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Introductionto Loop-tree duality
3 Dual representationof one-loop integrals

Loop

Feynman

integral

Dual 

integral

Sum of phase-

spaceintegrals!

Cataniet al, JHEP09(2008)065; Rodrigo et al, JHEP02(2016)044

Evenat higher-

orders, the number

of cutsis equal the

numberof loops

Seetalks by William and Felix in this session!



Characterizationof singularitieswithLTD
4 Locationof IR singularitiesin thedual-space

Ã Analize the dual integration region. It is obtained as the positive energy 

solution of the on-shellcondition:

Rodrigo et al, JHEP11(2014)014, JHEP02(2016)044, JHEP08(2016)160, arXiv:1904.08389

Å Forward(backward) on-shell

hyperboloidsassociatedwith

positive (negative) energy

solutions.

Å Degenerateto light-conesfor

masslesspropagators.

Å Dual integrandsbecome

singular at intersections(two

or more on-shellpropagators)

Masslesscase: light-conesMassivecase: hyperboloids



5 Locationof IR singularitiesin thedual-space

Å Only forward-backward interferences

originatethresholdor IR poles(other

propagatorsbecomesingular in the

integrationdomain)

Å Forward-forward singularitiescancel among

dual contributions

Å Thresholdand IR singularitiesassociatedwith

finite regions(i.e. containedin a compact 

region)

Å No thresholdor IR singularity at large loop

momentum

Ã Theapplicationof LTD convertsloop-integralsintoPS ones: integrationover

forward light-cones.

Ã Thisstructuresuggestshowto performreal-virtual combination! Also, how to 

overcome threshold singularities (integrable but numerically unstable)

Characterizationof singularitieswithLTD

Rodrigo et al, JHEP11(2014)014, JHEP02(2016)044, JHEP08(2016)160, arXiv:1904.08389



Ã Theapplicationof LTD convertsloop-integralsintoPS ones: integrationover

forward light-cones.

Ã Thisstructuresuggestshowto performreal-virtual combination! Also, how to 

overcome threshold singularities (integrable but numerically unstable)

6

IR 

singular 

regions!

threshold

Locationof IR singularitiesin thedual-space

Å Only forward-backward interferences

originatethresholdor IR poles(other

propagatorsbecomesingular in the

integrationdomain)

Å Forward-forward singularitiescancel among

dual contributions

Å Thresholdand IR singularitiesassociatedwith

finite regions(i.e. containedin a compact 

region)

Å No thresholdor IR singularity at large loop

momentum

Characterizationof singularitieswithLTD

Rodrigo et al, JHEP11(2014)014, JHEP02(2016)044, JHEP08(2016)160, arXiv:1904.08389



7

Ã In general, thelocationof thesingularitiesisgivenby thesolutionsof

with on-shelland                         .

Ã We considerthefollowingtest functions

Ã IMPORTANT:Thesingular structureof scattering amplitudes isdictatedby

theirpropagators. So, theproposedtest functionsare general enoughto do a 

properanalysisof thresholdsingularities.

Characterizationof singularitieswithLTD

Rodrigo et al, arXiv:1904.08389 [hep-ph]

Descriptionof thresholdsingularities@ 1-loop

Up to 2 on-shell states

(standard thresholds)

Up to 3 on-shell states

(anomalousthresholds)
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Ã Thesingular structuredependsontheseparationamongmomenta:

Characterizationof singularitieswithLTD

Rodrigo et al, arXiv:1904.08389 [hep-ph]

Descriptionof thresholdsingularities@ 1-loop

Å Time-like separation(causalconnection):

Physicalthresholdsingularitiesare originated.

Theprescriptionis crucial to determinethe imaginary part: it is

always+i0 and correspondsto theusualFeynmanprescription! For

thisconfiguration, LTDandFTTgive equivalentdescriptions!

Always +i0 !!!
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Ã Thesingular structuredependsontheseparationamongmomenta:

Characterizationof singularitieswithLTD

Rodrigo et al, arXiv:1904.08389 [hep-ph]

Descriptionof thresholdsingularities@ 1-loop

Å Space-like separation:

Thedual-prescriptionchangessignwithinthedifferent contributions,

whichallowsa perfectcancellationof any singularbehaviour.

Å Light-like separation:

It originatesIRand thresholdsingularitiesthat remainin a compact

region of the integrationdomain. Thereis a partial cancellation

amongdual contributions, butIRmightremain!

Cancellationcodified

by multiple-cutsin FTT!!
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Ã Anomalousthresholds: causal (i.e. time-likeseparated) singularitiesoriginated

by multiplepropagatorsgoingon-shell. 

Characterizationof singularitieswithLTD

Rodrigo et al, arXiv:1904.08389 [hep-ph]

Descriptionof thresholdsingularities@ 1-loop

Å Intersectionsof two hyperboloidslead to the standard IR

and thresholdsingularities.

Å Anomalousthresholdsare originated from the intersection

of two forward (backward) and one backward (forward)

hyperboloids.

Å Thereare not singularitiesfor !!!



FDU approach@ NLO
11

Ã Supposeone-loop scalarscatteringamplitudegivenby thetriangle(scalar

toy-model!):

Ã 1->2 one-loop process 1->3 with unresolvedextra-parton

Ã Add scalartree-levelcontributionswithoneextra-particle; consider

interferenceterms:

Ã Generate1->3 kinematicsstartingfrom1->2 configurationplus theloop

three-momentum !!!

Real-virtual momentummapping

Virtual

Real

Oppositesign!

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160; JHEP10(2016)162



FDU approach@ NLO
12

Ã Mapping of momenta:generate 1->3 real emission kinematics (3 external 

on-shell momenta) starting from the variables available in the dual 

description of 1->2 virtual contributions (2 external on-shell momenta and   

1 free three-momentum)

V Split the real phase spaceintotwo regions, i.e. yõ1r<yõ2rand yõ2r<yõ1r, to separate 

the possible collinear singularities

V Implement an optimized mapping in each region, to allow a fully local cancellation 

of IR singularities with those present in the dual terms

REGION 1:

REGION 2:

Rodrigo et al, JHEP02(2016)044; JHEP08(2016)160; JHEP10(2016)162

Real-virtual momentummapping



Ã We combine the dual contributions with the real terms (after applying the 

proper mapping) to get the total decay rate in the scalar toy-model.

Ä The result agrees perfectlywith 

standard DREG.

Ä Massless limitis smoothly

approached due to proper 

treatment of quasi-collinear

configurations in the RV mapping

13 Example: massivescalarthree-point function

FDU approach@ NLO

LTD

Rodrigo et al, JHEP10(2016)162
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LTD

Example: vector bosondecays

Ã Total decay rate for a 

vector particle into a pair 

of massive quarks:

Ä Agreement with the 

standard DREG result

Ä Smoothly achieves the 

massless limit

Ä Efficient numerical

implementation

Ä Cancellationof UV logõs

(as in DREGé)

Rodrigo et al, JHEP10(2016)162

FDU approach@ NLO



15 Example: Higgsdecayat NLO

LTD

Ã Total decay rate for Higgs 

into a pair of massive 

quarks:

Ä Agreement with the 

standard DREG result

Ä Smoothly achieves the 

massless limit

Ä Local version of UV 

counterterms 

succesfully reproduces 

the expected 

behaviour

Ä Efficient numerical 

implementation

Rodrigo et al, JHEP10(2016)162

FDU approach@ NLO
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Ã Thetotal decay-rate can be expressedusingpurelyfour-dimensional 

integrands

Ã We recoverthetotal NLO correction, whileavoiding dealing with DREG

Ã Main advantages:

V Directnumericalimplementation(integrable functionsfor =ʁ0)

V No needof tensor reduction(avoids the presenceof Gram determinants, 

whichcouldintroduce numericalinstabilities)

V Smoothtransition to themasslesslimit(dueto theefficienttreatmentof 

quasi-collinearconfigurations)

V Mappedreal-contributionusedas a fully local IR counter-termfor the

dual contribution!

Final remarks

Rodrigo et al, JHEP10(2016)162

Finiteintegral forʶҐл IntegrabilitywithʶҐл With FDU 

is true!

FDU approach@ NLO



Conclusionsand perspectives
17

V Loop-tree duality allows to treat virtual and realcontributions 

simultaneously(loop measure expressed in Euclidean space)

V Physicalinterpretationof IR/UV singularitiesin loop integrals

V More transparentdescriptionof thresholds

V Combinedvirtual-real termsare integrable in four space-

time dimensions!! FDU 

Á Perspectives:

Á Automationof multilegprocesses@ NLO (ongoing)

Á Extensionof thelocal IR formalismto NNLO

Á Exploitsimplificationsdueto easierasymptoticexpansions@ NNLO (ongoing)

Á Carefullcomparisonwithotherschemes òWorkstop-Thinkstartmeetingó

UZH, Zurich, Sep. 2016

Eur.Phys.J. C77 (2017) no.7, 471

2-loop examples

available!!! (Felixõstalk)



Thanksfor theattention!!!



LTD/FDU approach: multileg
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Ã Real-virtual momentum mapping with massiveparticles:

Ä Consider 1 the emitter, r the radiated particle and 2 the spectator

Ä Apply the PS partition and restrict to the only region where 1//r is 

allowed (i.e.                                 )

Ä Propose the following mapping:

with masslessfour-vectorsbuildusing (simplifytheexpressions)

Ä Express the loop three-momentum with the same parameterization used for 

describing the dual contributions!

Repeatin eachregionof thepartitioné

Real-virtual momentummapping(GENERAL)

Imposeon-shell

conditionsto determine 

mappingparameters

Rodrigo et al, JHEP10(2016)162



Ã LTD mustbe applied to deal withUV singularities by buildinglocal

versions of the usual UV counterterms.

Ã 1: Expandinternal propagators around the òUV propagatoró

Ã 2: Apply LTD to get the dual representationfor the expanded UV 

expression, and subtractit from the dual+real combined integrand.

Ã 3: Takeintoaccountwave-functionand vertex renormalizationconstants

(nottrivial in themassivecase!)

20 UV countertermsand local renormalization

LTD/FDU approach: renormalization

LTD
Becker, Reuschle, Weinzierl, JHEP12(2010)013

LTD extended to deal with multiple poles

(use residueformula to obtainthedual representation)

Rodrigo et al, JHEP10(2016)162



Ã Self-energycorrections with on-shell renormalizationconditions 

Ã Wave-functionrenormalizationconstant(both IR and UV poles): 

Ã Vertexrenormalization(only UV):

Ã Importantfeatures:

Ä Integratedresultsagrees with standard UV counter-terms!

Ä Smoothmasslesslimit!

21 UV countertermsand local renormalization

LTD/FDU approach: renormalization

Rodrigo et al, JHEP10(2016)162


