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& QCD factorisation @)

¥ The Omaster formulaO for LHC observal
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Parton Distribution Functions Partonic cross section

non-perturbative; computable in perturbation theory
describe structure of the proton  as collisions between quarks and gluor
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A = scattering amplitude




(?  Scattering amplitudes [@]]

¥ A' computed from Feynman diagran
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| Each diagram translates into an analytic formula.
I Perturbative expansion ~ expansion in number of loops.

¥ Probabilities are related to the square of the amplitu

Proba! |A|“—= AA'
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(7 Anatomy of higher orders [@]

¥ Leading order (LO):

]
Y ] Y

—— MWW WWWW——

¥ Next-to-LO (NLO):

Virtual

WAV —— —>—’VWV\IE <
% Y =Y + VAN

NV L—— —— MWW

Real

Individually divergent, but sum is Pnite.

¥ Next-to-next-to-LO (NNLO):

VW <
7 E Y + %
"MWWL—




@ Outline

¥ In the rest of the talkfocusmostly) on virtual contributions.

¥ Virtual corrections require the integration over momentum

unresolved particle.

DIFFERENTIATION INTEGRATION
VWV D G
RY?MNG TRY?APPLYING
CHAN POLER @&g’* sussrrr@

PRODUCT
QUOTIENT RULE '
ETC

! The frontier of two-loop ¢ 4 con
computations.

Outline of the talk:

WHAT THE HECK IS A
BESSEL FUNCTION??

' The dawn of N3LO.



http://xkcd.com

The frontier of two-loop
computation
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¥ State of the art:

1 loop:usually doable.
I 2 loops:results for low multiplicity.
' 3 loops:some2! 1.
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az W I 2x4 = 8 integrations: Cannot be so hard?
d*k d*I ( %I | cf. phase space for 4 jets:
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¥ Loop integrals are usually divergent

I UV divergencies: removed by renormalisation.
I IR divergencies: cancel against real emissions



@ | oop integrations  [@]]

Numerical Analytical

3 Often very slow. " Fast & Reliable.

% Potential large cancellations,
& Instabllities.

In principle applicable to 3¢ Analytic computations tough:
any integrall Oevery integral is differentO!

All cancellations analytic.
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¢ Loop integrations

Numerical Analytical

3 Often very slow. " Fast & Reliable.

% Potential large cancellations, Al cancellations analvtic
& instabilities. yHe.

In principle applicable to 3¢ Analytic computations tough:
any integrall Oevery integral is differentO!

State of the art

2-t0-2 with massive 2-10-2 with massless
propagators. propagatorS(no virtual tops!).

te HH Hj . Hj(m¢=1) n
Examples: Il (Pnite my) Vi VV VH



(®  5-parton scattering  [B]

¥ Algebraic complexity (Obookkeeping of algebraic expressic
I Increase In the number of scales!

I Swell in algebraic complexitystandard
computer algebra tools cannot handle this!

¥ Analytic complexity (Odoing the integral:
I Complicated special functions in many variables
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5-parton scattering

I Increase In the number of scales!
I Swell in algebraic complexitystandard
computer algebra tools cannot handle this!
(" Numerical ways of dealing with algebraic complexity. )
[Badger et al. (2013-19); Ita et al. (2015-19); Peraro (2016-19); E
. " Heavily Inspired by computational algebraic geometry. )
¥ Analytic complexity (Odoing the integral:
I Complicated special functions in many variables
a )

Better understanding of how to perform loop integrals.
[Henn (2013)]

Some developments were inspired by modern mathemat

and/or more formal areas of physicgghicherin, Henn, Sokatchev (2018):
Chicherin, Henn, Mitev (2018); E]

&

¥ Algebraic complexity (Obookkeeping of algebraic expressic



(®  5-parton scattering  [B]

¥ We know all integrals needed for 5-parton scatteril

[Gehrmann, Henn, Lo Presti (2016); Papadopoulos, Tommasini, Wever (2016);
Gehrmann, Henn, Wasser, Zhang, Zoia (2018)]

¥ Two-loop results for 2-to-3 scattering are within reac

I All planar two-loop amplitudes for 3-jet production.
[Abreu, Dormans, Frebres Cordero, Ita, Page, Sotnikov (2019)]

I Special helicity conbguration beyond planar limit.
[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia (2019)]

I First steps towards W+2j at two loops.

[Bayu Hartanto, Badger, Br¢,nnum-Hansen, Peraro (2019)]

A @INPT; A (norm) |4 13 |2 1! 10
(1,25,35,4%,50) 0 0 | 5000000000 ! 29.38541207 ! 6268413553
(1L,28,35,4,50) 0 0 | 5000000000 ! 4233840431 ! 1509778589
(1éJ , 25 , 33 , 43 , 53) 12.50000000 8483123596 2421660216 3010565843 I 1520528809
(1éJ , 23 , 35 , 43 , 53) 12.50000000 8483123596 2694635002 556251881 984)882231

[Abreu, Frebres Cordero, Ita, Page, Sotnikov (2018)]



(Z The logarithm & beyond [B]

¥ One-loop integrals

logz = dt Lio(z) = ! % log(1! t)
1 { 0 t

I Extension to two-loop integrals with massless partons.

. [Goncharov (1998); Brown (2009); Goncharov,
I Well understood mathematicsk;.qing. vergu. Voovich (2010): €D (2011-12)

Panzer (2014); E]
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¥ One-loop integrals

logz = dt Lio(z) = ! % log(1! t)
1 { 0 t

I Extension to two-loop integrals with massless partons.

. [Goncharov (1998); Brown (2009); Goncharov,
I Well understood mathematicsk;.qing. vergu. Voovich (2010): €D (2011-12)

Panzer (2014); E]
¥ Starting from two loops: new functions aris m

¥ Prototype examplethe massive sunrise gray > /rfh -

I Closely related to elliptic integral:

1
K(1) = T dX [Sabry (1962); Broadhurst (1990); Bauberger,
( - ) — 5 5 Berends, Bohm, Buza (1995); Caffo, Czyz, Laporta,
0 (1! x2)(1! !'x?) Remiddi (1998); Laporta Remiddi (2004)]

I No closed analytic result since 600s
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I Elliptic curve ~ set of pointgx,y)
y-=(11 x)(1! 1x?)

Elliptic Curves (@]

¥ Breakthrough in 2013The sunrise graph evaluates tQganeraiised
logarithm on an elliptic curve!

Ve

AN

A

[Bloch, Vanhove (2013)]

such that

L y=+ (11 x2) (1! !x?)

K(1)=

0

- dx

(1! x32)(A! !'x2)

| Elliptic curves are important in algebraic geometry, number
theory, cryptography, string theory, E and now also in HEP!

¥ Very new mathematicsoriginal math literature from 2010!

[Brown, Levin]
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(& Elliptic Feynman integrals [}

tg !, etc

gg! H

[Bloch, Vanhove; Adams, Bogner, Chaubey, Schweitzer, Weinzierl; Brsdel, CD,
Dulat, Marzucca, Tancredi, Penante; Hiddings, Moriello; E (2013-19)]

The next frontier in (analytic) precision computations!



The dawn of N3LO




& ggH @ N3LO @)

¥ First N3LO computation for the LHC: Higgs production In
gluon fusion (in largem; - limit).

¥ Algebraic complexity under contrc
' ~100.000 diagrams & 1.028 integrals.

[Anastasiou, CD, Dulat, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger (2013-16)]
¥ Analytic complexity an issur Elliptic functions show upE



(&  Threshold expansion (@]

¥ Way out: Compute partonic cross section as a Taylor expans

! 1 . )
- dz i (z
I =" — L ("/z) i (2) ;= H
i A Z S
. 5 m2
b(z)=1,1+190+(1! 21+ O(1! 2) T:TH21()—4

' For ggH: Main contribution
| from region wherez ~ 1.

I Taylor expansion does a
| good job for ggH.

1 Expansion not appropriate

—_— 10" Lwli2)r Lasl 2)] - for quark-initiated processes.




¢ The dawn of N3LO @

¥ Exact integrals have been computed last ye [Mistlberger (2018)]

' We have all ingredients to compute quark-initiated process
at N3LO!

pp— H+ X (ggH) pp — H + X (bbH)
R — 4 11.
mhes T W AT W W | | LHC M [8 <y <2
‘ ‘ : ] mu/2 < pr < 2mp
87  PDF4LHCI15 i 5
PP - H! X "bbH# /2 <Apg/pr <
%6-6 — LO NLO
™ — NNLO — N3LO
44

[Anastasiou, CD, Dulat, Herzog, Mistlberger (2015); 10 20 30 40E 50|TeV?0 70 80 90 100
Mistlberger (2018)] com !

[CD, Dulat, Mistlberger (2019)]



@ The dawn of N3LO

pp ="+ X sete +X

—_— | O
1.2 1 pp! '+ X —— NLO
LHC @ 13TeV —
MMHT2014nnlo68cl NNLO
Ho=Q, M" [Q/22Q] — N3LO

Preliminary

@)
—
)
Z
=
T 009 —
0.8 -
0.7 1 1 1 1 1 1 1
20 40 60 80 100 120 140

Q/ GeV
[CD, Dulat, Mistlberger (2019, to appear)]
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The dawn of N3LO @_‘

pp ="+ X sete +X

LO

pp! '+ X : NLO
kAHMCH%gﬂr?XI%&l —— NNLO I —
Mo=Q, H" [Q/22Q] — NSLO j
Preliminaryl ~ |
y ' Bands of of the same size
and do not overlap!
I Central value shifts by a
. few %.
I Needs further study:
- Different scale/PDF choices?
20 40 60 80 100 120 140 - MiSSing N3LO PDFs?
Q/ GeV - Z-boson contribution?

[CD, Dulat, Mistlberger (2019, to appear)]



& Conclusion @

¥ In recent years we have seen many breakthroughs in:
capability to perform analytic multi-loop computations.

I 2-to-3 processes at two loops are within reach.

' 'We are beginning to understand how to compute integrals
with massive propagators.

' New results for observables at N3L@lso differential, see
Giulia ZanderighiOs talk)

¥ These results are heavily fuelled by advances in other a

' Pure mathematics.
I Formal aspects of QFT.

I String theory.



& Conclusion @

¥ For multi-scale multi-loop processes numerical approaches r
be required.

I Sector decomposition  [Binoth, Heinrich (2000); E]

I Numerical solutions of differential equations & expansions.
[Aglietti, Bonciani, Remiddi (2007); Czakon (2008); Mistlberger (2018); Mandal, Zhao (2018); E]

| _ : [Catani, Gleiss, Krauss, Rodrigo, Winter (2008); Runkel, SzSr, Vesga
' LOOp Tree dua“ty' Weinzierl (2019); Capatti, Hirsch, Kermanschah, Ruijl (2019)]

I Construction of explicit UV and IR counterterms.
[Anastasiou, Sterman (2018)]
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[Capatti, Hirsch, Kermanschah, Ruijl (2019]



