJ9rLqNScCZzme6nChLIxHWLX0IiGqLxsfuiUnBplQIJYmoo0mavfJzIaKjUJfdMZUj1Sv72Z+JfXTXVQ9TIeJanGiC0WBakgOiazr8mAS2RaTAyhTHJzK2EjKinTJpu8CeHrU/I/aZ2XHJNMo1ys1e4XceTgGE7gDBxwoQbXUIcmMEB4gCd4tm6tR+vFel20rljLCI/gB6y3T00+jag=</latexit>

l
<latexit sha1_base64="THF4DJyzDPZtz3989DCjrINTdM4=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtTju7ghuXLdgHtEPJpJk2NpMZkoxQhoJ7Ny4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NHpWKxuNHThPoRHgkWMoK1kZp8UCwhG3meg8oQ2ZcV1615hlTKnlt1oWOjBUpghcag+N4fxiSNqNCEY6V6Dkq0n2GpGeF0VuiniiaYTPCI9gwVOKLKzxaHzuCZUYYwjKUpoeFC/T6R4UipaRSYzgjrsfrtzcW/vF6qw5qfMZGkmgqyXBSmHOoYzr+GQyYp0XxqCCaSmVshGWOJiTbZFEwIX5/C/0m7bDvIdpoXpXr9fhlHHpyAU3AOHFAFdXANGqAFCKDgATyBZ+vWerRerNdla85aRXgMfsB6+wR8s43J</latexit><latexit sha1_base64="THF4DJyzDPZtz3989DCjrINTdM4=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtTju7ghuXLdgHtEPJpJk2NpMZkoxQhoJ7Ny4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NHpWKxuNHThPoRHgkWMoK1kZp8UCwhG3meg8oQ2ZcV1615hlTKnlt1oWOjBUpghcag+N4fxiSNqNCEY6V6Dkq0n2GpGeF0VuiniiaYTPCI9gwVOKLKzxaHzuCZUYYwjKUpoeFC/T6R4UipaRSYzgjrsfrtzcW/vF6qw5qfMZGkmgqyXBSmHOoYzr+GQyYp0XxqCCaSmVshGWOJiTbZFEwIX5/C/0m7bDvIdpoXpXr9fhlHHpyAU3AOHFAFdXANGqAFCKDgATyBZ+vWerRerNdla85aRXgMfsB6+wR8s43J</latexit><latexit sha1_base64="THF4DJyzDPZtz3989DCjrINTdM4=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtTju7ghuXLdgHtEPJpJk2NpMZkoxQhoJ7Ny4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NHpWKxuNHThPoRHgkWMoK1kZp8UCwhG3meg8oQ2ZcV1615hlTKnlt1oWOjBUpghcag+N4fxiSNqNCEY6V6Dkq0n2GpGeF0VuiniiaYTPCI9gwVOKLKzxaHzuCZUYYwjKUpoeFC/T6R4UipaRSYzgjrsfrtzcW/vF6qw5qfMZGkmgqyXBSmHOoYzr+GQyYp0XxqCCaSmVshGWOJiTbZFEwIX5/C/0m7bDvIdpoXpXr9fhlHHpyAU3AOHFAFdXANGqAFCKDgATyBZ+vWerRerNdla85aRXgMfsB6+wR8s43J</latexit><latexit sha1_base64="THF4DJyzDPZtz3989DCjrINTdM4=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtTju7ghuXLdgHtEPJpJk2NpMZkoxQhoJ7Ny4UcesnufNvTB+Cih64cDjnXu69J0g4UxqhDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NHpWKxuNHThPoRHgkWMoK1kZp8UCwhG3meg8oQ2ZcV1615hlTKnlt1oWOjBUpghcag+N4fxiSNqNCEY6V6Dkq0n2GpGeF0VuiniiaYTPCI9gwVOKLKzxaHzuCZUYYwjKUpoeFC/T6R4UipaRSYzgjrsfrtzcW/vF6qw5qfMZGkmgqyXBSmHOoYzr+GQyYp0XxqCCaSmVshGWOJiTbZFEwIX5/C/0m7bDvIdpoXpXr9fhlHHpyAU3AOHFAFdXANGqAFCKDgATyBZ+vWerRerNdla85aRXgMfsB6+wR8s43J</latexit>

! cf. phase space for 4 jets: 

(4-1) x 3 = 9 integrations.

¥ Loop integrals are usually divergent!

! UV divergencies: removed by renormalisation.

! IR divergencies: cancel against real emissions.

¥ State of the art:

! 1 loop: usually doable.

! 3 loops: some          .2 ! 1

! 2 loops: results for low multiplicity.

! 2x4 = 8 integrations: Cannot be so hard?



Loop integrations
AnalyticalNumerical

" Fast & Reliable.

" All cancellations analytic.

Analytic computations tough:
Ôevery integral is differentÕ!

Often very slow.

Potential large cancellations 
& instabilities.

" In principle applicable to 
any integral!



Loop integrations
AnalyticalNumerical

" Fast & Reliable.

" All cancellations analytic.

Analytic computations tough:
Ôevery integral is differentÕ!

Often very slow.

Potential large cancellations 
& instabilities.

" In principle applicable to 
any integral!

State of the art

2-to-2 with massive 
propagators.

2-to-2 with massless 
propagators (no virtual tops!).

tøt
<latexit sha1_base64="78Cl4uvFDsL5iiaJGyJHPTxAWgs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6HscpDxUdaBELRtFJbexG1OQ46ZUrftWfgaySYEEqsEC9V/7q9hOWKa6RSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMdRTRW3YT67d0LOnNIncWJcaSQz9fdETpW1YxW5TkVxaJe9qfif18kwvg5zodMMuWbzRXEmCSZk+jzpC8MZyrEjlBnhbiVsSA1l6CIquRCC5ZdXSfOiGvjV4O6yUqs9zeMowgmcwjkEcAU1uIU6NICBhGd4hTfvwXvx3r2PeWvBW0R4DH/gff4Am0WQuQ==</latexit><latexit sha1_base64="78Cl4uvFDsL5iiaJGyJHPTxAWgs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6HscpDxUdaBELRtFJbexG1OQ46ZUrftWfgaySYEEqsEC9V/7q9hOWKa6RSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMdRTRW3YT67d0LOnNIncWJcaSQz9fdETpW1YxW5TkVxaJe9qfif18kwvg5zodMMuWbzRXEmCSZk+jzpC8MZyrEjlBnhbiVsSA1l6CIquRCC5ZdXSfOiGvjV4O6yUqs9zeMowgmcwjkEcAU1uIU6NICBhGd4hTfvwXvx3r2PeWvBW0R4DH/gff4Am0WQuQ==</latexit><latexit sha1_base64="78Cl4uvFDsL5iiaJGyJHPTxAWgs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6HscpDxUdaBELRtFJbexG1OQ46ZUrftWfgaySYEEqsEC9V/7q9hOWKa6RSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMdRTRW3YT67d0LOnNIncWJcaSQz9fdETpW1YxW5TkVxaJe9qfif18kwvg5zodMMuWbzRXEmCSZk+jzpC8MZyrEjlBnhbiVsSA1l6CIquRCC5ZdXSfOiGvjV4O6yUqs9zeMowgmcwjkEcAU1uIU6NICBhGd4hTfvwXvx3r2PeWvBW0R4DH/gff4Am0WQuQ==</latexit><latexit sha1_base64="78Cl4uvFDsL5iiaJGyJHPTxAWgs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhM7PrTK8QloDf4MWDIl79HW/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6HscpDxUdaBELRtFJbexG1OQ46ZUrftWfgaySYEEqsEC9V/7q9hOWKa6RSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMdRTRW3YT67d0LOnNIncWJcaSQz9fdETpW1YxW5TkVxaJe9qfif18kwvg5zodMMuWbzRXEmCSZk+jzpC8MZyrEjlBnhbiVsSA1l6CIquRCC5ZdXSfOiGvjV4O6yUqs9zeMowgmcwjkEcAU1uIU6NICBhGd4hTfvwXvx3r2PeWvBW0R4DH/gff4Am0WQuQ==</latexit>

HH
<latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit><latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit><latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit><latexit sha1_base64="D+k1iYOvlzMbMVOaIhc1C+7fdjs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjwkmMU84BkCbOT2WTI7Mwy0yuEJeAHePGgiFf/yJt/4+Rx0MSChqKqm+6uKJXCou9/e2vrG5tb24Wd4u7e/sFh6ei4aXVmGG8wLbVpR9RyKRRvoEDJ26nhNIkkb0Wj26nfeuTGCq0ecJzyMKEDJWLBKDrpvlbrlcp+xZ+BrJJgQcqwQL1X+ur2NcsSrpBJam0n8FMMc2pQMMknxW5meUrZiA54x1FFE27DfHbphJw7pU9ibVwpJDP190ROE2vHSeQ6E4pDu+xNxf+8TobxTZgLlWbIFZsvijNJUJPp26QvDGcox45QZoS7lbAhNZShC6foQgiWX14lzctK4FeCu6tytfo0j6MAp3AGFxDANVShBnVoAIMYnuEV3ryR9+K9ex/z1jVvEeEJ/IH3+QNVOo2c</latexit> Hj

<latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit><latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit><latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit><latexit sha1_base64="fAwseD+Q/XRZtRGy+1dKXqKfQ90=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMcFLzlGMQ9IljA7mU3GzM4uM71CWAJ+gBcPinj1j7z5N04eB00saCiquunuClMpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmvEGS2Si2yE1XArFGyhQ8naqOY1DyVvh6Gbqtx65NiJR9zhOeRDTgRKRYBStdFd76JUrbtWdgawSb0EqsEC9V/7q9hOWxVwhk9SYjuemGORUo2CST0rdzPCUshEd8I6lisbcBPns0gk5s0qfRIm2pZDM1N8TOY2NGceh7YwpDs2yNxX/8zoZRtdBLlSaIVdsvijKJMGETN8mfaE5Qzm2hDIt7K2EDammDG04JRuCt/zyKmleVD236t1eVnz/aR5HEU7gFM7BgyvwoQZ1aACDCJ7hFd6ckfPivDsf89aCs4jwGP7A+fwBiMKNvg==</latexit>

!! (Þnite mt )
<latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit><latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit><latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit><latexit sha1_base64="2VCoIp38UM4YeqwWZ/ey7miMT58=">AAACDHicbVBNSwMxFMz6bf2qevQSLIJeyq4Ieix48VjB2kK7lGz6tgaT7JK8FctS8OrFv+LFgyJe/QHe/Dem3R60dSBhmJlH8iZKpbDo+9/e3PzC4tLyymppbX1jc6u8vXNtk8xwaPBEJqYVMQtSaGigQAmt1ABTkYRmdHs+8pt3YKxI9BUOUggV62sRC87QSd1ypdNnSrHipocdhHs0Ko+FFgh0SFUXj1zKr/pj0FkSTEiFTFDvlr86vYRnCjRyyaxtB36KYc4MCi5hWOpkFlLGb1kf2o5qpsCG+XiZIT1wSo/GiXFHIx2rvydypqwdqMglFcMbO+2NxP+8dobxWZgLnWYImhcPxZmkmNBRM7QnDHCUA0cYN8L9lfIbZhhH11/JlRBMrzxLro+rgV8NLk8qtdpDUccK2SP75JAE5JTUyAWpkwbh5JE8k1fy5j15L96791FE57xJhbvkD7zPH412m60=</latexit>

j j
<latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit><latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit><latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit><latexit sha1_base64="o2OrnYmI3s8PVNZyDhXiaoEwPQI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cq9gPaUDbbSbvtZhN2N0IJBX+AFw+KePUfefPfuE170NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwvpn5rUdUmsfywUwS9CM6kDzkjBor3Y9GvXLFrbo5yCrxFqQCC9R75a9uP2ZphNIwQbXueG5i/Iwqw5nAaambakwoG9MBdiyVNELtZ/mlU3JmlT4JY2VLGpKrvycyGmk9iQLbGVEz1MveTPzP66QmvPYzLpPUoGTzRWEqiInJ7G3S5wqZERNLKFPc3krYkCrKjA2nZEPwll9eJc2LqudWvbvLSq32NI+jCCdwCufgwRXU4Bbq0AAGITzDK7w5Y+fFeXc+5q0FZxHhMfyB8/kDvGyN4A==</latexit>

!!
<latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit><latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit><latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit><latexit sha1_base64="rme5zaMgGc9aQkwpEx0hhC2Hehw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY8FLx4r2FZolzKbZtvQJLskWaEsBX+FFw+KePXPePPfmHZ70NYHMzzemyGTF6WCG+v7315pbX1jc6u8XdnZ3ds/qB4etU2SacpaNBGJfojQMMEVa1luBXtINUMZCdaJxjczv/PItOGJureTlIUSh4rHnKJ1Uq83RCmx6P1qza/7c5BVEixIDRZo9qtfvUFCM8mUpQKN6QZ+asMcteVUsGmllxmWIh3jkHUdVSiZCfP5zVNy5pQBiRPtSlkyV39v5CiNmcjITUq0I7PszcT/vG5m4+sw5yrNLFO0eCjOBLEJmQVABlwzasXEEaSau1sJHaFGal1MFRdCsPzlVdK+qAd+Pbi7rDUaT0UcZTiBUziHAK6gAbfQhBZQSOEZXuHNy7wX7937KEZL3iLCY/gD7/MHNlaSLg==</latexit>

V j
<latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit><latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit><latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit><latexit sha1_base64="yzFmjzdk0GTJ2UW10BFzVdZzz9o=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGKeUCyhNnJbDJmdmaZ6RXCEvADvHhQxKt/5M2/cfI4aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph9cRvPnJjhVb3OEp5mNC+ErFgFJ1013jolsp+xZ+CLJNgTsowR61b+ur0NMsSrpBJam078FMMc2pQMMnHxU5meUrZkPZ521FFE27DfHrpmJw6pUdibVwpJFP190ROE2tHSeQ6E4oDu+hNxP+8dobxVZgLlWbIFZstijNJUJPJ26QnDGcoR45QZoS7lbABNZShC6foQggWX14mjfNK4FeC24tytfo0i6MAx3ACZxDAJVThBmpQBwYxPMMrvHlD78V79z5mrSvePMIj+APv8weeCI3M</latexit>

Hj (mt = ! )
<latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit><latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit><latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit><latexit sha1_base64="jy2eliziMX7AEfamruallpiE4M0=">AAAB+HicbZBLSwMxFIUz9VXro6Mu3QSLUDdlRgTdCAU3XVawD2iHIZNm2thMZkjuCONQ8H+4caGIW3+KO/+N6WOhrQcCH+fckJsTJIJrcJxvq7C2vrG5Vdwu7ezu7Zftg8O2jlNFWYvGIlbdgGgmuGQt4CBYN1GMRIFgnWB8M807D0xpHss7yBLmRWQoecgpAWP5drlxj6uRD9d9LkPIzny74tScmfAquAuooIWavv3VH8Q0jZgEKojWPddJwMuJAk4Fm5T6qWYJoWMyZD2DkkRMe/ls8Qk+Nc4Ah7EyRwKeub9v5CTSOosCMxkRGOnlbGr+l/VSCK+8nMskBSbp/KEwFRhiPG0BD7hiFERmgFDFza6YjogiFExXJVOCu/zlVWif11yn5t5eVOr1p3kdRXSMTlAVuegS1VEDNVELUZSiZ/SK3qxH68V6tz7mowVrUeER+iPr8wfCvpLl</latexit>

V V
<latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit><latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit><latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit><latexit sha1_base64="SUediel2wIQwF+jExCVToNvP3aU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cqJi20oWy2m3bpZhN2J0IJBX+AFw+KePUfefPfuP04aOuDgcd7M8zMizIpDLrut1NaW9/Y3CpvV3Z29/YPqodHgUlzzbjPUpnqdkQNl0JxHwVK3s40p0kkeSsa3Uz91iPXRqTqAccZDxM6UCIWjKKV7oOgV625dXcGskq8BanBAs1e9avbT1mecIVMUmM6npthWFCNgkk+qXRzwzPKRnTAO5YqmnATFrNLJ+TMKn0Sp9qWQjJTf08UNDFmnES2M6E4NMveVPzP6+QYX4eFUFmOXLH5ojiXBFMyfZv0heYM5dgSyrSwtxI2pJoytOFUbAje8surJLioe27du7usNRpP8zjKcAKncA4eXEEDbqEJPjCI4Rle4c0ZOS/Ou/Mxby05iwiP4Q+czx9/uI24</latexit>

V H
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Examples:



Figure 3 . Representative Feynman diagrams for leading-colorA (2) (g, g, g, g, g) amplitudes, con-
tributing at order N 0
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Figure 5 . Representative Feynman diagrams for leading-colorA (2) (q,øq, Q, øQ, g) amplitudes, con-
tributing at order N 0
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The renormalized amplitudes can be obtained from their bare counterparts by replacing
in eq. (2.6) the bare QCD coupling ! 0 by the renormalized coupling ! s in D = 4 ! 2"
dimensions. The two couplings are related by
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which we can use to deÞne the perturbative expansion of the renormalized amplitude,
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, (2.9)

where S! = (4 $)! e! !" E and ! s = g2
s / (4$). The #i are the coe! cients in the perturbative

expansion of the QCD#-function, which we give explicitly in appendix A. Here, µ2
0 is the

scale introduced in dimensional regularization to keep the coupling dimensionless in the
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5-parton scattering
¥ Algebraic complexity (Ôbookkeeping of algebraic expressionsÕ):

! Increase in the number of scales!

! Swell in algebraic complexity: standard 
computer algebra tools cannot handle this!

¥ Analytic complexity (Ôdoing the integralsÕ):
! Complicated special functions in many variables.
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expansion of the QCD#-function, which we give explicitly in appendix A. Here, µ2
0 is the
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Ð 6 Ð

5-parton scattering
¥ Algebraic complexity (Ôbookkeeping of algebraic expressionsÕ):

! Increase in the number of scales!

! Swell in algebraic complexity: standard 
computer algebra tools cannot handle this!

¥ Analytic complexity (Ôdoing the integralsÕ):
! Complicated special functions in many variables.

" Numerical ways of dealing with algebraic complexity.
[Badger et al. (2013-19); Ita et al. (2015-19); Peraro (2016-19); É]

" Heavily inspired by computational algebraic geometry.

[Henn (2013)]

[Chicherin, Henn, Sokatchev (2018); 
Chicherin, Henn, Mitev (2018); É]

" Better understanding of how to perform loop integrals.

" Some developments were inspired by modern mathematics 
and/or more formal areas of physics.



¥ Two-loop results for 2-to-3 scattering are within reach!

! All planar two-loop amplitudes for 3-jet production.

5-parton scattering

! Special helicity conÞguration beyond planar limit.
[Abreu, Dormans, Frebres Cordero, Ita, Page, Sotnikov (2019)]

[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia (2019)]

! First steps towards W+2j at two loops.
[Bayu Hartanto, Badger, Br¿nnum-Hansen, Peraro (2019)]

[Gehrmann, Henn, Lo Presti (2016); Papadopoulos, Tommasini, Wever (2016); 
Gehrmann, Henn, Wasser, Zhang, Zoia (2018)]

¥ We know all integrals needed for 5-parton scattering!

A (2)[ N 0
f ]/ A (norm) ! ! 4 ! ! 3 ! ! 2 ! ! 1 ! 0

(1+
g , 2+

g , 3+
g , 4+

g , 5+
g ) 0 0 ! 5.000000000 ! 29.38541207 ! 62.68413553

(1!
g , 2+

g , 3+
g , 4+

g , 5+
g ) 0 0 ! 5.000000000 ! 42.33840431 ! 159.9778589

(1!
g , 2!

g , 3+
g , 4+

g , 5+
g ) 12.50000000 84.83123596 243.4660216 301.9565843 ! 152.0528809

(1!
g , 2+

g , 3!
g , 4+

g , 5+
g ) 12.50000000 84.83123596 269.4635002 551.6251881 984.0882231

(1+
q , 2!

øq , 3+
g , 4+

g , 5+
g ) 0 0 ! 4.000000000 ! 33.66432052 ! 117.5792214

(1+
q , 2!

øq , 3+
g , 4+

g , 5!
g ) 8.000000000 51.38308777 127.3357346 55.24748112 ! 511.9128286

(1+
q , 2!

øq , 3+
g , 4!

g , 5+
g ) 8.000000000 51.38308777 137.2047686 143.1002284 ! 154.2224796

(1+
q , 2!

øq , 3!
g , 4+

g , 5+
g ) 8.000000000 51.38308777 133.2453937 110.9941406 ! 263.9507190

(1+
q , 2!

øq , 3+
Q, 4!

øQ, 5+
g ) 4.500000000 23.78050411 33.01035431 ! 76.65528489 ! 305.7123751

(1+
q , 2!

øq , 3!
Q, 4+

øQ, 5+
g ) 4.500000000 23.78050411 25.33119767 ! 122.8050519 ! 400.0885233

(1+
q , 2!

øq , 3+
Q, 4!

øQ, 5!
g ) 4.500000000 23.78050411 25.00917906 16.91995611 579.1225796

(1+
q , 2!

øq , 3!
Q, 4+

øQ, 5!
g ) 4.500000000 23.78050411 ! 1009.208812 ! 4797.768367 4827.790534

A (2)[ N 1
f ]/ A (norm) ! ! 4 ! ! 3 ! ! 2 ! ! 1 ! 0

(1+
g , 2+

g , 3+
g , 4+

g , 5+
g ) 0 0 5.000000000 34.38541207 78.06348509

(1!
g , 2+

g , 3+
g , 4+

g , 5+
g ) 0 0 5.000000000 47.33840431 206.9626532

(1!
g , 2!

g , 3+
g , 4+

g , 5+
g ) 0 ! 2.500000000 ! 15.82327813 ! 36.65791641 ! 15.54781774

(1!
g , 2+

g , 3!
g , 4+

g , 5+
g ) 0 ! 2.500000000 ! 20.72836557 ! 83.86917083 ! 215.3966037

(1+
q , 2!

øq , 3+
g , 4+

g , 5+
g ) 0 0 1.416882412 11.98234731 38.78056708

(1+
q , 2!

øq , 3+
g , 4+

g , 5!
g ) 0 0.6666666667 7.912904946 38.94492002 78.45710970

(1+
q , 2!

øq , 3+
g , 4!

g , 5+
g ) 0 0.6666666667 5.701796856 20.47669656 20.24036826

(1+
q , 2!

øq , 3!
g , 4+

g , 5+
g ) 0 0.6666666667 5.878666845 21.43074531 17.31964894

(1+
q , 2!

øq , 3+
Q, 4!

øQ, 5+
g ) 0 2.500000000 17.25407596 48.27686582 11.71960460

(1+
q , 2!

øq , 3!
Q, 4+

øQ, 5+
g ) 0 2.500000000 17.27259645 44.99884204 ! 15.14666233

(1+
q , 2!

øq , 3+
Q, 4!

øQ, 5!
g ) 0 2.500000000 3.980556493 ! 29.18374008 ! 149.0347042

(1+
q , 2!

øq , 3!
Q, 4+

øQ, 5!
g ) 0 2.500000000 180.9505853 624.1255757 ! 2759.824817

A (2)[ N 2
f ]/ A (norm) ! ! 4 ! ! 3 ! ! 2 ! ! 1 ! 0

(1+
g , 2+

g , 3+
g , 4+

g , 5+
g ) 0 0 0 0 13.52483164

(1!
g , 2+

g , 3+
g , 4+

g , 5+
g ) 0 0 0 0 0.08295433103

(1!
g , 2!

g , 3+
g , 4+

g , 5+
g ) 0 0 0 0 0.2400910586

(1!
g , 2+

g , 3!
g , 4+

g , 5+
g ) 0 0 0 0 0.008096515560

(1+
q , 2!

øq , 3+
g , 4+

g , 5+
g ) 0 0 0 0.2361470687 2.541010053

(1+
q , 2!

øq , 3+
g , 4+

g , 5!
g ) 0 0 0 0.3690523831 3.782474720

(1+
q , 2!

øq , 3+
g , 4!

g , 5+
g ) 0 0 0 0.0005343680110 0.004830824685

(1+
q , 2!

øq , 3!
g , 4+

g , 5+
g ) 0 0 0 0.03001269961 0.3139119453

(1+
q , 2!

øq , 3+
Q, 4!

øQ, 5+
g ) 0 0 0.4444444444 3.910872659 18.01752271

(1+
q , 2!

øq , 3!
Q, 4+

øQ, 5+
g ) 0 0 0.4444444444 3.919103985 18.09637714

(1+
q , 2!

øq , 3+
Q, 4!

øQ, 5!
g ) 0 0 0.4444444444 ! 1.988469328 ! 28.36258323

(1+
q , 2!

øq , 3!
Q, 4+

øQ, 5!
g ) 0 0 0.4444444444 76.66487683 646.7253090

Table 2 . The bare two-loop Þve-parton helicity amplitudes evaluated at the phase space point
in eq. (4.2). We set the normalization factor A (norm) to A (1)[ N 0

f ](! = 0) for the amplitudes with
vanishing trees, and toA (0) otherwise.
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[Abreu, Frebres Cordero, Ita, Page, Sotnikov (2018)]



¥ One-loop integrals: 

The logarithm & beyond

logz =
! z

1

dt
t
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Li 2(z) = !
! z

0

dt
t

log(1 ! t)
<latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit><latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit><latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit><latexit sha1_base64="N2JvVQ3gD21Q11af+/jNA57WvK0="></latexit>

! Extension to two-loop integrals with massless partons. 

! Well understood mathematics! [Goncharov (1998); Brown (2009); Goncharov, 
Spradling, Vergu, Volovich (2010); CD (2011-12); 

Panzer (2014); É] 



¥ One-loop integrals: 

¥ Starting from two loops: new functions arise!

The logarithm & beyond

logz =
! z

1

dt
t
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Li 2(z) = !
! z

0

dt
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log(1 ! t)
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! Extension to two-loop integrals with massless partons. 

! Well understood mathematics!

¥ Prototype example: the massive sunrise graph.

[Sabry (1962); Broadhurst (1990); Bauberger, 
Berends, Bohm, Buza (1995); Caffo, Czyz, Laporta, 

Remiddi (1998); Laporta Remiddi (2004)]

! Closely related to elliptic integral:

K( ! ) =
! 1

0

dx
"

(1 ! x2)(1 ! ! x2)
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p p
m1
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! No closed analytic result since 60Õs.

[Goncharov (1998); Brown (2009); Goncharov, 
Spradling, Vergu, Volovich (2010); CD (2011-12); 

Panzer (2014); É] 



Elliptic Curves

¥ Breakthrough in 2013: The sunrise graph evaluates to a (generalised) 
logarithm on an elliptic curve! [Bloch, Vanhove (2013)]

! Elliptic curve ~ set of points          such that(x, y)
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y2 = (1 ! x2)(1 ! ! x2)
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y = ±
!

(1 ! x2)(1 ! ! x2)
<latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit><latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit><latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit><latexit sha1_base64="skZWED4KMJdowkKuZpP/3Af6ep8=">AAACDnicbVBNS8MwGE7n15xfVY9egmMwD452CHoRBl48TnAfsNaRpukWlrQ1ScVSBt69+Fe8eFDEq2dv/hvTbQfdfCDkyfO8b5L38WJGpbKsb6OwtLyyulZcL21sbm3vmLt7bRklApMWjlgkuh6ShNGQtBRVjHRjQRD3GOl4o4vc79wRIWkUXqs0Ji5Hg5AGFCOlpb5ZSeE5dGIOHXkrVFa1j+9v6kd6c5i+xEcwP477ZtmqWRPARWLPSBnM0OybX44f4YSTUGGGpOzZVqzcDAlFMSPjkpNIEiM8QgPS0zREnEg3m4wzhhWt+DCIhF6hghP1d0eGuJQp93QlR2oo571c/M/rJSo4czMaxokiIZ4+FCQMqgjm2UCfCoIVSzVBWFD9V4iHSCCsdIIlHYI9P/IiaddrtlWzr07KjcbDNI4iOACHoApscAoa4BI0QQtg8AiewSt4M56MF+Pd+JiWFoxZhPvgD4zPH5uqmlM=</latexit>

!
<latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit><latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit><latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit><latexit sha1_base64="UbwVZnQ3MKJikbqhJ5Z8NyCo8yA=">AAAB+HicbZBLSwMxFIXv1Fetj466dDNYBFdlRgRdFty4rGAf0A4lk2ba0EwyJHeUOhT8H25cKOLWn+LOf2P6WGjrgcDHOTfk5kSp4AZ9/9sprK1vbG4Vt0s7u3v7ZffgsGlUpilrUCWUbkfEMMElayBHwdqpZiSJBGtFo+tp3rpn2nAl73CcsjAhA8ljTglaq+eWu4LFqPlgiERr9dBzK37Vn8lbhWABFVio3nO/un1Fs4RJpIIY0wn8FMOcaORUsEmpmxmWEjoiA9axKEnCTJjPFp94p9bpe7HS9kj0Zu7vGzlJjBknkZ1MCA7NcjY1/8s6GcZXYc5lmiGTdP5QnAkPlTdtwetzzSiKsQVCNbe7enRINKFouyrZEoLlL69C87wa+NXg9qJSqz3N6yjCMZzAGQRwCTW4gTo0gEIGz/AKb86j8+K8Ox/z0YKzqPAI/sj5/AGPvJQP</latexit>

!"# !"$ !"% !"&

! !"!!&

! !"!!$

!"!!!

!"!!$

!"!!&

! 1
<latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit><latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit><latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit><latexit sha1_base64="/huwhZmKuUCD5MDTmNQ9+4GJISM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyERQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOd9O6W19Y3NrfJ2ZWd3b/+genjUMkmmGW+yRCa6E1LDpVC8iQIl76Sa0ziUvB2Ob2d++4lrIxL1iJOUBzEdKhEJRtFKDxd+v1rzXG8Oskr8gtSgQKNf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzSKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlGN0EuVJohV2yxKMokwYTM3iYDoTlDObGEMi3srYSNqKYMbTgVG4K//PIqaV26vuf691e1ulvEUYYTOIVz8OEa6nAHDWgCgwie4RXenLHz4rw7H4vWklPMHMMfOJ8/3d6M2A==</latexit>

+1
<latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit><latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit><latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit><latexit sha1_base64="XNdLe1CmYKL0o3lbVC5vHicQ+NQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEIigh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dkpr6xubW+Xtys7u3v5B9fCoZZJMM95kiUx0J6SGS6F4EwVK3kk1p3EoeTsc38789hPXRiTqEScpD2I6VCISjKKVHi78frXmud4cZJX4BalBgUa/+tUbJCyLuUImqTFd30sxyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vmlU3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZvU0GQnOGcmIJZVrYWwkbUU0Z2nAqNgR/+eVV0rp0fc/1769qdbeIowwncArn4MM11OEOGtAEBhE8wyu8OWPnxXl3PhatJaeYOYY/cD5/ANrUjNY=</latexit>!

"
!

<latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit><latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit><latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit><latexit sha1_base64="Emienru6b5k/q5zVltzt9hypVXI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN4ZEBF0W3LisYB/QhDKZTNqhk0mcmQg19EvcuFDErZ/izr9x2mahrQcGDufcw71zwowzpV3326qsrW9sblW3azu7e/t1++Cwo9JcEtomKU9lL8SKciZoWzPNaS+TFCchp91wfDPzu49UKpaKez3JaJDgoWAxI1gbaWDXz331IHXhc5OJ8HRgN1zHnQOtEq8kDSjRGthffpSSPKFCE46V6ntupoMCS80Ip9OanyuaYTLGQ9o3VOCEqqCYHz5Fp0aJUJxK84RGc/V3osCJUpMkNJMJ1iO17M3E/7x+ruProGAiyzUVZLEozjnSKZq1gCImKdF8YggmkplbERlhiYk2XdVMCd7yl1dJ58LxXMe7u2w0nbKOKhzDCZyBB1fQhFtoQRsI5PAMr/BmPVkv1rv1sRitWGXmCP7A+vwB9LKTNQ==</latexit>

+
!

!
<latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit><latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit><latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit><latexit sha1_base64="CJEJ8t8/ME3Ew2fDj6SnbqCtOPI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQQiJCLosuHFZwT6gCWUymbRDJ5M4MxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhBlnSrvut1VZW9/Y3Kpu13Z29/br9sFhR6W5JLRNUp7KXogV5UzQtmaa014mKU5CTrvh+Gbmdx+pVCwV93qS0SDBQ8FiRrA20sCun/vqQerC5yYT4enAbriOOwdaJV5JGlCiNbC//CgleUKFJhwr1ffcTAcFlpoRTqc1P1c0w2SMh7RvqMAJVUExP3yKTo0SoTiV5gmN5urvRIETpSZJaCYTrEdq2ZuJ/3n9XMfXQcFElmsqyGJRnHOkUzRrAUVMUqL5xBBMJDO3IjLCEhNtuqqZErzlL6+SzoXjuY53d9loOmUdVTiGEzgDD66gCbfQgjYQyOEZXuHNerJerHfrYzFascrMEfyB9fkD8Y6TMw==</latexit>

K( ! ) =
! 1

0

dx
"

(1 ! x2)(1 ! ! x2)
<latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit><latexit sha1_base64="QiE4oEMnnRKUtTlYtQfNt+GK7ic="></latexit>

! Elliptic curves are important in algebraic geometry, number 
theory, cryptography, string theory, É and now also in HEP!

¥ Very new mathematics: original math literature from 2010! 
[Brown, Levin]



Elliptic Feynman integrals
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t øt
<latexit sha1_base64="cHP9fw9nn2c5Y6jcoUa/APbI5Ck=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4kDKtU9RdwY3LCvaBnVIyaaYNzWSG5I5QhoJb9271F9yJWz/DP/AzzHQqWNEDgcM5N/dxvEhwDbb9YeWWlldW1/LrhY3Nre2d4u5eS4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vkz99h1TmofyBiYR6wVkKLnPKQEj3YJ74npEJTDtF0t22Z4BZ8RJiXPh1OwarsytEpqj0S9+uoOQxgGTQAXRuluxI+glRAGngk0LbqxZROiYDFnXUEkCpnvJbOMpPjLKAPuhMk8Cnqk/fyQk0HoSeKYyIDDSv71U/MvrxuCf9xIuoxiYpNkgPxYYQpyejwdcMQpiYgihiptdMR0RRSiYkBampL2V9vW0YKL5vh//T1rVcuW0XL12SvX6fRZSHh2gQ3SMKugM1dEVaqAmokiiR/SEnq0H68V6td6y0pw1D3YfLcB6/wLRNJrb</latexit>
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(d) (e)
EW form factor

<latexit sha1_base64="3P1c/wwserIwNEHXDXBIOE55J44=">AAACFnicdVDLSgMxFM34rPVVdeHCTbAIrsq0tqi7ggguK9gHtEPJpJk2NJkZkjtiGQb8DPdu9RfciVu3/oGfYaZTwYoeCBzOucnJPW4ouAbb/rAWFpeWV1Zza/n1jc2t7cLObksHkaKsSQMRqI5LNBPcZ03gIFgnVIxIV7C2O75I/fYtU5oH/g1MQuZIMvS5xykBI/UL+z1gd6BkfNnGXqAk9giFQCX9QtEu2VPgjFRTUj2v1uwaLs+sIpqh0S989gYBjSTzgQqidbdsh+DERAGngiX5XqRZSOiYDFnXUJ9Ipp14ukCCj4wySPPN8QFP1Z83YiK1nkjXTEoCI/3bS8W/vG4E3pkTcz+MgPk0C/IigSHAaRt4wBWjICaGEKq4+SumI6JMB6azuZT0baU9neRNNd/74/9Jq1Iqn5Qq19VivX6flZRDB+gQHaMyOkV1dIUaqIkoStAjekLP1oP1Yr1ab9nogjUrdg/NwXr/ApqBoJw=</latexit>

m
<latexit sha1_base64="64ufBW/ITpDI1+7aQr9Q1gER4p8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IQpid9CZDZnaXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUoeIgNw43AdqyQSl9gyx8/ZH7rGZXmUfhkJjH2JB2GPOCMGivVZb9YcsvuHGSTeEtSgiVq/eJPdxCxRGJomKBadzw3Nr2UKsOZwGmhm2iMKRvTIXYsDalE3Uvnh07JlVUGJIiUrdCQufp3IqVS64n0baekZqTXvUz8z+skJrjvpTyME4MhWywKEkFMRLJfkwFXyIyYWEKZ4vZWwkZUUWZsNitbsreVDvS0YKPx1oPYJM1K2bspV+q3pWp1tggpDxdwCdfgwR1U4RFq0AAGCC/wCm/OzHl3PpzPRWvOWQZ7Ditwvn4BlmqW1g==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

M
<latexit sha1_base64="fsEskCmMOwWtZiEgwKsODqb0Vmo=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxYuQgHlAsoTZSW8yZHZ2mZkVQgjk7lV/wZt49Vf8Az/D2SQHk1jQUFR1T/dUkAiujet+OxubW9s7u7m9/P7B4dFx4eS0oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhfeY3n1FpHssnM0rQj2hf8pAzaqxUe+wWim7JnYGsE29BirBAtVv46fRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NAJubRKj4SxsiUNmal/J8Y00noUBbYzomagV71M/M9rpya888dcJqlByeaLwlQQE5Ps16THFTIjRpZQpri9lbABVZQZm83SluxtpUM9ydtovNUg1kmjXPKuS+XaTbFSmc5DysE5XMAVeHALFXiAKtSBAcILvMKbM3XenQ/nc9664SyCPYMlOF+/YyqWtg==</latexit>

! -parameter
<latexit sha1_base64="jQIO1X2z9yuPQnXdVqWEzmsIXQQ=">AAACFnicdVDLSgMxFM34rPVVdeHCTbAIbizT2qLuCm5cVrAPaEvJpHfa0MyD5I5YhgE/w71b/QV34tatf+BnmGkrWNEDgcM5Nzm5xwml0GjbH9bC4tLyympmLbu+sbm1ndvZbeggUhzqPJCBajlMgxQ+1FGghFaogHmOhKYzukz95i0oLQL/BschdD028IUrOEMj9XL7HTUMOgh3qLz4JGSKeYCgkl4ubxfsCeiUlFNSvihX7Aotzqw8maHWy312+gGPPPCRS6Z1u2iH2I2ZQsElJNlOpCFkfMQG0DbUNzm6G08WSOiRUfrUDZQ5PtKJ+vNGzDytx55jJj2GQ/3bS8W/vHaE7nk3Fn4YIfh8GuRGkmJA0zZoXyjgKMeGMK6E+SvlQ1MCNx3Mp6RvK+3qJGuq+d6f/k8apULxtFC6Luer1ftpSRlyQA7JMSmSM1IlV6RG6oSThDySJ/JsPVgv1qv1Nh1dsGbF7pE5WO9fcuKhIA==</latexit>
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<latexit sha1_base64="yeNYnhDUW8/Evy0O/E5kK4oAs2s=">AAACBnicdVDLSgMxFM34rPVVdekmWAQXUqZ1iroruOmygn1IZyiZNDMNTTJDkhHKUHDp3q3+gjtx62/4B36GmU4FK3ogcDjn5j6OHzOqtG1/WEvLK6tr64WN4ubW9s5uaW+/o6JEYtLGEYtkz0eKMCpIW1PNSC+WBHGfka4/vsr87h2RikbiRk9i4nEUChpQjLSRbkP3NHR1BJuDUtmu2DPAnDgZcS6dul2H1blVBnO0BqVPdxjhhBOhMUNK9at2rL0USU0xI9OimygSIzxGIekbKhAnyktnC0/hsVGGMIikeULDmfrzR4q4UhPum0qO9Ej99jLxL6+f6ODCS6mIE00EzgcFCYPmxOx6OKSSYM0mhiAsqdkV4hGSCGuT0cKUrLdUgZoWTTTf98P/SadWqZ5VatdOudG4z0MqgENwBE5AFZyDBmiCFmgDDDh4BE/g2XqwXqxX6y0vXbLmwR6ABVjvXxSWmdU=</latexit>
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, ! ! , etc.
<latexit sha1_base64="kglkaGuxuN9IKuG/MxXp97OhdIA=">AAACH3icdVDLSgMxFM34tr6qLt0Ei+CilGmtqLuCG5cVrBY6pWTSOzU0mRmSO2IZCq78D/du9Rfcidv+gZ9hpq1gRQ+EHM65Nzf3+LEUBl135MzNLywuLa+s5tbWNza38ts71yZKNIcGj2Skmz4zIEUIDRQooRlrYMqXcOP3zzP/5g60EVF4hYMY2or1QhEIztBKnTwtekWvx5Ri33fRQ7hHrVIKyEvDTr7gltwx6IRUM1I9qx67x7Q8tQpkinon/+l1I54oCJFLZkyr7MbYTplGwSUMc15iIGa8z3rQsjRkCkw7HW8ypAdW6dIg0vaESMfqz46UKWMGyreViuGt+e1l4l9eK8HgtJ2KME4QQj4ZFCSSYkSzWGhXaOAoB5YwroX9K+W3TDOONryZKdnb2gRmmLPRfO9P/yfXlVL5qFS5rBZqtYdJSCtkj+yTQ1ImJ6RGLkidNAgnj+SZvJBX58l5c96dj0npnDMNdpfMwBl9AWspo5c=</latexit>

t øt
<latexit sha1_base64="cHP9fw9nn2c5Y6jcoUa/APbI5Ck=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4kDKtU9RdwY3LCvaBnVIyaaYNzWSG5I5QhoJb9271F9yJWz/DP/AzzHQqWNEDgcM5N/dxvEhwDbb9YeWWlldW1/LrhY3Nre2d4u5eS4exoqxJQxGqjkc0E1yyJnAQrBMpRgJPsLY3vkz99h1TmofyBiYR6wVkKLnPKQEj3YJ74npEJTDtF0t22Z4BZ8RJiXPh1OwarsytEpqj0S9+uoOQxgGTQAXRuluxI+glRAGngk0LbqxZROiYDFnXUEkCpnvJbOMpPjLKAPuhMk8Cnqk/fyQk0HoSeKYyIDDSv71U/MvrxuCf9xIuoxiYpNkgPxYYQpyejwdcMQpiYgihiptdMR0RRSiYkBampL2V9vW0YKL5vh//T1rVcuW0XL12SvX6fRZSHh2gQ3SMKugM1dEVaqAmokiiR/SEnq0H68V6td6y0pw1D3YfLcB6/wLRNJrb</latexit>
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(d) (e)

e self-energy
<latexit sha1_base64="7RJGn0aaSoQrZhG7xONJUDuYVfw=">AAACFXicdVDLSgMxFM34rPVVFdy4CRbBjWVaW9RdwY3LCvYBbSmZ9E4NZjJDckcsY8G/cO9Wf8GduHXtH/gZZtoKKnogcDjn5j6OF0lh0HXfnZnZufmFxcxSdnlldW09t7HZMGGsOdR5KEPd8pgBKRTUUaCEVqSBBZ6Epnd1mvrNa9BGhOoChxF0AzZQwhecoZV6uW3oINygDhJqm/gHoEAPhqNeLu8W3DHohJRTUj4pV9wKLU6tPJmi1st9dPohjwNQyCUzpl10I+wmTKPgEkbZTmwgYvyKDaBtqWIBmG4y3n9E96zSp36o7VNIx+r3HwkLjBkGnq0MGF6a314q/uW1Y/SPu4lQUYyg+GSQH0uKIU3DoH2hgaMcWsK4FnZXyi+ZZhxtZD+mpL218c0oa6P5up/+TxqlQvGwUDov56vVu0lIGbJDdsk+KZIjUiVnpEbqhJNb8kAeyZNz7zw7L87rpHTGmQa7RX7AefsELQKgaQ==</latexit>

[Bloch, Vanhove; Adams, Bogner, Chaubey, Schweitzer, Weinzierl; Bršdel, CD, 
Dulat, Marzucca, Tancredi, Penante; Hiddings, Moriello; É  (2013-19)]

The next frontier in (analytic) precision computations!



The dawn of N3LO



ggH @ N3LO

¥ Algebraic complexity under control:

! ~100.000 diagrams & 1.028 integrals.

¥ Analytic complexity an issue:Elliptic functions show upÉ

¥ First N3LO computation for the LHC: Higgs production in 
gluon fusion (in large      - limit).mt

<latexit sha1_base64="3k8qQ9Y9L4WYDgyD0g3t6i69sMM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QloA/4MWDIl79Im/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6AccpDxUdaBELRtFJ96qHvXLFr/ozkFUSLEgFFqj3yl/dfsIyxTUySa3tBH6KYU4NCib5pNTNLE8pG9EB7ziqqeI2zGenTsiZU/okTowrjWSm/p7IqbJ2rCLXqSgO7bI3Ff/zOhnG12EudJoh12y+KM4kwYRM/yZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F1WarWneRxFOIFTOIcArqAGt1CHBjAYwDO8wpsnvRfv3fuYtxa8RYTH8Afe5w+F4I5W</latexit><latexit sha1_base64="3k8qQ9Y9L4WYDgyD0g3t6i69sMM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QloA/4MWDIl79Im/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6AccpDxUdaBELRtFJ96qHvXLFr/ozkFUSLEgFFqj3yl/dfsIyxTUySa3tBH6KYU4NCib5pNTNLE8pG9EB7ziqqeI2zGenTsiZU/okTowrjWSm/p7IqbJ2rCLXqSgO7bI3Ff/zOhnG12EudJoh12y+KM4kwYRM/yZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F1WarWneRxFOIFTOIcArqAGt1CHBjAYwDO8wpsnvRfv3fuYtxa8RYTH8Afe5w+F4I5W</latexit><latexit sha1_base64="3k8qQ9Y9L4WYDgyD0g3t6i69sMM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QloA/4MWDIl79Im/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6AccpDxUdaBELRtFJ96qHvXLFr/ozkFUSLEgFFqj3yl/dfsIyxTUySa3tBH6KYU4NCib5pNTNLE8pG9EB7ziqqeI2zGenTsiZU/okTowrjWSm/p7IqbJ2rCLXqSgO7bI3Ff/zOhnG12EudJoh12y+KM4kwYRM/yZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F1WarWneRxFOIFTOIcArqAGt1CHBjAYwDO8wpsnvRfv3fuYtxa8RYTH8Afe5w+F4I5W</latexit><latexit sha1_base64="3k8qQ9Y9L4WYDgyD0g3t6i69sMM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF48RzQOSJcxOZpMhM7PLTK8QloA/4MWDIl79Im/+jZPHQRMLGoqqbrq7olQKi77/7RXW1jc2t4rbpZ3dvf2D8uFR0yaZYbzBEpmYdkQtl0LzBgqUvJ0aTlUkeSsa3Uz91iM3ViT6AccpDxUdaBELRtFJ96qHvXLFr/ozkFUSLEgFFqj3yl/dfsIyxTUySa3tBH6KYU4NCib5pNTNLE8pG9EB7ziqqeI2zGenTsiZU/okTowrjWSm/p7IqbJ2rCLXqSgO7bI3Ff/zOhnG12EudJoh12y+KM4kwYRM/yZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F1WarWneRxFOIFTOIcArqAGt1CHBjAYwDO8wpsnvRfv3fuYtxa8RYTH8Afe5w+F4I5W</latexit>

[Anastasiou, CD, Dulat, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger (2013-16)]



Threshold expansion
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<latexit sha1_base64="FlN+SXVfVNUS/2rY1qbgwClzDn0="></latexit><latexit sha1_base64="FlN+SXVfVNUS/2rY1qbgwClzDn0="></latexit><latexit sha1_base64="FlN+SXVfVNUS/2rY1qbgwClzDn0="></latexit><latexit sha1_base64="FlN+SXVfVNUS/2rY1qbgwClzDn0="></latexit>

Lgg(⌧/z)
<latexit sha1_base64="U9ckMPK0Q+2ktMspNV22RQ8PIdA="></latexit><latexit sha1_base64="U9ckMPK0Q+2ktMspNV22RQ8PIdA="></latexit><latexit sha1_base64="U9ckMPK0Q+2ktMspNV22RQ8PIdA="></latexit><latexit sha1_base64="U9ckMPK0Q+2ktMspNV22RQ8PIdA="></latexit>

! Taylor expansion does a 
good job for ggH.     

! Expansion not appropriate 
for quark-initiated processes.

¥ Way out: Compute partonic cross section as a Taylor expansion.

ö! (z) = ! ! 1 + ! 0 + (1 ! z) ! 1 + O(1 ! z)2



The dawn of N3LO

¥ Exact integrals have been computed last year! [Mistlberger (2018)]

! We have all ingredients to compute quark-initiated processes 
at N3LO!

[Anastasiou, CD, Dulat, Herzog, Mistlberger (2015); 
Mistlberger (2018)]
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LHC
pp→h+X gluon fusion
MSTW08 68cl
μ=μR=μF ∈ [mH /4,mH ]
Central scale: μ = mH /2
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mH/4 < µ < mH
<latexit sha1_base64="NJxnWLHRlDX0vhYWtzgKX2GRvKA=">AAAB9HicbZBLSwMxFIXv1Fetr1GXboJFcFVnpKCLLgpuuqxgH9AOJZNm2tAkMyaZQhkK/gs3LhRx649x578xfSy09UDg45wbcnPChDNtPO/byW1sbm3v5HcLe/sHh0fu8UlTx6kitEFiHqt2iDXlTNKGYYbTdqIoFiGnrXB0N8tbY6o0i+WDmSQ0EHggWcQINtYKRK92Va50RVqx1HOLXsmbC62Dv4QiLFXvuV/dfkxSQaUhHGvd8b3EBBlWhhFOp4VuqmmCyQgPaMeixILqIJsvPUUX1umjKFb2SIPm7u8bGRZaT0RoJwU2Q72azcz/sk5qotsgYzJJDZVk8VCUcmRiNGsA9ZmixPCJBUwUs7siMsQKE2N7KtgS/NUvr0PzuuR7Jf++XKxWnxZ15OEMzuESfLiBKtSgDg0g8AjP8Apvzth5cd6dj8VozllWeAp/5Hz+AJzlkbs=</latexit><latexit sha1_base64="NJxnWLHRlDX0vhYWtzgKX2GRvKA=">AAAB9HicbZBLSwMxFIXv1Fetr1GXboJFcFVnpKCLLgpuuqxgH9AOJZNm2tAkMyaZQhkK/gs3LhRx649x578xfSy09UDg45wbcnPChDNtPO/byW1sbm3v5HcLe/sHh0fu8UlTx6kitEFiHqt2iDXlTNKGYYbTdqIoFiGnrXB0N8tbY6o0i+WDmSQ0EHggWcQINtYKRK92Va50RVqx1HOLXsmbC62Dv4QiLFXvuV/dfkxSQaUhHGvd8b3EBBlWhhFOp4VuqmmCyQgPaMeixILqIJsvPUUX1umjKFb2SIPm7u8bGRZaT0RoJwU2Q72azcz/sk5qotsgYzJJDZVk8VCUcmRiNGsA9ZmixPCJBUwUs7siMsQKE2N7KtgS/NUvr0PzuuR7Jf++XKxWnxZ15OEMzuESfLiBKtSgDg0g8AjP8Apvzth5cd6dj8VozllWeAp/5Hz+AJzlkbs=</latexit><latexit sha1_base64="NJxnWLHRlDX0vhYWtzgKX2GRvKA=">AAAB9HicbZBLSwMxFIXv1Fetr1GXboJFcFVnpKCLLgpuuqxgH9AOJZNm2tAkMyaZQhkK/gs3LhRx649x578xfSy09UDg45wbcnPChDNtPO/byW1sbm3v5HcLe/sHh0fu8UlTx6kitEFiHqt2iDXlTNKGYYbTdqIoFiGnrXB0N8tbY6o0i+WDmSQ0EHggWcQINtYKRK92Va50RVqx1HOLXsmbC62Dv4QiLFXvuV/dfkxSQaUhHGvd8b3EBBlWhhFOp4VuqmmCyQgPaMeixILqIJsvPUUX1umjKFb2SIPm7u8bGRZaT0RoJwU2Q72azcz/sk5qotsgYzJJDZVk8VCUcmRiNGsA9ZmixPCJBUwUs7siMsQKE2N7KtgS/NUvr0PzuuR7Jf++XKxWnxZ15OEMzuESfLiBKtSgDg0g8AjP8Apvzth5cd6dj8VozllWeAp/5Hz+AJzlkbs=</latexit><latexit sha1_base64="NJxnWLHRlDX0vhYWtzgKX2GRvKA=">AAAB9HicbZBLSwMxFIXv1Fetr1GXboJFcFVnpKCLLgpuuqxgH9AOJZNm2tAkMyaZQhkK/gs3LhRx649x578xfSy09UDg45wbcnPChDNtPO/byW1sbm3v5HcLe/sHh0fu8UlTx6kitEFiHqt2iDXlTNKGYYbTdqIoFiGnrXB0N8tbY6o0i+WDmSQ0EHggWcQINtYKRK92Va50RVqx1HOLXsmbC62Dv4QiLFXvuV/dfkxSQaUhHGvd8b3EBBlWhhFOp4VuqmmCyQgPaMeixILqIJsvPUUX1umjKFb2SIPm7u8bGRZaT0RoJwU2Q72azcz/sk5qotsgYzJJDZVk8VCUcmRiNGsA9ZmixPCJBUwUs7siMsQKE2N7KtgS/NUvr0PzuuR7Jf++XKxWnxZ15OEMzuESfLiBKtSgDg0g8AjP8Apvzth5cd6dj8VozllWeAp/5Hz+AJzlkbs=</latexit>

[CD, Dulat, Mistlberger (2019)]
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mH/8 < µf < mH/2
<latexit sha1_base64="4Fo0sdPsJNiCIBnUtCWfH95mBIM=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSL4KrOFMEuuii46bKCfUBbhkyaaUOTmSHJKGUs+EfcuFDErb/Enf/GTNuFth4IfJxzQ26OH3OmtON8W7mNza3tnfxuYW//4PDILh63VZRIQlsk4pHs+lhRzkLa0kxz2o0lxcLntONPbrK8c0+lYlF4p6cxHQg8ClnACNbG8uyi8BqX1VpfJF5Qy7ji2SWn7MyF1sFdQgmWanr2V38YkUTQUBOOleq5TqwHKZaaEU5nhX6iaIzJBI9oz2CIBVWDdL76DJ0bZ4iCSJoTajR3f99IsVBqKnwzKbAeq9UsM//LeokOqoOUhXGiaUgWDwUJRzpCWQ9oyCQlmk8NYCKZ2RWRMZaYaNNWwZTgrn55HdqVsuuU3durUr3+tKgjD6dwBhfgwjXUoQFNaAGBB3iGV3izHq0X6936WIzmrGWFJ/BH1ucPgGmTPg==</latexit><latexit sha1_base64="4Fo0sdPsJNiCIBnUtCWfH95mBIM=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSL4KrOFMEuuii46bKCfUBbhkyaaUOTmSHJKGUs+EfcuFDErb/Enf/GTNuFth4IfJxzQ26OH3OmtON8W7mNza3tnfxuYW//4PDILh63VZRIQlsk4pHs+lhRzkLa0kxz2o0lxcLntONPbrK8c0+lYlF4p6cxHQg8ClnACNbG8uyi8BqX1VpfJF5Qy7ji2SWn7MyF1sFdQgmWanr2V38YkUTQUBOOleq5TqwHKZaaEU5nhX6iaIzJBI9oz2CIBVWDdL76DJ0bZ4iCSJoTajR3f99IsVBqKnwzKbAeq9UsM//LeokOqoOUhXGiaUgWDwUJRzpCWQ9oyCQlmk8NYCKZ2RWRMZaYaNNWwZTgrn55HdqVsuuU3durUr3+tKgjD6dwBhfgwjXUoQFNaAGBB3iGV3izHq0X6936WIzmrGWFJ/BH1ucPgGmTPg==</latexit><latexit sha1_base64="4Fo0sdPsJNiCIBnUtCWfH95mBIM=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSL4KrOFMEuuii46bKCfUBbhkyaaUOTmSHJKGUs+EfcuFDErb/Enf/GTNuFth4IfJxzQ26OH3OmtON8W7mNza3tnfxuYW//4PDILh63VZRIQlsk4pHs+lhRzkLa0kxz2o0lxcLntONPbrK8c0+lYlF4p6cxHQg8ClnACNbG8uyi8BqX1VpfJF5Qy7ji2SWn7MyF1sFdQgmWanr2V38YkUTQUBOOleq5TqwHKZaaEU5nhX6iaIzJBI9oz2CIBVWDdL76DJ0bZ4iCSJoTajR3f99IsVBqKnwzKbAeq9UsM//LeokOqoOUhXGiaUgWDwUJRzpCWQ9oyCQlmk8NYCKZ2RWRMZaYaNNWwZTgrn55HdqVsuuU3durUr3+tKgjD6dwBhfgwjXUoQFNaAGBB3iGV3izHq0X6936WIzmrGWFJ/BH1ucPgGmTPg==</latexit><latexit sha1_base64="4Fo0sdPsJNiCIBnUtCWfH95mBIM=">AAAB+nicbZBLSwMxFIXv1Fetr6ku3QSL4KrOFMEuuii46bKCfUBbhkyaaUOTmSHJKGUs+EfcuFDErb/Enf/GTNuFth4IfJxzQ26OH3OmtON8W7mNza3tnfxuYW//4PDILh63VZRIQlsk4pHs+lhRzkLa0kxz2o0lxcLntONPbrK8c0+lYlF4p6cxHQg8ClnACNbG8uyi8BqX1VpfJF5Qy7ji2SWn7MyF1sFdQgmWanr2V38YkUTQUBOOleq5TqwHKZaaEU5nhX6iaIzJBI9oz2CIBVWDdL76DJ0bZ4iCSJoTajR3f99IsVBqKnwzKbAeq9UsM//LeokOqoOUhXGiaUgWDwUJRzpCWQ9oyCQlmk8NYCKZ2RWRMZaYaNNWwZTgrn55HdqVsuuU3durUr3+tKgjD6dwBhfgwjXUoQFNaAGBB3iGV3izHq0X6936WIzmrGWFJ/BH1ucPgGmTPg==</latexit>

mH/2 < µr < 2mH
<latexit sha1_base64="KFZZOl98A5ZsgEhdZvEejukVdO8=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4qjNF0EUXBTddVrAPaIchk2ba0CQzJJlCGQp+iBsXirj1T9z5N6aPhbYeuHByzr3k3hOlnGnjed/OxubW9s5uYa+4f3B4dOyenLZ0kilCmyThiepEWFPOJG0aZjjtpIpiEXHajkb3M789pkqzRD6aSUoDgQeSxYxgY6XQdUVYv65UeyILVbViH6Fb8sreHGid+EtSgiUaofvV6yckE1QawrHWXd9LTZBjZRjhdFrsZZqmmIzwgHYtlVhQHeTzzafo0ip9FCfKljRorv6eyLHQeiIi2ymwGepVbyb+53UzE98FOZNpZqgki4/ijCOToFkMqM8UJYZPLMFEMbsrIkOsMDE2rKINwV89eZ20KmXfK/sPN6Va7WkRRwHO4QKuwIdbqEEdGtAEAmN4hld4c3LnxXl3PhatG84ywjP4A+fzBxdnkws=</latexit><latexit sha1_base64="KFZZOl98A5ZsgEhdZvEejukVdO8=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4qjNF0EUXBTddVrAPaIchk2ba0CQzJJlCGQp+iBsXirj1T9z5N6aPhbYeuHByzr3k3hOlnGnjed/OxubW9s5uYa+4f3B4dOyenLZ0kilCmyThiepEWFPOJG0aZjjtpIpiEXHajkb3M789pkqzRD6aSUoDgQeSxYxgY6XQdUVYv65UeyILVbViH6Fb8sreHGid+EtSgiUaofvV6yckE1QawrHWXd9LTZBjZRjhdFrsZZqmmIzwgHYtlVhQHeTzzafo0ip9FCfKljRorv6eyLHQeiIi2ymwGepVbyb+53UzE98FOZNpZqgki4/ijCOToFkMqM8UJYZPLMFEMbsrIkOsMDE2rKINwV89eZ20KmXfK/sPN6Va7WkRRwHO4QKuwIdbqEEdGtAEAmN4hld4c3LnxXl3PhatG84ywjP4A+fzBxdnkws=</latexit><latexit sha1_base64="KFZZOl98A5ZsgEhdZvEejukVdO8=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4qjNF0EUXBTddVrAPaIchk2ba0CQzJJlCGQp+iBsXirj1T9z5N6aPhbYeuHByzr3k3hOlnGnjed/OxubW9s5uYa+4f3B4dOyenLZ0kilCmyThiepEWFPOJG0aZjjtpIpiEXHajkb3M789pkqzRD6aSUoDgQeSxYxgY6XQdUVYv65UeyILVbViH6Fb8sreHGid+EtSgiUaofvV6yckE1QawrHWXd9LTZBjZRjhdFrsZZqmmIzwgHYtlVhQHeTzzafo0ip9FCfKljRorv6eyLHQeiIi2ymwGepVbyb+53UzE98FOZNpZqgki4/ijCOToFkMqM8UJYZPLMFEMbsrIkOsMDE2rKINwV89eZ20KmXfK/sPN6Va7WkRRwHO4QKuwIdbqEEdGtAEAmN4hld4c3LnxXl3PhatG84ywjP4A+fzBxdnkws=</latexit><latexit sha1_base64="KFZZOl98A5ZsgEhdZvEejukVdO8=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4qjNF0EUXBTddVrAPaIchk2ba0CQzJJlCGQp+iBsXirj1T9z5N6aPhbYeuHByzr3k3hOlnGnjed/OxubW9s5uYa+4f3B4dOyenLZ0kilCmyThiepEWFPOJG0aZjjtpIpiEXHajkb3M789pkqzRD6aSUoDgQeSxYxgY6XQdUVYv65UeyILVbViH6Fb8sreHGid+EtSgiUaofvV6yckE1QawrHWXd9LTZBjZRjhdFrsZZqmmIzwgHYtlVhQHeTzzafo0ip9FCfKljRorv6eyLHQeiIi2ymwGepVbyb+53UzE98FOZNpZqgki4/ijCOToFkMqM8UJYZPLMFEMbsrIkOsMDE2rKINwV89eZ20KmXfK/sPN6Va7WkRRwHO4QKuwIdbqEEdGtAEAmN4hld4c3LnxXl3PhatG84ywjP4A+fzBxdnkws=</latexit>

1/2 < 4µf/µr < 2
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The dawn of N3LO
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[CD, Dulat, Mistlberger (2019, to appear)]
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! Bands of of the same size 
and do not overlap!

! Central value shifts by a 
few %.

! Needs further study:
- Different scale/PDF choices?
- Missing N3LO PDFs?
- Z-boson contribution?

[CD, Dulat, Mistlberger (2019, to appear)]
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Conclusion

¥ In recent years we have seen many breakthroughs in our 
capability to perform analytic multi-loop computations.

! 2-to-3 processes at two loops are within reach.

! We are beginning to understand how to compute integrals 
with massive propagators.

! New results for observables at N3LO (also differential, see 
Giulia ZanderighiÕs talk).

¥ These results are heavily fuelled by advances in other areas:

! Pure mathematics.

! Formal aspects of QFT.

! String theory.



Conclusion

¥ For multi-scale multi-loop processes numerical approaches may 
be required.
! Sector decomposition

! Numerical solutions of differential equations & expansions.

! Loop-Tree duality.

! Construction of explicit UV and IR counterterms.

[Binoth, Heinrich (2000); É]

[Aglietti, Bonciani, Remiddi (2007); Czakon (2008); Mistlberger (2018); Mandal, Zhao (2018); É]

[Catani, Gleiss, Krauss, Rodrigo, Winter (2008); Runkel, Szšr, Vesga, 
Weinzierl (2019); Capatti, Hirsch, Kermanschah, Ruijl (2019)]

[Anastasiou, Sterman (2018)]
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III. NUMERICAL APPLICATION

LTD has shown to yield promising results at one
loop [29] and has the advantage of not necessitating any
computationally demanding symbolic treatment of the
integrand and/or its numerator. This is di ! erent from
sector decomposition techniques, which require building
the Feynman representation of loop integrals together
with the identiÞcation of sectors. Moreover, integration
in momentum space is particularly appealing for its opti-
mal scaling with the number of contributing scales. Com-
pared to the 4d momentum space integration method de-
scribed in ref. [9], LTD has at least 5 advantages: (1) the
dimension of the integration is reduced to 3 per loop, (2)
a complex contour deformation only needs to be applied
on bounded E-surfaces, (3) masses do not complicate the
contour deformation much, (4) speciÞc kinematical con-
Þgurations can be integrated without any deformation,
and (5) its singularity structure can directly be related
to real-emission contributions [32].

In this work we are mostly interested in demonstrat-
ing LTD viability for numerical multi-loop computations
and in assessing the validity of eq. 6. Therefore, we ap-
ply LTD to loop integrals with external kinematics that
do not yield singular E-surfaces, such that no complex
contour deformation is required. This scenario o! ers a
reliable numerical check of our LTD cut structures and of
the numerical stability of the dual cancellations. Our im-
plementation is a Þrst important step towards handling
loop integrals in the physical regime, which we brießy
discuss in section IV.

G Reference Numerical LTD N [106] [µs]

a)* [33] i 4.31638 á10! 7 i 4.31637(19) á10! 7 110 1.1

b) [33] i 0.358640 i 0.358646(29) 210 5.9

c) [7] 1.1339(5) á10! 4 1.133719(58)á10! 4 5500 2.5

c)* [7] 4.398(1) á10! 8 4.39825(17) á10! 8 5500 2.5

d)* [7] 2 .409(1) á10! 8 2.40869(27) á10! 8 5500 3.5

e) [34] ! 1.433521 á10! 6 ! 1.4338(18) á10! 6 1500 27.4

f) [35] i 5.26647 á10! 6 i 5.236(38) á10! 6 7000 3.3

g)* [7] i 1 .7790(6) á10! 10 i 1.77648(48) á10! 10 22000 11

h) [35] ! 8.36515 á10! 8 ! 8.309(31) á10! 8 7000 15.8

TABLE I: Comparison of our numerical LTD results
for the topologies listed in table II against either the
analytic result [34, 35] or an alternative numerical eval-
uation [7, 33]. A star indicates that internal lines are
set massive. The columns labelled N and [µs] denote
the Monte-Carlo statistics and timing per sample re-
spectively. See details (incl. kinematic conÞgurations)
in ancillary material.

a) b) c) d)

e) f) g) h)

TABLE II: Scalar loop diagrams considered in our nu-
merical validation. A small line attached to a dotted
vertex denotes an insertion of an external momentum.
Graph b) has 30 legs.
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FIG. 1: Numerical LTD results obtained for the scalar
massless one-, two- and three-loop ladder box diagram
with external kinematics satisfying (in GeV2) p2

1 = ! 5,
p2

i =2 ,3,4 = s = ! 1 and values of the Mandelstam invari-
ant t ranging from t = ! 7 (loop threshold) to t = 100.
The analytic results are taken from ref. [34].

We selected eight very di! erent loop topologies, dis-
played in table II, to showcase the generality of the
method. We report our results in table I and Þgure 1,
with additional information (such as the exact input kine-
matics) given as ancillary material to ensure reproducibil-
ity of our work. The reference results are taken from
the analytic expression for the four-point integrals [34],
from Forcer [35] for two-point integrals, from Mad-
Loop [33, 36] for the decagon and triacontagon andPy-
SecDec [7] for the six- and eight-point integrals (in which
case the numerical error is also reported). We Þnd per-
fect agreement in all cases, but note that scalar integrals
whose superÞcial degree of UV divergence is -2 (II.f and
II.h) are numerically more challenging. This is made
manifest for example when comparing LTD results ob-
tained for the loops II.f and II.g. We Þnd no notable
sensitivity of the numerical convergence to the external
momenta multiplicity, internal masses or non-planarity
of the loop graph.

For all eight benchmark loop integrals, we have ex-
plicitly veriÞed that dual cancellations hold by sampling
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