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Hannes Jung@ RBRC-BNL 
workshop June 2017: 

parton shower (MC) vs pure 
NLO for single inclusive jet 
→ must agree!

forward rapidity 
= low xdifference:  

exact kinematics of 
PS radiation



• Monte Carlo: 
momentum 
configuration which 
obeys exact 
momentum 
conservation + order 
them (no strong 
ordering) to assign 
probability weigh
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• DGLAP (theory): 
transverse momenta 
strongly ordered 
ki,T≫ki+1,T (=neglect 
information on kT⟷ isolate 
logarithmic enhanced term ~ 
collinear factorization)

→ mismatch due to exact 
kinematics in MC  shower 

(ISR & FSR)
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momentum 
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ordered αi ≫αj 

(=neglect information 
on α ⟷ isolate 
logarithmic enhanced 
term ~ high energy  
factorization)

transverse momentum treated exactly (no 
approximation), but implicitly ki,T~ki+1,T

evolution where transverse 
momentum is conserved: 

BFKL= evolution from large 
x~10-2 to low x~10-6
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DGLAP= evolution from 
low scale (hadron) to 
hard scale (process) 

transverse 
momenta 
strongly ordered 
ki,T≫ki+1,T 
(=neglect information 
on kT⟷ isolate 
logarithmic enhanced 
term ~ collinear 
factorization)

proton momentum fractionαtreated exactly (no 
approximation), but implicitly αi ~‾αj

vs.



observations:
• (trivial) BFKL limited to low x region → requires 

extension to treat generic observable 

• (NN)LO DLGAP evolution (hard scale) at low x 
plagued by large low x logs 

• NLO BFKL  evolution (low x) plagued by large 
collinear logs 

• in both cases: exact kinematics can be a source of 
large higher order corrections

→ Can we combine both evolutions and take 
into account kinematics (more) precisely?



A variable that unifies 
both: rapidity ⌘ =

1

2

ln

k+

k�
=

1

2

ln

↵

�
= ln

↵
p
2p · n
|k

T

| = ln

k+

|k
T

| .

�⌘
1,2

= ⌘
1

� ⌘
2

= ln

✓
↵
1

|k
T,2

|
↵
2

|k
T,1

|

◆

ˆ

u

a

=

X

b

R
ab

˜

ˆ

u

b

{˜ˆu
a

} R3(�)���! {ˆu0
a

} R1(✓)���! {ˆu00
a

} R3( )����! {ˆu
a

}
~
! =

˙�˜ˆu
3

+

˙✓ ˆu0
1

+

˙ ˆ

u

3

˜

ˆ

u

3

= sin ✓ sin ˆ

u

1

+ sin ✓ cos ˆ

u

2

+ cos ✓ ˆu
3

ˆ

u

0
1

= cos ˆ

u

1

� sin ˆ

u

2

~
! = [

˙� sin ✓ sin +

˙✓ cos ] ˆu
1

+ [

˙� sin ✓ cos � ˙✓ sin ] ˆu
2

+ [

˙ +

˙� cos ✓] ˆu
3

A = ⌦

2

(I
3

� I
1

)(I
1

� I
2

)

I
3

< 0

A = ⌦

2

(I
3

� I
1

)(I
1

� I
2

)

I
3

> 0

0

@
!
1

(t)
!
2

(t)
!
3

1

A
=

0

@
!
0

cos⌦t
�!

0

sin⌦t
!
3

1

A

d

dt
~
L =

~
⌧

~
⌧ =

3X

a=1

⌧
a

ˆ

u

a

d

dt
~
L =

3X

a=1

✓
dL

a

dt
ˆ

u

a

+ L
a

dˆu
a

dt

◆

=

3X

a=1

✓
dL

a

dt
ˆ

u

a

+ L
a

~
! ⇥ ˆ

u

a

◆

L
a

= !
a

I
a

I
1

!̇
1

+ !
2

!
3

(I
3

� I
2

) = ⌧
1

I
2

!̇
2

+ !
3

!
1

(I
1

� I
3

) = ⌧
2

I
3

!̇
3

+ !
1

!
2

(I
2

� I
1

) = ⌧
3

1

α1, kT,1

α2, kT,2

≫ 1

both for 
• collinear factorization kT1 ≫ kT2  
• high energy factorization 𝛼2≫𝛼1
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ki = αip + βin + kT,iordering in rapidity vs ordering in β 
(momentum fraction w.r.t. collision partner)
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 (“kT-factorization”) 
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A possible definition of TMD splitting functions

TMD gluon-to-quark splitting

k

q upper blob: no low x logarithm; finite defines a TMD
quark-to-gluon splitting function

P

(0)

qg

✓
z,

k2

q̃2

, ✏

◆
= Tr

✓
�2

�2 + z(1 � z) k2

◆
2

·
"
z

2 + (1 � z)2 + 4z

2(1 � z)2
k2

�2

#

� = q � zk

so far: take into account o↵-shellness of incoming gluon (most upper
gluon in ladder); quark standard collinear factorization ) transverse
momentum integrated over
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first result in literature: low x resummation of DGLAP splitting functions 
[Catani, Hautmann, NPB 427 (1994) 475]  

•  use diagrammatic definition of collinear factorization  
[Curci, Furmanski, Petronzio; NPB 175 (1980)]

• low x (=BFKL) evolution to resum log1/x to all orders 
•  TMD splitting function = coefficient for resumed Pqg(z)

generalization to off-shell quark [Hautmann, MH, Jung; 1205.1759] 



• complete evolution  
→ all splittings 
 

• cannot be defined/determined as coefficient of 
high energy resummation of DGLAP splitting 
function 

• first attempt construction based on  
a) generalization of Curci-Furmanski-Petronzini 
formalism (light cone gauge)  
b) high energy factorization → formalism: high 
energy effective action [Lipatov; hep-ph/9502308]

to derive gauge invariant 3-point vertices, and uses it to compute the corresponding
3-gluon vertex; the former used Lipatov’s e↵ective action, the latter resorts to spinor
helicity techniques. Sec. 4 is dedicated to a discussion of projection operators and their
necessary modifications compared to refs. [31,32]. Sec. 5 contains the central results of
this paper i.e. the complete set of real contributions to the TMD splitting functions.
Sec. 6 is dedicated to a discussion of our results. Two appendices A and B contain
supplementary details and a representation of splitting kernels using an alternative set
of variables.

2 Definition of TMD splitting functions: real con-

tributions

(a) P̃qg

k

p�

q

1

(b) P̃gq

1

(c) P̃qq

1

(d) P̃gg

Figure 1: Squared matrix elements for the determination of the real contributions to the

splitting functions à-la Curci-Furmanski-Petronzio. Lower (incoming) lines carry always mo-

mentum k, upper (outgoing) lines carry momentum q.

The matrix elements involved in the calculation of the real contributions to the
leading order (LO) splitting functions are presented in Fig. 1. The incoming momen-
tum, called k, features high energy kinematics, while the outgoing momentum, q, is
taken in its most general form. The 4-momenta will be parametrised as follows

k

µ = yp

µ + k

µ
? , q

µ = xp

µ + q

µ
? +

q

2 + q2

2x p·n n

µ
, q̃ = q � zk . (1)

Here p and n are two light-like momenta (p2 = n

2 = 0) which refer to the two di↵erent
light-cone directions for a fixed scattering axis; in the case of Deep-Inelastic-Scattering,
one would for instance parametrize the virtual photon momentum as q = n � xp with
x = Q

2

/(2p · q), while p would yield the proton momentum in the limit of zero proton
mass. We will also use z = x/y to denote the longitudinal momentum fraction of
the initial parton k carried on by the parton q. Within this setup, pure high energy
kinematics corresponds to z = 0, while collinear kinematics is obtained for k = 0.

5



an action formalism for high energy factorization: 
Lipatov’s high energy effective action [Lipatov; hep-ph/9502308]

...

...

basic idea:

correlator with regions 
localized in rapidity, 

significantly separated 
from each other 

factorize using auxiliary 
degree of freedom = 
the reggeized gluon



A short appraisal of Lipatov’s high 
energy effective action

• 2 loop gluon trajectory [Chachamis, MH, Madrigal, Sabio Vera, 1307.2591] 

• NLO impact factors for jets with and without rapidity 
gap [MH, Madrigal, Murdaca, Sabio Vera, 1404.2937, 1406.5625, 1409.6704] 

• 2 scale process: photon-quark scattering 

• description of dilute-dense collision (=Color Glass 
Condensate formalism) [MH, 1802.06755] 

• Complementary (dilute): spinor helicity amplitudes 
based formalism [van Hameren, Kotko, Kutak; 1211.0961], [van Hameren, 
Kutak, Salwa; 1308.2861]

→ well tested effective action formalism 
for high energy factorization



A possible definition of TMD splitting functions

!

k

q

“upper” (outgoing) projectors:

Pµ⌫

gluon, out = �g

µ⌫ , Pquark, out =
/

n

2q · n

“lower”(incoming) projectors:
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◆
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Calculating  
kernels

• incoming parton (off-shell, from hadron) → high energy 
factorization + normalization matched to collinear 
factorization  ✓ 

• out-going parton (off-shell, to partonic process)  
→ generalization of CFP-method + eikonal factors 
(motivated from high energy factorization) to guarantee 
gauge invariance → requires generalization 

• factorization: generalized projectors → appendix

= more general 
kinematics!



Quark splittings — 

• production vertices of high energy factorization  
can be generalized to TMD kinematics 

• guarantees current conservation for off-shell legs 
(close relation to Wilson lines)

3 Production vertices from spinor helicity ampli-

tudes

The calculation of the real contributions to the P̃qg, P̃gq and P̃qq in [2] was based on
the e↵ective 3-point vertices,

�µ
q⇤g⇤q(q, k, p

0) = i g t

a

✓
�

µ � n

µ

k · n q/

◆
, (11)

�µ
g⇤q⇤q(q, k, p

0) = i g t

a

✓
�

µ � p

µ

p · q k/
◆
, (12)

�µ
q⇤q⇤g(q, k, p

0) = i g t

a

✓
�

µ � p

µ

p · p0 k/+
n

µ

n · p0 q/
◆
. (13)

These vertices have been obtained from Lipatov’s e↵ective action formalism [33, 34]
and afterwards slightly generalized to the TMD kinematics of Eq. (1). While a corre-
sponding vertex �g⇤g⇤g can be easily obtain from Lipatov’s e↵ective action, the general-
ization to TMD kinematics turns out to be far less trivial. Within the e↵ective action
formalism, an o↵-shell gluon corresponds to a reggeized gluon which is automatically
associated with a specific polarization, proportional to the light-cone momenta p and
n. While this is su�cient for the incoming o↵-shell gluon with momentum k, the CFP
formalism requires open indices for the out-going gluon with momentum q. One is
therefore driven to consider instead, the so-called gluon-gluon-reggeized gluon (GGR)
vertex. This vertex is well known, see [34, 52] for a construction in covariant gauges.
Indeed we will find that use of the corresponding GGR vertex in A · n = 0 light-cone
gauge is su�cient to calculate the TMD splitting kernel. Nevertheless the direct use
of this vertex is not completely satisfactory: Within this vertex, the gluon with mo-
mentum q is treated as an ordinary QCD gluon; o↵-shellness of this gluon leads then
naturally to a violation of current conservation and therefore gauge invariance. Be-
low we verify that current conservation and therefore gauge invariance is restored by
adding a term proportional to n

µ, which is set to zero within the employed light-cone
gauge. While such a restoration of current conservation might have been expected
from the very beginning, we demonstrate below that such a term indeed arises out
of a proper Feynman diagram analysis, deviating slightly from the strategy employed
in [2]. In particular we demonstrate that the necessary production vertices can be as
well obtained from a direct study of QCD scattering amplitudes in the high energy limit.

To this end we will first recover the vertices (11)-(13) by stripping o↵ the helicity
dependence from scattering amplitudes computed by applying spinor helicity methods
to high energy factorization [15, 16, 35–38]. In a next step we will use then this for-
malism to infer the structure of the 3-point gluon vertex to be used to compute P̃gg(z).
While our result is obtained within the spinor helicity formalism, we would like to stress
that this formalism provides merely a convenient framework for fast calculation; the
obtained result is on the other hand completely general and could have been equally

7

[Lipatov, Vyazovski, hep-ph/0009340]

[Gituliar, MH, Kutak, 1511.08439]

relatively 
straightforward



Gluon production vertex 
significantly more complicated

• turns out: Lipatov high energy effective action in light-
cone does the job, but does not allow to directly 
verify current conservation for generalized kinematics  

• complete expression: analysis of helicity spinor 
amplitudes in high energy limit in light-cone gauge

[MH, Kusina, Kutak, Serino; 1711.04587]

[Lipatov, hep-ph/9502308]

The first case is trivial since due to the factor d

µ⌫(k), the projector y

2

p

µ
p

⌫
/k

2

?
automatically reduces to k

µ
?k

⌫
?/k

2

? due to Eq. (44).
As for �µ1µ2µ3

g⇤g⇤g (k, q, p0), it is easy to check that

kµ1 �
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g⇤g⇤g (k, q, p0) = O(k2

?) . (49)

As a consequence we find

y pµ1 �
µ1µ2µ3
g⇤g⇤g (k, q, p0) = �k?µ1 �

µ1µ2µ3
g⇤g⇤g (k, q, p0) + O(k2

?) , (50)

which is su�cient to establish agreement in the collinear limit, at least at the pertur-
bative order which we are considering; indeed, this means that the collinear limit is
exactly the same as for the Catani-Hautmann projector. Therefore, the final set of
projectors which we will use in the following is given by

Ps µ⌫
g, in = �y

2

p

µ
p

⌫

k

2

?
, Ps µ⌫

g, out = �g
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k
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k · n � k

2

nµn⌫

(k · n)2 ,

Ps
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y p/

2
, Ps

q, out =
/

n

2n · l . (51)

Finally, let us note that the convolution product we have just dissected in detail is
precisely the one in Eq. (2) from which we derived the definition of our TMD splitting
functions. For the collinear case, an all-order argument for the derivation of splitting
functions is presented in [32], to which we refer the interested reader.

4.3 Gauge invariance of the e↵ective production vertex

The e↵ective gluon production vertex,

�µ1µ2µ3
g⇤g⇤g (q, k, p0) = V�µ3(�q, k,�p

0) dµ1
�(q) d

µ2
(k)

+ d

µ1µ2(k)
q

2

n

µ3

n · p0 � d

µ1µ2(q)
k

2

p

µ3

p · p0 (52)

obtained in Eq. (29) is so far still restricted to pure high energy kinematics, where
n · q = 0 and therefore n · k = n · p0. This no longer holds for the more general TMD
kinematics Eq. (1). While the QCD three gluon vertex is already fixed for general
momenta, n · k 6= n · p0 leaves us at first with an ambiguity for the denominator of
the second term in Eq. (29) which cannot be fixed by high energy factorization alone.
Similar to the case of the quark splitting functions, we find that this ambiguity can be
solved if we require current conservation for the produced real gluon. To this end we
first recall the Ward identity of the QCD three gluon vertex in the case where both
gluons are o↵-shell,

V�µ3(�q, k,�p

0) · p0µ3
=

�
k

�
k

 � q

�
q


�
+

�
q

2 � k

2

�
g

�
. (53)

18

3-gluon vertex pol. tensor of 
light-cone gauge



Results & Discussion

New Results: quark induced splitting functions
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Results:  
A) quark induced splittings (angular averaged)

their correct collinear 
limit is verified



B) Pgg splitting

✓current conservation 
✓collinear limit: DGLAP splitting 
✓ low x limit: BFKL kernel 
✓soft limit pT →0: CCFM kernel

1

kT

qT pT

5.2 The gluon-to-gluon splitting function

The real part of the P̃gg splitting function is given by the matrix element originating
from the diagram in Fig. 1d

g

2
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(k � q), (64)

where �µ⌫↵
g⇤g⇤g is the e↵ective gluon production vertex of Eq. (52) and we use the newly

defined gluon projector Eq. (51). We obtain the following P̃gg splitting function
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q̃4

(q̃ � (1 � z)k)2 [q̃2 + z(1 � z)k2]


z

1 � z

+
1 � z

z

+

+ (3 � 4z)
q̃ · k
q̃2

+ z(3 � 2z)
k2

q̃2

�
+

(1 + ✏)q̃2

z(1 � z)[2q̃ · k + (2z � 1)k2]2

2k2[q̃2 + z(1 � z)k2]2

�
.

(65)

After angular averaging (and setting ✏ = 0) this provides

P̄
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◆
= CA
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. (66)

5.3 Kinematic limits

As a next step we verify the necessary kinematic limits which the kernel needs to obey.
In the collinear limit this is straightforward, since the transverse integral in Eq. (2) is
specially adapted for this limit. In particular, one easily obtains the real part of the
DGLAP gluon-to-gluon splitting function:6

lim
k2!0

P̄

(0)

ij

✓
z,

k2

q̃2

◆
= 2CA


z

1 � z

+
1 � z

z

+ z (1 � z)

�
. (67)

In order to study the behaviour of the obtained splitting kernel in the high energy
and soft limit, it is useful to change the variables of integrations in the TMD kernel
Eq. (2) which will be particularly useful to disentangle z ! 1 and the q̃ ! (1 � z)k

6We verified this limit also for finite ✏ where it holds equally.
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• so far: real part of splitting kernels → for Pgg and 
Pqq there is also a virtual correction; indeed needed 
to cancel soft (pT→0) singularities 

• nice feature of real corrections: follow a relatively 
simply diagrammatic construction 

• open question: how do these kernels relate to 
operator definitions of TMD parton distribution? 

• Turns out: answer to both questions closely related 
(work in progress)



TMDs from the operator definition

June 14, 2019

1 The operator definition and its elements

We investigate the operator definition of the gluon TMD and follow closely [1] and [2]. For
definitness we consider the DIS gluon of [1] which is defined as
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++ = 0 due to anti-symmetry of the field strength tensor and F
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. Note that this convention for the gluon field strength tensor
di↵ers from the one used in i.e. Peskin & Schroeder [3] by a replacement g ! �g. Such a
replacement needs then to be done as well for i.e. the 3 gluon vertex and other quantities to
have a consistent treatment.

1.1 Fields, operator and states

We first need to fix how to interpret the above matrix element. From Eq. (4.94) of [3] we
have

�(x)|~pi = e

�ip·x (3)

and consequently

h~p|�(x)�(0)|~pi = e

ip·x (4)

as well as

�̃(l)|~pi =
Z

d

4

xe

il·x
�(x)|~pi = (2⇡)4�(4)(l � p) (5)

The rule seems further to be to consider the ‘ket’ part (L
0

)
ba

F

µ⌫

a

n

+

µ

|pi as the the amplitde

and the ‘bra’ part hn+

⌫

0F
⌫

0
µ

0

a

0 (L
⇠

)†
a

0
b

0 as the corresponding complex conjugate amplitude. In

1

For definiteness: start with operator definition of 
unpolarized gluon TMD eg. [Ji, Ma, Yuan; hep-ph/0503015]

for definiteness: DIS like process 
process dependent  
(→ loss of universality), 
projection on high energy gluon 
with definite signature should help 
(in progress)

TMDs from the operator definition
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to compare with previous result: incoming off-shell 
high energy gluon at tree-level & one-loop



real correction in covariant gauge:

µ

k, a1 ℓ2, a2, ν2

a

ξ

µ

ℓ1, a1, ν1 ℓ2, a2, ν2

a

ξ

µ

+

2 gluons in gluon TMD:

“production 
vertex”

wavy line = high energy gluon→ formalism 
of high energy effective action

can be shown to 
agree with 
previous vertex 
used for Pgg

=
µ µ µ µ

+ + +



both lines come now with a light-cone polarization tensor. As a consequence the diagram is
zero (since one line is always proportional to n). We conclude therefore that both expressions
coincide. Nevertheless care is needed: as we will see in the discussion of virtual corrections,
it is possible that we need to work with n

2 6= 0 while taking the limit n

2 ! 0. A similiar
mechanism might a↵ect the calculation of the real part of the splitting function.

2.4 Virtual corrections

µ µ µ µ µ µ

µ µ µ µ µ µ

Figure 2: Virtual corrections

The necessary diagrams can be found in Fig. 2. The last 2 terms describe counter-terms
and will be discussed separately. For the other diagrams we find the following result using
dimensional regularization in d = 4 + 2✏ dimensions:
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The counter-term for the gluon-self energy gives

↵

s

N
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✓
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3
�

2n
f

3N
c

◆
(34)

and regulates some of the divergencies in the above expression. Comparing with [2] as well
as an independent calculation suggests that the counter-term for the Wilson line is given by

↵

s

N

c

4⇡✏
(35)

which would leave as the only singularities the double pole and the ‘gluon Regge trajectory’
term. The latter are expected to be regularized by real corrections. Integrals used are
all contained in integralsTMD.pdf. Questions related to the pole-prescription have been
ignored so far.

9

Virtual corrections now straightforward and can be 
now calculated

details: work in progress



Conclusions

• complete set of 4  real TMD splitting kernels  
→ satisfies all necessary constraints so far 

• partial evolution equation already formulated [MH, 

Kusina, Kutak; 1607.01507 ] (not in this talk)

• complete virtual corrections + relation to operator 
definitions  = work in progress; first promising 
results exist 

• in general: there is still a need to properly develop 
the whole framework; at the very least: a consistent 
way to combine DGLAP and BFKL
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High energy effective 
action



an action formalism for high energy factorization: 
Lipatov’s high energy effective action [Lipatov; hep-ph/9502308]

...

...

basic idea:

correlator with regions 
localized in rapidity, 

significantly separated 
from each other 

factorize using auxiliary 
degree of freedom = 
the reggeized gluon



• idea: factorize QCD amplitudes in the high energy 
limit through introducing a new kind of field: the 
reggeized gluon A± (conventional QCD gluon:     )

• reggeized gluon globally charged 
under SU(NC)

2 The High-Energy E↵ective Action

Within the framework provided by Lipatov’s e↵ective action [11, 12], QCD amplitudes are
in the high energy limit decomposed into gauge invariant sub-amplitudes which are localized
in rapidity space. The e↵ective Lagrangian then describes the coupling of quarks ( ) and
gluon (v

µ

) fields to a new degree of freedom, the reggeized gluon field A±(x). The latter
is introduced as a convenient tool to reconstruct the complete QCD amplitudes in the high
energy limit out of the sub-amplitudes restricted to small rapidity intervals. Lipatov’s e↵ective
action is obtained by adding an induced term S

ind.

to the QCD action S
QCD

,

S
e↵

= S
QCD

+ S
ind.

, (1)

where the induced term S
ind.

describes the coupling of the gluonic field v
µ

= �itava
µ

(x) to the
reggeized gluon field A±(x) = �itaAa

±(x), with ta a SU(N
c

) generator in the fundamental
representation, tr(tatb) = �ab/2. For the definition of light-cone directions we follow the
conventions established in the original publication [11],

k± = n± · k = n⌥ · k = k⌥, (2)

with n± · n⌥ = 2 and (n±)2 = 0. This implies the following Sudakov decomposition of a four
momentum

k =
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2
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2
n+ + k =

k�
2

n
+

+
k
+

2
n� + k. (3)

Note that transverse momenta and coordinates will be denoted by bold letters. Furthermore

@±x± = 2, @⌥x± = 0 . (4)

High energy factorized amplitudes reveal strong ordering in plus and minus components of
momenta which leads to the following kinematic constraint obeyed by the reggeized gluon
field:

@
+

A�(x) = 0 = @�A
+

(x). (5)

Even though the reggeized gluon field is charged under the QCD gauge group SU(N
c

), it is
defined to be invariant under local gauge transformation �

L

A± = 0. With the local gauge
transformations of gluon and quark fields given by
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1

g
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L

], �
L

 = ��
L

 . D
µ

= @
µ

+ gv
µ

, (6)

where D
µ

denotes the covariant derivative and �
L

the parameter of the local gauge trans-
formations which decreases for x ! 1, the reggeized gluons fields are invariant under local
gauge transformations,

�
L

A± =
1

g
[A±,�

L

] = 0 . (7)
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• but invariant under local gauge transformation

→ gauge invariant factorization of QCD correlators

vs.

kinematics (strong ordering in light-cone 
momenta between different sectors):
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underlying idea: 
➜ integrate out specific details of 

(relatively) fast +/- fields 
➜ description in sub-amplitude local 

in rapidity: QCD Lagrangian + 
universal eikonal factor  

➜ effective field theory for each local 
rapidity cluster

Forward Higgs production at NLO in the heavy quark limit
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in the high energy limit decomposed into gauge invariant sub-amplitudes which are localized
in rapidity space. The e↵ective Lagrangian then describes the coupling of quarks ( ) and
gluon (v

µ

) fields to a new degree of freedom, the reggeized gluon field A±(x). The latter
is introduced as a convenient tool to reconstruct the complete QCD amplitudes in the high
energy limit out of the sub-amplitudes restricted to small rapidity intervals. Lipatov’s e↵ective
action is obtained by adding an induced term S

ind.

to the QCD action S
QCD

,

S
e↵

= S
QCD

+ S
ind.

, (1)

where the induced term S
ind.

describes the coupling of the gluonic field v
µ

= �itava
µ

(x) to the
reggeized gluon field A±(x) = �itaAa

±(x), with ta a SU(N
c

) generator in the fundamental
representation, tr(tatb) = �ab/2. High energy factorized amplitudes reveal strong ordering in
plus and minus components of momenta which leads to the following kinematic constraint
obeyed by the reggeized gluon field:

@
+

A�(x) = 0 = @�A+

(x). (2)

Even though the reggeized gluon field is charged under the QCD gauge group SU(N
c

), it is
defined to be invariant under local gauge transformation �

L

A± = 0. With the local gauge
transformations of gluon and quark fields given by

�
L

V
µ

=
1

g
[D

µ

,�
L

], �
L

 = ��
L

 . D
µ

= @
µ

+ gv
µ

, (3)

where D
µ

denotes the covariant derivative and �
L

the parameter of the local gauge trans-
formations which decreases for x ! 1, the reggeized gluons fields are invariant under local
gauge transformations,

�
L

A± =
1

g
[A±,�

L

] = 0 . (4)

The kinetic term and the gauge invariant coupling of the reggeized gluon field to the QCD
gluon field are provided by the induced term

S
ind.

=

Z

d4x

⇢

tr
⇥

(W�[v(x)]�A�(x)) @
2

?A+

(x)
⇤

+ tr
⇥

(W
+

[v(x)]�A
+

(x)) @2?A�(x)
⇤

�

. (5)

The functionals W±[v] can be obtained from the following operator definition

W±[v] =v±
1

1 + g

@±
v±

= �1

g
@±

1

1 + g

@±
v±

= v± � gV±
1

@±
v± + g2v±

1

@±
v±

1

@±
v± � . . . (6)

where the integral operator is implied to act on a unit constant matrix from the left. For
the definition of light-cone directions we follow the conventions established in the original
publication [11],

k± = n± · k = n⌥ · k = k⌥, (7)
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q, a,±

k, c, ν

= −i
2
q
2δac(n±)ν ,

k± = 0.

+ a

− b

q = δab 2i
q2 ,

q, a,±

k2, c2, ν2k1, c1, ν1

= g
2
f c1c2a q

2

k±

1

(n±)ν1(n±)ν2 ,

k±
1
+ k±

2
= 0,

(a) (b) (c)

q, a,±

k3, c3, ν3k1, c1, ν1

k2, c2, ν2

=
ig2

2
q
2

(

fa3a2efa1ea

k±
3
k±
1

+
fa3a1efa2ea

k±
3
k±
2

)

(n±)ν1(n±)ν2 (n±)ν3 ,

k±
1
+ k±

2
+ k±

3
= 0.

(d)

eikonal factor 
= special

Forward Higgs production at NLO in the heavy quark limit
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(a) (b) (c1) (c2)
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(m2) (m3) (m4) (n1)

Figure 4: Diagrams for the two-loop trajectory in the e�ective action formalism. Tadpole-like con-

tributions are zero in dimensional regularization and are omitted.
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allows for (highly 
non-trivial) 
calculation of the 
gluon Regge 
trajectory up to 2 
loops  
[Chachamis, MH, Madrigal, 
Sabio Vera, 1307.2591]

+ NLO impact 
factor  for forward 
jets with rapidity 
gap  
[MH, Madrigal, Murdaca, 
Sabio Vera, 1404.2937, 
1406.5625, 1409.6704]



For quarks one finds,

p

r

= ⌧
F

(q,�r) = 2⇡�(p+ � r+)/n+

Z

d2zeiz·(p�r)

·


✓(p+) [W (z)� 1]� ✓(�p+)
h

[W (z)]† � 1
i

�

. (38)

To write down the above expressions, we introduced Wilson lines in the adjoint

Uab(z) = P exp

✓

�g

2

Z 1

�1
dz+Ã

+

◆

, Ã
+

= �iT c

ab

Ac

+

, (39)

and the fundamental representation

W (z) = P exp

✓

�g

2

Z 1

�1
dz+A

+

◆

, A
+

= �itc
ij

Ac

+

. (40)

In contrast to the notation used in [28,31] and elsewhere, we use here the letter W to denote
the Wilson line in the fundamental representation to avoid confusion with the gluonic field
in the e↵ective action. The above expressions Eq. (37) and Eq. (38) are one of the central
results of this paper.

4 Comparison with expressions in the literature

At this stage it is necessary to compare the result derived from Lipatov’s high energy e↵ective
action with the conventional quark and gluon propagators in the presence of a background
field used in the literature.

4.1 Comparison with propagators in the presence of a background field

Corresponding resummed propagators are within the e↵ective action now easily obtained.
Using Eqs. (37) and (38) one finds for the resummed quark (S

F

) and gluon (G) propagators:

S
F

(p, q) = S
(0)

F

(p)(2⇡)4�(4)(p� q) + S
(0)

F

(p) · ⌧
F

(p, q) · S(0)

F

(q) ,

Gad

µ⌫

(p, q) = G(0),ab

µ⌫

(p)(2⇡)4�(4)(p� q) + G(0),ab

µ↵

(p) · ⌧↵�,bc
G

(p, q) · G(0),cd

�⌫

(q) , (41)

where for the moment we do not specify the gauge of the free gluon propagators. These
expression are now to be compared with propagators obtained from treating the target as a
background field in light-cone gauge b · n� = 0 with the only non-zero component

b
+

(x+, z) = �(x+)�(z), (42)

while bµ? = 0. Using the Fourier transform of corresponding counter parts in configuration
space, see e.g. [32] one finds in momentum space (see e.g. [31] for expressions used in a recent
calculation),

S
[b]

F

(p, q) = S
(0)

F

(p)(2⇡)4�(4)(p� q) + S
(0)

F

(p) · ⌧̃
F

(p, q) · S(0)

F

(q) ,

G[b],ad

µ⌫

(p, q) = G
(0),ab

l.c.,µ⌫

(p)(2⇡)4�(4)(p� q) +G(0),ab

µ↵

(p) · ⌧̃↵�,bc
G

(p, q) · G(0),cd

l.c.,�⌫

(q) , (43)
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with

D̃(0)(k) =
i

k2 + i✏
. (33)

If not denoted otherwise, we will in the following always use covariant gauge. For the quark
propagator one finds the usual expression

S̃
(0)

F

(k) = /kD̃(0)(k) . (34)

Due to the properties Eq. (24), Eq. (28) , connecting two GGR vertices with a gluon propa-
gator, the polarization tensor of the latter reduces always to �g

µ⌫

, since all other terms are
set to zero. Using further the properties Eqs. (26) and (31), the interaction of n reggeized
gluons with a quark or gluon reduces to essentially to

n

Y

i=1

Z

dz4
i

n

Y

j=1

Z

d4k
j

(2⇡)4
(�k+

1

)D
0

(k
1

)eik1·(z1�z2) . . . (�k+
n�1

)D
0

(k
n�1

)eikn�1·(zn�1�zn)

e�ip·z1 (�igA
+

(z
n

)) . . . (�igA
+

(z
1

)) eir·zn

= �2⇡�(p+ � r+)

Z

d2zeiz·(r�p)



✓(p+)P

✓�g

2

◆

n

Z

n

Y

i=1

dz+
i

Ã
+

(z
i

)

� ✓(�p+)P
⇣g

2

⌘

n

Z

n

Y

i=1

dz+
i

Ã
+

(z
i

)

�

. (35)

To arrive at the above identity, we used the property Eq. (31). A
+

= �itc
ji

Ac

+

are reggeized

gluon fields in the fundamental representation for quarks while gluons require A
+

! Ã
+

=
�iT c

ba

Ac

+

i.e. reggeized gluon fields in the adjoint representation. (Anti-)path ordering of
color matrices is as usually defined as

PA(z+
n

, z) · · ·A(z+
1

, z) ⌘ A(z+
n

, z) · · ·A(z+
1

, z)✓(z+
n

� z+
n�1

) . . . ✓(z+
2

� . . . z+
1

)

PA(z+
n

, z) · · ·A(z+
1

, z) ⌘ A(z+
1

, z) · · ·A(z+
n

, z)✓(z+
n

� z+
n�1

) . . . ✓(z+
2

� . . . z+
1

). (36)

Summing finally over the number of reggeized gluons, one obtains for gluons the following
e↵ective vertex which sums up the interaction with an arbitrary number of reggeized gluon
fields,

p

r

= ⌧ab
G,⌫µ

(p,�r) = �4⇡�(p+ � r+)�
⌫µ

(r, p)

Z

d2zeiz·(p�r)

·


✓(p+)
h

U ba(z)� �ab
i

� ✓(�p+)
h

[U ba(z)]† � �ab
i

�

. (37)
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more recent: description of dilute-dense collision 
(=Color Glass Condensate formalism) from high energy 
effective action → confirms previous light-cone gauge 
results [MH, 1802.06755]



Complementary formalism 
(for dilute collisions)

same amplitude  (with 1 initial reggeized gluon per 
scattering hadron) can be directly calculated from 
spinor-helicity amplitudes  
[van Hameren, Kotko, Kutak; 1211.0961], [van Hameren, Kutak, Salwa; 1308.2861]

pA pA ′

pB pB ′

k2

pA pA ′

pB

pB ′

+ +

pA pA ′

pB pB ′

k1

k2

=

pA pA ′

pB pB ′

+ · · ·

Figure 1: A few terms in the classification of the graphs contributing to qA qB → qA qB X w.r.t.
the gluons attached to the quark lines.

while
ℓ3 ·ℓ4 = −ℓ1 ·ℓ2 . (8)

Any four-vector p can now be decomposed as

pµ =
ℓ2 ·p
ℓ1 ·ℓ2

ℓµ1 +
ℓ1 ·p
ℓ1 ·ℓ2

ℓµ2 −
ℓ4 ·p
ℓ1 ·ℓ2

ℓµ3 −
ℓ3 ·p
ℓ1 ·ℓ2

ℓµ4 . (9)

The first two terms are the usual terms in the Sudakov parametrization in terms of ℓ1, ℓ2, and the
last two terms form an explicit decomposition of the transversal component. If ℓ1, ℓ2 are real,
then the momenta ℓ3, ℓ4 are in general complex. The spinors in Appendix A are well-defined also
for complex momenta, and we have the following identities

⟨ℓ3| = ⟨ℓ2| , |ℓ3] = |ℓ1]

[ℓ3| = [ℓ1| , |ℓ3⟩ = |ℓ2⟩
⟨ℓ4| = ⟨ℓ1| , |ℓ4] = |ℓ2] (10)
[ℓ4| = [ℓ2| , |ℓ4⟩ = |ℓ1⟩ .

The amplitude of the processs qA qB → qA qB X contains Feynman graphs that consist of a
quark-line of type A with a single gluon attached and a quark-line of type B with a single gluon
attached. They are represented by the first term on the r.h.s. in Fig. 1. The heuristic picture is
that these gluons are going to play the role of the off-shell gluons in g∗g∗ → X. It needs to be
stressed that we will not drop any of the other graphs and that we keep the full gauge invariant
sum. We demand that

pµ
A − pµ

A ′ = kµ
1 = x1ℓ

µ
1 + kµ

1⊥ , pµ
B − pµ

B ′ = kµ
2 = x2ℓ

µ
2 + kµ

2⊥ . (11)

We do not set pA equal to ℓ1. We are interested in obtaining a scattering amplitude for the
process g∗g∗ → X, and are not concerned about the momenta of the quarks. We only need to
make sure we have overall momentum conservation and on-shellness. At first sight, the latter
requirement seems to be in contradiction with requirements (11), and it would be if we required

5
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A possible definition of TMD splitting functions

A possible way to achieve this ....

use formulation of DGLAP evolution/collinear factorization in terms of 2
particle irreducible expansion, e.g. DIS process
[Curci, Furmanski, Petronzio, Nucl.Phys. B 175 (1980) 27]

l = n � x · p

p

=

l = n � x · p

p

C2q

K

qg

K

gq

• axial, light-cone gauge:
collinear singularities only form
propagator which connect
sub-amplitudes

• to isolate coe�cient of
collinear singularities use
projectors in spinor/Lorentz
space

• calculate DGLAP splitting
functions as expansion in ↵

s

Martin Hentschinski (BUAP/UNAM) TMD splitting functions – REF 2016 Antwerp November 10, 2016 8 / 32

starting point: diagrammatic definition of 
collinear factorization



A possible definition of TMD splitting functions

TMD gluon-to-quark splitting

k

q upper blob: no low x logarithm; finite defines a TMD
quark-to-gluon splitting function

P

(0)

qg

✓
z,

k2

q̃2

, ✏

◆
= Tr

✓
�2

�2 + z(1 � z) k2

◆
2

·
"
z

2 + (1 � z)2 + 4z

2(1 � z)2
k2

�2

#

� = q � zk

so far: take into account o↵-shellness of incoming gluon (most upper
gluon in ladder); quark standard collinear factorization ) transverse
momentum integrated over

Martin Hentschinski (BUAP/UNAM) TMD splitting functions – REF 2016 Antwerp November 10, 2016 12 / 32

later on: use of high energy factorization for quarks  
→ off-shell factorization “splitting function" ⊗ 
“coefficient” [Hautmann, MH, Jung; 1205.1759] 

[Catani, Hautmann, NPB 427 (1994) 475] : TMD splitting function 
Pqg(z,kT) as coefficient for all order resumed Pqg(z)



first generalization to finite TM
A possible definition of TMD splitting functions

k

T

factorization I

High energy/low x resummation of splitting functions
[Catani, Hautmann; NPB 427 (1994) 475]

!

• essentially the BFKL Green’s function
low x resummation of gluon splitting function

• use o↵-shell extension of incoming projector

Pµ⌫

gluon, in ! kµk⌫

k2

• derived within high energy factorization +
reduces to conventional projector in on-shell
limit

obtain: all order P

gg

with (↵
s

ln 1/x)n

however:
all order P

qg

requires ↵

s

(↵
s

ln 1/x)n (starts at NLL finite coe�cient)

Martin Hentschinski (BUAP/UNAM) TMD splitting functions – REF 2016 Antwerp November 10, 2016 11 / 32



Generalized projectors

The first case is trivial since due to the factor d

µ⌫(k), the projector y

2

p

µ
p

⌫
/k

2

?
automatically reduces to k

µ
?k

⌫
?/k

2

? due to Eq. (44).
As for �µ1µ2µ3

g⇤g⇤g (k, q, p0), it is easy to check that

kµ1 �
µ1µ2µ3
g⇤g⇤g (k, q, p0) = O(k2

?) (49)

As a consequence we find

y pµ1 �
µ1µ2µ3
g⇤g⇤g (k, q, p0) = �k?µ1 �

µ1µ2µ3
g⇤g⇤g (k, q, p0) + O(k2

?) , (50)

which is su�cient to establish agreement in the collinear limit, at least at the pertur-
bative order which we are considering; indeed this means that the collinear limit is
exactly the same as for the Catani-Hautmann projector. Therefore, the final set of
projectors which we will use in the following is given by

Ps µ⌫
g, in = �y

2

p

µ
p

⌫

k

2

?
, Ps µ⌫

g, out = �g

µ⌫ +
k

µ
n

⌫ + k

⌫
n

µ

k · n � k

2

nµn⌫

(k · n)2 ,

Ps
q, in =

y p/

2
, Ps

q, out =
/

n

2n · l . (51)

Finally, let us note that the convolution product we have just dissected in detail is
precisely the one in Eq. (2) from which we derived the definition of our TMD splitting
functions. For the collinear case, an all-order argument for the derivation of splitting
functions is presented in [32], to which we refer the interested reader.

4.3 Gauge invariance of the e↵ective production vertex

The e↵ective gluon production vertex,

�µ1µ2µ3
g⇤g⇤g (q, k, p0) = V�µ3(�q, k,�p

0) dµ1
�(q) d

µ2
(k)

+ d

µ1µ2(k)
q

2

n

µ3

n · p0 � d

µ1µ2(q)
k

2

p

µ3

p · p0 (52)

obtained in Eq. (29) is so far still restricted to pure high energy kinematics, where
n · q = 0 and therefore n · k = n · p0. This no longer holds for the more general TMD
kinematics Eq. (1). While the QCD three gluon vertex is already fixed for general
momenta, n · k 6= n · p0 leaves us at first with an ambiguity for the denominator of
the second term in Eq. (29) which cannot be fixed by high energy factorization alone.
Similar to the case of the quark splitting functions, we find that this ambiguity can be
solved, if we require current conservation for the produced real gluon. To this end we
first recall the Ward identity of the QCD three gluon vertex in the case where both
gluons are o↵-shell,

V�µ3(�q, k,�p

0) · p0µ3
=

�
k

�
k

 � q

�
q


�
+

�
q

2 � k

2

�
g

�
. (53)
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independent of the particle species propagating through the 2PI ladder, whereas Ps

is closely related to it. In [32] an explicit argument is presented which identifies the
proper projector for the non-singlet sector, whereas [49] presents the projector if two
2PI kernels are connected by a gluon. Referring to Fig. 5 for our nomenclature of the
kernels and the momenta, we have

A(q, l)...↵↵0 Ps↵↵0

��0 B
...��0

(l, k) ⌘ A(q, l)...↵↵0
(l/)↵↵

0

2

(n/)��0

2n · l B

...��0
(l, k) , (38)

when the intermediate particle is a quark, with indices belonging to �-matrices, and

A(q, l)...µ0⌫0 Ps µ0⌫0

µ⌫ B

...µ⌫(l, k) ⌘ A(q, l)...µ0⌫0
d

µ0⌫0(l)

d � 2
(�gµ⌫)B

...µ⌫(l, k) , (39)

if the intermediate particle is a gluon with Lorentz tensor indices; d specifies the number
of space-time dimensions. We can further split the spin projectors into an ”in” and
”out” component

Ps ⌘ Ps
in

⌦ Ps
out

. (40)

The names ”in” and ”out” can be understood from Fig. 5 and interpreting the diagram
in terms of a parton evolution unfolding upwards. In other words, the amplitude A
represents a series of parton emissions from an initial parton with momentum k which
emerges with a momentum l and then undergoes another series of splittings represented
by the kernel B. The spin projectors for the collinear case can be summarised, for the
gluon and quark case respectively, as

Ps µ⌫
g, in =

1

d � 2

✓
�g

µ⌫ +
l

µ
n

⌫ + n

µ
l

⌫

l · n
◆

, Ps µ⌫
g, out = �g

µ⌫
,

Ps
q, in =

/

l

2
, Ps

q, out =
/

n

2n · l , (41)

where we have omitted the spinor indices for the sake of brevity, as we will be doing
through the rest of this paper. Two comments are in order here:

1. The incoming projectors yield the average over the gluon or quark helicities in d

dimensions.

2. The projectors are not uniquely defined: both the momentum projector P✏ (due to
the arbitrariness of the factorization scheme) and the spin projectors are defined
modulo finite terms and a re-definition is possible as long as all singular terms
are properly extracted.

For the sake of completeness, we further report here the action of the whole projector
on the product of two kernels in the case of an intermediate quark state, in order to
clarify the role of the momentum space projector P✏; it is explicitly given by

APC B ⌘ AP✏ ⌦ Ps
B = A(q, l)...↵↵0

(l/)↵↵
0

2
P✏

Z
d

m
l

(2⇡)m
(n/)��0

2n · l B

...��0
(l, k) , (42)

15

collinear splitting 
functions 
[Curci, Furmanski, 
Petronzini; NPB 175 (1980)]

generalization:

worked out in: 
[Catani, Hautmann, NPB 427 (1994) 475]  
[Gituliar, MH, Kutak; 1511.08439]
[MH, Kusina, Kutak, Serino; 1711.0458]



Evolution equation 
and soft limit



Soft singularities p→0Results & Discussion

Singularities: p ! 0

• best analysed for kernels NOT averaged over
azimuthal angle

• additional benefit: appropiate kernels to describe
i.e. angular decorrelation of jets,
see e.g [Chachamis, Deak, Sabio Vera, Stephens; arXiv:1102.1890]
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• Appears for Pqq, Pqg, Pgg 
• q-q, g-g: regularized by virtual 

corrections (gg essentially verified)

Results & Discussion

Singularities: p ! 0

• best analysed for kernels NOT averaged over
azimuthal angle

• additional benefit: appropiate kernels to describe
i.e. angular decorrelation of jets,
see e.g [Chachamis, Deak, Sabio Vera, Stephens; arXiv:1102.1890]
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Can study these effects already the pure high energy limit

Results & Discussion

Can do the same with the quark included ...
the crucial di↵erence: no virtual corrections
Necessarily µ ! 0 ... stable?
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Results & Discussion

A first study
use for F , Q the DLC 2016 set of parton densities [Kutak, Maciula, Serino, Szczurek, van

Hameren; arXiv:1602.06814] (⇠ modified KMR updf set)
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Find: 
Resummation of (finite) 
virtual result (IR poles 
cancelled) regularizes 
the singularity of the 
Pgq splitting 
[MH, Kusina, Kutak; 1607.01507 ]


