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What are they? Where do they appear?
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Amplitudes?

What are they? Where do they appear?

Electromagnetism
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Intensity of light (wave) Quantum Mechanics

<¢out |¢in>

Quantum Field theory
<¢Out ‘S‘w1n>

William J. Torres Bobadilla



Amplitudes?

What are they? Where do they appear?

Electromagnetism
Electric and magnetic field

Optics

Intensity of light (wave) Quantum Mechanics

<¢out |¢in>

William J. Torres Bobadilla



Amplitudes?

What are they? Where do they appear?

Electromagnetism
Electric and magnetic field

Optics
Intensity of light (wave)
<¢out |¢in>

Zur Quantenmechanik der StoRvorgange (In German)
On the quantum mechanics of collisions
Max Born. 1926. 5 pp.

Published in Z.Phys. 37 (1926) no.12, 863-867
DOI: 10.1007/BF01397477

References | BibTeX | LaTeX(US) | LaTeX(EU) | Harvmac | EndNote
William J. Torres Bobadilla Detailed record - Cited by 73 records




Scattering Amplitudes

* Particle interactions
1+2—>3+4

2->2 scattering

* Quantum probability ~ x

9 The simplest process

* Amplitudes ~ Feynman diagrams

Tree-level one-loop two-loop
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Scattering Amplitudes

* Particle interactions
142 —>3+4

scattering
The simplest process

* Quantum

. \S
es ~ Feynman diagrams P

Tree-level one-loop two-loop

_ Perturbation expansion
William J. Torres Bobadilla



Colour decomposition

In QCD any amplitude can be decomposed as

An ({ki,ai, hi}) =An (171,272,... n"m) x Colour Structure
I + alljnon-cyclic permutations

Momenta Co*or Helicities )

Primitive amplitudes Can contain traces or
depends on Lorentz variables only ~ products of generators T

At tree-level

For the n-gluon tree-level amplitude, the colour decomposition is
A ({kiy ai, hi}) = g"*Te (T T% - .- T*) Ayee (1, 2,...,n") + all non-cyclic permutations

Properties between amplitudes
Reflection invariance .
Cyclic invariance

» (n-1)! Independent amplitudes

AT ({ps, hiyai}) = g" 2 Y Te(T%W .. T%m)ATe(g(1M),. ..

o€Sn /Zn
— - . : R i e
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Colour decomposition

In QCD any amplitude can be decomposed as

An ({ki,ai, hi}) =An (1,2"2,... n") x Colour Structure

/ I + all|lnon-cyclic permutations

Momenta Co or Helicities

v

Primitive amplitudes Can contain traces or
depends on Lorentz variables only ~ products of generators T

At tree-level

: : [Del Duca, Frizzo and Maltoni (1999)]
An alternatlve representatlon [Del Duca, Dixon and Maltoni (1999)]

At ({p;, i ai}) = (ig)™=2 f@1o2™ fo108%2 ... fon—saon_yab glree(1h 5 (oh2) . nt) 4 g]] non-cyclic permutations

Properties between amplitudes
& Kleiss-Kuijf relations

?

AT(1, 00, oy @y My By ooy Brea—j) = (=1) 2_32 A (1,01, ey Op—9—j,n)

oeawfT

» (n-2)! Independent amplitudes [Kleiss and Kuijf (1989)]

A (i, hayai}) = (ig)™2 37 foseam fraoasa .. pan-atenaas glree(1h1 g (9h2), . )

William J. Torres Bobai . o0€ESn—2




Colour-Kinematics duality

Jacobi Relation (colour)

2 3 2 3 2 3 Cs = Ct — Cy

1>—<4 B 1I4 - 1><E4 foinel freade [l fdats) il et Pl
Co ce Cu

_— ——

falaszb e Ta1 Ta2 £ TazTa]_

Write QCD amplitudes in terms of cubic graphs

An = gn—2 Z 7;7,;,1,

A4(p1,p2,P3,04) = C1
P35 —p

- Satisfy automatically for 4-point tree amplitudes ng = Ny — Ny, [Zhu (1980)]

. S - o Bern, C , Joh 2008),(2010
¢ For higher multiplicity, is not trivially satisfied Bl See o nson DR

[Bern, Dennen, Huang, Kiermaier (2010)], [Boels, Isermann (2012)]

3 _ . .
¢ Bern-Carrasco-Johansson relations [Mastrolia, Primo, Schubert, W.J.T. (2015)]

> (Z 323') Ar(L,3, 0,201, n) » (n-3)! Independent amplitudes

i=3 \ j=3

William J. Torres Bobadilla 7
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Colour-Kinematics duality

S e
1 4 1 4 1 4
Cs Ct Cu

———————— o

&

[Bern, Carrasco, Johansson (2008),(2010)]
[Johansson, Ochirov (2014),(2015)]

@ Relations between kinematic numerators [de la Cruz, Kniss, Weinzier (2015),(2016)]

@ Provides symmetries among amplitudes
@ Strong Connection between gravity and Yang-Mills amplitudes
@ Construction of gravity from knowledge of Yang-Mills amplitudes

Construct an off-shell current [Llanes, Rodrigo, W.J.T. (2017)]

P2

o p;lzl (pz;»ifﬁﬂl‘(::\ ) +(2+3)

P3

p2

o
> i (“W<

p3

) +]I)2< pi % ) + ({1234} — {4321})

P1;H1

P2, K2

> pi’ (m,w ) + cyc. perm.
P31

William J. Torres Bobadilla




Colour-Kinematics duality

. . : Mastrolia, Primo, Schubert, W.J.T. (2015
€ At multi-loop level or higher-points iastnolls Frimo acather 120150}

External particles become internal

s
e sy q;) > HEUE (ps 2 ;)

T Propagator in axial gauge

€ Numerator built from the J-block is decomposed in terms of squared momenta

(Néoop)m el = Julumnmal(pla ql) H#zaz(p% q2) H#saa(p3a q3) Hu4a4(p4a q4) )

Ay = Ag({pi})

4 4
loo e 2/ Al 2 2/ vij
(Ng p)al...a4 = ;pﬁ (Ag)al---a4 4 Z pipj(ng)al,__%. C’g e Cg({pz‘})

i,j=1
i#]

William J. Torres Bobadilla
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Colour-Kinematics duality

| : ; . Mastrolia, Primo, Schubert, W.J.T. (2015
€ At multi-loop level or higher-points iVastralls, Pimg; Senuner (2015)]

External particles become internal

s
e sy q;) > HEUE (ps 2 ;)

» — Propagator in axial gauge

€ Numerator built from the J-block is decomposed in terms of squared momenta

"; A" A.h A.L
®) & @ & &

B i,

= Any loop diagram built from the J-block can be written as the sum of diagrams
with one or two propagators less.

William J. Torres Bobadilla



Colour-Kinematics duality

~ . . : Mastrolia, Primo, Schubert, W.J.T. (2015
€ At multi-loop level or higher-points iastnolls Frimo acather 120150}

External particles become internal

s
e sy q;) > HEUE (ps 2 ;)

—— Propagator in axial gauge

€ Numerator built from the J-block is decomposed in terms of squared momenta

"; A" A.h A.L
& & & @

= Any loop diagram built from the J-block can be written as the sum of diagrams
with one or two propagators less.

= By imposing on-shellness of the four particles

William J. Torres Bobadilla



Colour-Kinematics duality

[LIanes, Rodrigo, W.J.T. (2017)]

Decompose off- into on-shell momenta Extract full dependence on the off-shell momenta

2 e : p?

e > e (i) €Xa,y (02) Z el f 7¢¢°,
q > A=1 (z‘ Q)

2q T; o(ds—2)/2 2(d —2)/2

Z uA(d)(pz)UA(d) pi) = Z UiU; +

S i'Q)

D=7

2

q.

Completeness relations
Construct multi-loop numerator

Ne=Now s o oy, o J0 0 L dp @)L (e g

Residual kinematic dependence

Numerator is decomposed in product of squared momenta

4
1 s
s el I 2 VilVj oV VjVk ~V; V) 2 Vv l/k,I/l
e — 3 E €ijki Dj (Aijkl Eij e T Biym &y QT +Cimp; 47 E ) ;
i,9,k,l=1

A,B and C are completely independent of pi

William J. Torres Bobadilla




Colour-Kinematics duality

[LIanes, Rodrigo, W.J.T. (2017)]

Decompose off- into on-shell momenta Extract full dependence on the off-shell momenta

2 Fi : p?

e o Z ey (i) 6>\(d y (Pi) Z coeb 4 ~q°d°,
q > Jedi (z‘ Q)

2q T’L o(ds—2)/2 2(d —2)/2

Z uA(d)(pz)UA(d) pi) = Z UiU; +

=1 i'Q)

D=7

2

q.

Completeness relations
Construct multi-loop numerator

Ne=Now s o oy, o J0 0 L dp @)L (e g

Residual kinematic dependence

Numerator is decomposed in product of squared momenta

4
1 s
s el I 2 VilVj oV VjVk ~V; V) 2 Vv l/k,I/l
e — 3 E €ijki Dj (Aijkl Eij e T Biym &y QT +Cimp; 47 E ) ;
i,9,k,l=1

A,B and C are completely independent of pi

What about p? p? i and p?p?piplz contributions?

William J. Torres Bobadilla




Colour-Kinematics duality

[LIanes, Rodrigo, W.J.T. (2017)]

Decompose off- into on-shell momenta Extract full dependence on the off-shell momenta

2 o : p?

p; o Z €xd.) (P2) 8>\(d ) () Z et i
q > =1 (z‘ Q)

2q T’L o(ds—2)/2 2(d —2)/2

Z uA(d)(pz)UA(d) pi) = Z UiU; +

T i'Q)

D —p L

2

q.

Completeness relations
Construct multi-loop numerator

Ng — Nglldl---/UwLXulmluél Y Ngul Jyl H,UlVl (pl@' L HM4V4 (p4@'

Residual kinematic dependence
Same reference momentum q

. A 1 |
Numerator is decomposed in product of squared momenta for all internal gluons!

4
1 s
s el I 2 VilVj oV VjVk ~V; V) 2 Vv l/k,I/l
e — 3 E €ijki Dj (Aijkl Eij e T Biym &y QT +Cimp; 47 E ) ;
i,9,k,l=1

A,B and C are completely independent of pi

What abou%nd Montributions?

William J. Torres Bobadilla




Colour-Kinematics duality

[LIanes, Rodrigo, W.J.T. (2017)]
One-loop example

/ dl Cal) _/(ddE

(27)¢ DyD1D> ) (2m)¢ DoD1D; |

gt 0D—<) ¢ g4y )
/ (2m)d DoD; / (2m)4 Dy D,

From string theory

e 1 P —

/ 2 [fz(f-kp12)2(f—l74)2n(p1 ZZI:Z_ s ) £2(L+po2)? E+P23 ( ?/:I:i )
1 p3 — D4

" CEtp)2(t—pa)? ( n Z:J:i,_ - > s120%( €+p12 ( KJ)}_< )

1 P4 P2 [Tourkine, Vanhove (2016)]

" su(t+p1)2(l—pa)? ( . Z:I)_< pa) s24( f+P2)2(€ —pa)’ ( Z:D}_< )] [Ochirov, Tourkine, Vanhove (2017)]

4 Satisfied automatically for 4-point one-loop amplitudes

4 Off-shell decomposition eliminates redundant terms

4 Interesting integral relations at one-loop level

4 Straightforward application with Loop-Tree duality formalism

William J. Torres Bobadilla
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Colour-Kinematics duality

[LIanes, Rodrigo, W.J.T. (2017)]
One-loop example

d "(ﬁ@) de
/(M ‘/( ;

21)¢ DoD1D> ) (2m)¢ DoD1D; |

/ ddw(m)_/ die

2m)d DD, ) @n)dDoD: |

>> LTD’s talks
From string theory

e 1 P —
/ 2 [fz(f-kp12)2(f—l74)2n(p1 ZZI:Z_ s ) £2(L+po2)? E+P23 ( ?/:I:i )
1 p3 — D4
" CEtp)2(t—pa)? ( n Z:J:i,_ - > s120%( €+p12 ( KJ)}_< )
) ) ) ( pa Pz) . ( ) ] [Tourkine, Vanhove (2016)]
su(f+p1)*(E—pa)* | |, @ ips s24( €+P2)2(€ —pa)? @ i [Ochirov, Tourkine, Vanhove (2017)]

4 Satisfied automatically for 4-point one-loop amplitudes

4 Off-shell decomposition eliminates redundant terms

4 Interesting integral relations at one-loop level

4 Straightforward application with Loop-Tree duality formalism

William J. Torres Bobadilla
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BCJ relatiOnS in DlmReg [Mastrolia, Primo, Schubert, W.J.T. (2015)]

Four-dimensional formulation of FDH
[Fazio, Mastrolia, Mirabella, W.J.T. (2014)]

Consider the 4-point amplitude

A4(p17p27p37p4) =0

and the Jacobi identity

William J. Torres Bobadilla




BCJ relations in DimReg

Four-dimensional formulation of FDH
[Fazio, Mastrolia, Mirabella, W.J.T. (2014)]

Consider the 4-point amplitude

A4(p17p27p37p4) =0

Solving for c2

A4(p1,p2,p3,p1) = c1K1 + c3K3

being

n3

[Mastrolia, Primo, Schubert, W.J.T. (2015)]

n n
Kl = L -+ 2 K3

Colour-ordered amplitudes
K1 = A(1,2,3,4) K3 = A(2,1,3,4)

William J. Torres Bobadilla

PR

n2
9 +02P—122+C3

Py — p?

and the Jacobi identity

Kinematic numerators
obey Jacobi identity

—n1 + ng + ng = 0.




BCJ relations in DimReg

Four-dimensional formulation of FDH
[Fazio, Mastrolia, Mirabella, W.J.T. (2014)]

Consider the 4-point amplitude

A4(p17p27p37p4) =0

Solving for c2

A4(p1,p2,p3,p1) = c1K1 + c3K3

Colour-ordered amplitudes
K1 = A(1,2,3,4) K3 = A(2,1,3,4)

William J. Torres Bobadilla

[Mastrolia, Primo, Schubert, W.J.T. (2015)]

and the Jacobi identity

Kinematic numerators

obey Jacobi identity




BCJ relatiOnS in DlmReg [Mastrolia, Primo, Schubert, W.J.T. (2015)]

Four-dimensional formulation of FDH
[Fazio, Mastrolia, Mirabella, W.J.T. (2014)]

Consider the 4-point amplitude

A4(p17p27p37p4) =0

Solving for ¢ and the Jacobi identity

Aa(p1;p2,p3,4) = 1K1 + c3K3 Kinematic numerators

21510 T ——— e obey Jacobi identity

Colour-ordered amplitudes
K1 = A(1,2,3,4) K3 = A(2,1,3,4)

2
4-pt C/K-relations = 55 ZQ A(1,2,3,4).
William J. Torres Bobadilla
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BCJ relations in DimReg

Four-dimensional formulation of FDH
[Fazio, Mastrolia, Mirabella, W.J.T. (2014)]

[Mastrolia, Primo, Schubert, W.J.T. (2015)]

As well, for the 5-point

— PP A5(1,2,3,4,5) + (P2 — u?) (P2, + P — 2u%)A5(1,4,3,2,5)
(Pfs — 1) (Psy — p?) ’
—(Pfy — p*) (P35 —p*)As(1,4, 3,2, 5)+ Pis (Ply+ Py — pi*) As(1,2,3,4,5)
P325(P224—M2) ,
_P122P425A5(1’ 2,3,4, 5) + (P225 - Mz)(P124 + P225 - 2:“’2)145(17 4,3, 2, 5)

A5(17 3a 4) 2) 5) —

As5(1,2,4,3,5) =

A5(1,4,2,3,5) =
P (P — 1)
_(P124_/*L2)(P225_“2)A5(1a 4) 37 23 5)+P122(P224+P4?5_/J‘2)A5(19 29 37 47 5)
(Pfs—p?) (P3y— 1)

As5(1,3,2,4,5) =

Making use of the photon decoupling identity

(P{, + Pi — u?)As(1,2,3,4,5) + (P — 1?)A5(1,2,3,5,4)

A5(17274v 37 5) — (P224 - /1,2)

William J. Torres Bobadilla
R




BCJ relations @ 1-loop

: : - [Primo, W.J.T. (2016)]
Inspired by the generalised unitarity

= AT (-5, 1,2,05) AF* (—15°, Paos Ui )

tree - = - tree =+
X AP o (Ut Prrtis i) Ao (<051, Prytn, 1)

012|3 K| (k1) 0|(1+1)..n

021|3 K| (k+1)..|(141)...m L C12|3 K| (k+1)..0|(14+1)..n"

William J. Torres Bobadilla
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BCJ relations @ 1-loop

[Primo, W.J.T. (2016)]
Inspired by the generalised unitarity

+ r + + tr + +
012|3...k|(k+1)...l|(l—+—1)...n — Afl ~ (_ll 1,2, 13 ) Ap™ (_l3 B3k lk+1)

tree - - tree -
X Al_k+2 (_lk_|_]_7 Pk+1...,l7 ll+1) An—l+2 (_ll—l—l’ ‘Pl+1---an’ ll )

Cs;

113...k|(k-+1)...0 (1+1).. K 1913...k|(k+1)...0| (I+1)..n°

C/K relation

Pgy —
P2 sA(1,2,3,4).

A(2,1,3,4) =
24 — p?

07

— One-loop amplitudes in N=4 sYM

[Bjerrum-Bohr, Damgaard, Sondergaard, Vanhove (2010)]
— Cut constructible part of One-loop QCD amplitudes [Chester {2016)]
— One-loop QCD amplitudes (FmD, W17 12010

William J. Torres Bobadilla 14




One-loop scattering amplitudes

Deal with with integrals of the form

T [N(l_ )] t ddl—Ml---ik (l_7 pi) Numerator and denominators are
L » i D;, -+ Dy, polynomials in the integration variable

11

P —

Tensor reduction

APy = S, o [\ ¢ S O el O
K4 Ko K

OGS S

[Passarino - Veltmahyg(1979)]
[ Cut-constructible amplitude -> determined by its branch cuts

[ All one-loop amplitudes are cut-constructible in dimensional regularisation.
[ Master integrals are known

William J. Torres Bobadilla
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One-loop scattering amplitudes

Deal with with integrals of the form

T [N(l_ )] t ddl—Ml---ik (l_7 pi) Numerator and denominators are
L » i D;, -+ Dy, polynomials in the integration variable

11

P —

Tensor reduction

ADP=((p}) = Y Ok ; e < r—+ Yl (3
K4 K,

WG S

[Passarino - Veltmahw(1979)]

Unitarity based methods

/N

cut-3 :: Forde

~ : Bjerrum-Bohr, Dunbar, Ita, Perkins
sl 3 Mastrolia

| | cut-2 :: Bern, Dixon, Dunbar, Kosower.
. Britto, Buchbinder, Cachazo, Feng.
N é Britto, Feng, Mastrolia.

- e ]>< “2 PR s Biia o Eons Isolate the leading discontinuity!

William J. Torres Bobadilla




BCJ relations @ 1-loop

[Primo, W.J.T. (2016)]

Same behaviour for lower topologies

=
Cl23|4...k|(k+1)...n

= AT (15,1,2,3,13) AFSS (=15 Paks ligy) AnSSeva (“ Uiy Potions 1Y)

2 2 2\t 2 2\ =+
(Pljf2+P23_“ )0123|4...k|(k+1)...n+ (Pz;fz_“ )0132|4...k|(k+1)...n

(P Elit2 - “2)

+ _
C213|4...k|(k+1)...n_

due to

PE + PE — 1) As(1,2,3,4,5) + (P2 — u?)As(1,2,3,5,4)
(P224 — p?)

A5(17 27 47 37 5) — (

William J. Torres Bobadilla
— "



BCJ relations + Unitarity @ work

[Primo, W.J.T. (2016)]

Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

2
ALtoop — ddl_Dolj;fl(.l’.l.llD)n_l’ N( Z zjk:lm l PL Z zykl l ,u' Z zyk l .u'
DoD; .. by D;D; DleD D;D; Dle s D;D; Dk

n—1 n—1
_ + J—+§ —or
Di= (14+p;))?—m?=(1+p;)*—m?—pu% —~  D;D; D;

1<J 7

William J. Torres Bobadilla
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BCJ relations + Unitarity @ work

[Primo, W.J.T. (2016)]

Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

_ 1. u?
A711-100p — ddnglj;fl(.,.l.llD)n_f N(l, ,uz) zgklm l PL @ @

DoD:...Dp 1 b D DDle i D;D;Dy

-.

1<J

D= (14 p)* —mi = (+p)?

Ingredients :: Residues @cut —> Keep under control their polynomial structure

Az’jklm = Cﬂz,
Akl = o + c124 + cap® + c3zap® + cap?,
A,-jk . co,o+ct0m4+c;0$i+c§:0$2+cl_’0m3+c2_’0:1:§+cg’oivg+co,2l£2 + c'l':21:4u2—|—cl—’2:1:3u2,
Aij = €000+ €0,1,0Z1 + Co,20T7 + Cto,om + C;,o,ox?l +¢100%3 + ¢, O’Oxg + cf’l,oxl:vl;
+ 01_,1,03715133 + CO,0,2IIJ2,

_ — +
A; = ¢0,00,0 + €0,1,0,0T1 + €0,0,1,0T2 + C1,0,0,0T3 1 €1 0,0,0%4

William J. Torres Bobadilla
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BCJ relations + Unitarity @ work

[Primo, W.J.T. (2016)]

Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

_ 1. u?
A711-100p — ddnglj;fl(.,.l.llD)n_f N(l, ,u2) z_yklm l PL @ @

DoD:...Dp 1 b D DDle i D;D;Dy

» -.

Dz' - (l_+pz)2 — (l +p2) —m; — K. i<j

Ingredients :: Residues @cut —> Keep under control their polynomial structure

Az’jklm = Cltz,
Aijrl = co + 124 + cop® + c3zap® + capt,
A,-jk . co,o—i—ctom—{—c;oxi—{—cétoxz+cl_’0m3+c2_’0m§+c:;’0xg+00,2“2 + c'l':2:c4ﬂ2+c1_,2:1:3”2,
Ajj = c0,0,0 + €o,1,071 + 60,2,093% + Cio,om + c;o,oxi + €1 0,073 T Co 0’0:6% + ct1,0:r1$4
+ 01_,1,0331373 + CO,0,2IIJ2,

_ - +
A; = €0,0,0,0 + €0,1,0,0%1 + €0,0,1,0%2 + €1 g 9 0Z3 + €1 ¢ 0,0%4;

Procedure :: C/K-relations @work —> Generate a system of equations that relates
residues of different ordering through C/K-relations

1

William J. Torres Bobadilla
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BCJ relations + Unitarity @ work

[Primo, W.J.T. (2016)]

Target :: Reduce the number of independent residues needed to compute any colour-dressed one-loop amplitude

_ 1, u?
A};looP — ddl DO"Z/;C( ,.'flll))n_l’ N(l, ,uz) @ @

DoD:...Dp 1 b D DDle i D;D; Dy

Dz-z(l_—l—pz-) m —(l+pz) m2—,u2.

Ingredients :: Residues @cut —> Keep under control their polynomial structure

Aijklm = Cltz,
Aijrl = co + 124 + cop® + c3zap® + capt,
A,-jk . CO,O‘*‘CioM‘*‘C;oxi‘*‘C;,:on+C1_,0333+C2_,0$§+C3_,0$g+co,2u2 + c-1|_,2x4/1'2+cl_,2$3/1,2,
Ajj = co,00 + €0,1,0T1 + 60,2,033% + C-f,o,om + c;o,oxi + €1 0,073 T Co 0,033:% + ct1,0w1$4
+ 01_,1,0131-’173 + 00’0,2;1,2,

_ - +
A; = €0,0,0,0 + €0,1,0,0%1 + €0,0,1,0%2 + €1 g 9 0Z3 + €1 ¢ 0,0%4;

Procedure :: C/K{frelations @work —> Generate a system of equations that relates
residues of different ordering through C/K-relations , P

2 3

2 " ><><
— 2 — :
Piey =17 o n

he solution of the system gives us a reduce set of independent residues
— Unitarity @work —> Compute the independent residues through Unitarity Based Methods

A = §7 Ay (=11,1,2,10) X A(.) X - x A(...),
William J. Torres Bobadilla l; ( ) x A(...) ()




Conclusions/Outlook
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