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In non-central collisions, the initial longitudinal flow velocity  
depends on x.
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In non-central collisions, the initial longitudinal flow velocity  
depends on x, which makes the initial angular momentum.
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ANGULAR MOMENTUM CONSERVATION IN HEAVY ION . . . PHYSICAL REVIEW C 77, 024906 (2008)
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FIG. 5. Initial longitudinal velocity profile along the reaction
plane y = 0 for two different impact parameters for the collision
of two hard-sphere nuclei with 7-fm radius.

and the flow velocity vz0:

vz0 =
3 dP

dxdy√
4
(

dE
dxdy

)2
− 3

(
dP

dxdy

)2
+ 2 dE

dxdy

, (19)

which is shown in Fig. 5 for the case of hard-sphere nuclei with
7-fm radius. According to Eq. (18), the proper energy density
is an even function of x, as was expected with the assumption
(17), whereas vz0 is an odd function of x. Also, it can be seen
from Fig. 5 that vz0 has a singular derivative at the edge of the
overlap region, a consequence of the hard-sphere assumption;
such singularities disappear with smooth density profiles. By
using Eqs. (19), (18), (5), and (17) we can compute the ratio
of the second to the first term in Eq. (16) for the x axis:

−
2ρ0γ

4
0 vz0

∂vz0
∂x

∣∣∣
t=0

∂ργ 2

∂x

∣∣∣
t=0

(20)

and thereby evaluate the importance of the vorticity term
for the expansion rate. This ratio is shown in Fig. 6 for the
case of hard-sphere nuclei for two different y values at an
impact parameter b = 6 fm. It is seen that the second term is
a consistent fraction of the first term even near the collision
center x = 0 (about 20%) whereas it steeply increases at larger
x values; at the boundary of the x interval the ratio shows spikes
owing to the hard-sphere assumption and it is not shown. Of
course, these numbers refer to an oversimplified example and
just for the initial expansion kick, but the conclusion that the
longitudinal velocity gradient cannot be neglected in more
realistic hydrodynamical calculations should hold.

As has been mentioned, in some hydrodynamical calcula-
tions [3,11], a nonvanishing angular momentum of the plasma
is tacitly introduced by enforcing an asymmetric x dependence
for the proper energy density in peripheral collisions keeping
the Bjorken longitudinal scaling (i.e., the independence of vz
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FIG. 6. Ratio of the term proportional to the vorticity and the
term proportional to energy density gradient along x in Eq. (16) as
a function of x for y = 0 and y = 2 fm for the collision of two
hard-sphere nuclei with 7-fm radius at an impact parameter b =
6 fm.

on the coordinates x, y). Thereby, longitudinal momentum
density [Eq. (5)] conservation is fulfilled even though vz is
independent of x and the angular momentum conservation
[Eq. (4)] is also fulfilled. We think that this assumption is
quite unnatural. First, it cannot hold in our specific example
of instantaneous thermalization at infinitely large energy (with
the infinitesimally thin fluid in Fig. 4) because the only velocity
that is compatible with symmetry and independent of x is 0,
thus making both momentum and angular momentum density
vanishing. However, even in the more realistic and more
general case of finite thermalization time, it does not lead to the
same flow velocity field as in the case of angular momentum
conserved through Bjorken scaling breaking because of the
absence of the vorticity term. This can be shown by enforcing
the equality of angular momentum densities in the two
approaches:

4
3 ρ̃0γ̃

2
0 ṽz0 = 4

3ρ0γ
2
0 vz0, (21)

where quantities with a tilde on the left-hand side are such
that only ρ̃ depends on x whereas on the right-hand side we
have the standard ones in our approach. From this equation it
follows that

∂ρ̃

∂x

∣∣∣∣
t=0

γ̃ 2
0 ṽz0 = ∂ρ

∂x

∣∣∣∣
t=0

γ 2
0 vz0 + ρ0

∂γ 2
0 vz0

∂x

∣∣∣∣
t=0

. (22)

Using Eqs. (22) and (21) to obtain ∂ρ/∂x in the equation
of motion at time t = 0 [Eq. (13)], we get, after some
manipulations,

∂ux

∂t

∣∣∣∣
t=0

= − 1
4γ0ρ0

∂ρ

∂x

∣∣∣∣
t=0

= − 1
4ρ̃0γ̃0

∂ρ̃

∂x

∣∣∣∣
t=0

γ̃0

γ0

+ 1
4γ 3

0 vz0

∂γ 2vz0

∂x

∣∣∣∣
t=0

. (23)
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Two effects 

spin-orbit coupling 
spins of Λ and anti-Λ are aligned 
with angular momentum L  

spin alignment by B-Field 

Λ spin anti-aligned along B  

anti-Λ spin aligned along B 

Isaac Upsal – Feb. 2017 4

Magnetic !eld → Global Polarization

Both
may
contribute

L

L

• Vortical or QCD spin-orbit: Lambda and Anti-Lambda spins 
aligned with L

• (electro)magnetic coupling: Lambdas anti-aligned, and Anti-
Lambdas aligned

~L

RP

~B

★ Non-zero angular momentum transfers to Λ polarization
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!pp
* θ *Ĵsys

quark-gluon 
plasma 

forward-going 
beam fragment 

Λ 

BBC 

BBC 

Figure 3: A sketch of the immediate aftermath of a Au+Au collision. The vorticity of fluid created

at midrapidity is suggested. The average vorticity points along the direction of the angular momen-

tum of the collision, Ĵsys. This direction is estimated experimentally by measuring the sidewards

deflection of the forward- and backward-going fragments and particles in the BBC detectors. L

hyperons are depicted as spinning tops; see text for details. Obviously, elements in this depiction

are not drawn to scale: the fluid and the beam fragments have sizes of a few femtometers, whereas

the radius of each BBC is about one meter.

frame, then

dN

d cosq⇤
= 1

2

⇣
1+aH|~PH|cosq⇤

⌘
. (1)

The subscript H denotes L or L, and the decay parameter aL = �aL = 0.642± 0.01317. The

angle q⇤ is indicated in figure 3, in which L hyperons are depicted as tops spinning about their

polarization direction.

The polarization may depend on the momentum of the emitted hyperons. However, when

6

PH =
8

⇡↵

hsin( 1 � �⇤
p)i

Res( 1)
sgn⇤ α: Λ decay parameter (=0.642±0.013) 

φp*: φ of daughter proton in Λ rest frame 
Ψ1: 1st-order event plane 
sgnΛ: 1 for Λ,  -1 for anti-Λ

Isaac Upsal – Feb. 2017 6

How to quantify the e%ect (I)

● Lambdas are “self-
analyzing”
● Reveal polarization by 

preferentially emitting 
daughter proton in spin 
direction

Λ s with Polarization P⃗  follow the distribution:
dN

d Ω*
=

 1

4 π
(1+α P⃗⋅p̂ p

* )= 1

4π
(1+α P cosθ* )

α=0.642±0.013    [measured]

p̂p

*
 is the daughter proton momentum direction in

the Λ  frame (note that this is opposite for Λ )

0<|P⃗|<1:   P⃗=
3
α p̂p

*

 spectators

 BBCs BBCs

 Spinning
 Lambdas

θ*
S⃗Λ

*

p⃗ p

*

p⃗π
*

parity-violating decay
daughter proton preferentially 
decays in the direction of 
Λ’s spin (opposite for anti-Λ)

STAR, PRC76, 024915 (2007)

zyx 
(RP)

dN

d⌦
=

1

4⇡
(1 + ↵P⇤ · p⇤

p)

Projected onto transverse plane:



- Results were consistent with zero, giving an upper limit of 0.2%

B. I. ABELEV et al. PHYSICAL REVIEW C 76, 024915 (2007)
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FIG. 4. (Color online) Global polarization of ! hyperons as a
function of ! pseudorapidity η!. Symbol keys are the same as in
Fig. 3. A constant line fit to these data points yields P! = (2.8 ±
9.6) × 10−3 with χ 2/ndf = 6.5/10 for Au+Au collisions at

√
sNN =

200 GeV (centrality region 20–70%), and P! = (1.9 ± 8.0) × 10−3

with χ 2/ndf = 14.3/10 for Au+Au collisions at
√

sNN = 62.4 GeV
(centrality region 0–80%). Only statistical uncertainties are shown.

Figure 4 presents the ! hyperon global polarization as a
function of ! pseudorapidity η!. The symbol keys for the data
points are the same as in Fig. 3. Note that the scale is different
from the one in Fig. 3. The pt -integrated global polarization
result is dominated by the region p!

t < 3 GeV/c, where the
measurements are consistent with zero (see Fig. 3). The solid
lines in Fig. 4 indicate constant fits to the experimental data:
P! = (2.8 ± 9.6) × 10−3 with χ2/ndf = 6.5/10 for Au+Au
collisions at

√
sNN = 200 GeV (centrality region 20–70%) and

P! = (1.9 ± 8.0) × 10−3 with χ2/ndf = 14.3/10 for Au+Au
collisions at

√
sNN = 62.4 GeV (centrality region 0–80%).

The lines associated with each of the two beam energies are
almost indistinguishable from zero within the resolution of
the plot. The results for the ! hyperon global polarization as
a function of η! within the STAR acceptance are consistent
with zero.

Figure 5 presents the ! hyperon global polarization as a
function of centrality given as a fraction of the total inelastic
hadronic cross section. Within the statistical uncertainties we
observe no centrality dependence of the ! global polarization.

The statistics for !̄ hyperons are smaller than those for !
hyperons by 40% (20%) for Au+Au collisions at

√
sNN =

62.4 (200) GeV. Figures 6, 7, and 8 show the results for the
!̄ hyperon global polarization as a function of !̄ transverse
momentum, pseudorapidity, and centrality (the symbol keys
for the data points are the same as in Figs. 3–5). Again, no
deviation from zero has been observed within statistical errors.
The constant line fits for the !̄ hyperon global polarization give
P!̄ = (1.8 ± 10.8) × 10−3 with χ2/ndf = 5.5/10 for Au+Au
collisions at

√
sNN = 200 GeV (centrality region 20–70%)

and P!̄ = (−17.6 ± 11.1) × 10−3 with χ2/ndf = 8.0/10 for
Au+Au collisions at

√
sNN = 62.4 GeV (centrality region

0–80%).
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FIG. 5. (Color online) Global polarization of ! hyperons as a
function of centrality given as a fraction of the total inelastic hadronic
cross section. Symbol keys are the same as in Fig. 3. Only statistical
uncertainties are shown.

C. Acceptance effects and systematic uncertainties

The derivation of Eq. (3) assumes a perfect reconstruction
acceptance for hyperons. For the case of an imperfect detector,
we similarly consider the average of ⟨sin(φ∗

p − %RP)⟩ but
take into account the fact that the integral over the solid
angle d&∗

p = dφ∗
p sin θ∗

pdθ∗
p of the hyperon decay baryon

three-momentum p∗
p in the hyperon rest frame is affected by

detector acceptance:

⟨sin(φ∗
p − %RP)⟩ =

∫
d&∗

p

4π

dφH

2π
A(pH , p∗

p)
∫ 2π

0

d%RP

2π

× sin(φ∗
p − %RP)[1 + αHPH (pH ; %RP)

× sin θ∗
p sin(φ∗

p − %RP)]. (5)

Here pH is the hyperon three-momentum, and A(pH , p∗
p) is a

function to account for detector acceptance. The integral of this
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FIG. 6. (Color online) Global polarization of !̄ hyperons as a
function of !̄ transverse momentum p!̄

t . Symbol keys are the same
as in Fig. 3. Only statistical uncertainties are shown.
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Figure 4: The average polarization PH (where H=L or L) from 20-50% central Au+Au collisions

is plotted as a function of collision energy. The results of the present study (
p

sNN < 40 GeV)

are shown together with those reported earlier6 for 62.4 and 200 GeV collisions, for which only

statistical errors are plotted. Boxes indicate systematic uncertainties.

(⇠ 3.5%).

The fluid vorticity may be estimated from the data using the hydrodynamic relation22

w = k

B

T

�
P L0 +P L0

�
/~, (3)

where T is the temperature of the fluid at the moment when particles are emitted from it. The

subscripts (L0 and L0) in equation 3 indicate that these polarizations are for “primary” hyperons

emitted directly from the fluid. However, most of the L and L hyperons at these collision ener-

9

STAR, Nature 548.62 (2017)

syst. uncert.

!T = (
1

2
r⇥ v/T )
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Initial angular momentum is largest at 
high energy 
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FIG. 4: Collision energy dependence of the components of po-
larization vector of ⇤, calculated in its rest frame, calculated
in the model for 20-50% central Au-Au collisions.

ized by Npart; in the bottom panel one can see the cor-
responding distribution of total angular momentum J .
We observe that the total angular momentum distribu-
tion has a maximum at certain range of Npart, and drops
to zero for the most central events (where the impact
parameter is zero) and most peripheral ones (where the
system becomes small). In contrast to that, the polariza-
tion shows a steadily increasing trend towards peripheral
collisions, where it starts to fluctuate largely from event
to event because of smallness of the fireball, a situation
where the initial state fluctuations start to dominate in
the hydrodynamic stage.

As it has been mentioned above, the parameters of the
model are taken to monotonically depend on collision en-
ergy in order to approach the experimental data for basic
hadronic observables. The question may arise whether
the collision energy dependence of P

J

is the result of an
interplay of collision energy dependencies of the param-
eters. We argue that it is not the case: in Fig. 7 one can
see how the p

T

integrated polarization component P

J

varies at two selected collision energies,
p
sNN = 7.7 and

62.4 GeV, when the granularity of the initial state con-
trolled by R?, R⌘

parameters, shear viscosity to entropy
ratio of the fluid medium ⌘/s and particlization energy
density ✏sw change. It turns out that a variation of R?
within ±40% changes P

J

by ±20%, and a variation of
R

⌘

by ±40% changes P
J

by ±25% at
p
sNN = 62.4 GeV

only. The variations of the remaining parameters a↵ect
P

J

much less. We thus conclude that the observed trend
in p

T

integrated polarization is robust with respect to
variations of parameters of the model.

FIG. 5: Total angular momentum of the fireball (left) and
total angular momentum scaled by total energy of the fire-
ball (right) as a function of collision energy, calculated in the
model for 20-50% central Au-Au collisions.

D. Discussion on the energy dependence

Now we have to understand the excitation function of
the p

T

integrated P

J

which is calculated in the model.
As it has been mentioned, P

J

at low momentum (which
contributes most to the p

T

integrated polarization) has
a dominant contribution proportional to $

xz

p0. It turns
out that the pattern and magnitude of $

xz

over the par-
ticlization hypersurface change with collision energy.
We demonstrate this in Fig. 8 for two selected colli-

sion energies. For this purpose we ran two single hy-
drodynamic calculations with averaged initial conditions
from 100 initial UrQMD simulations each. At

p
sNN =

62.4 GeV, because of baryon transparency e↵ect, the x, z
components of beta vector at midrapidity are small and
do not have a regular pattern, therefore the distribution
of $

xz

in the hydrodynamic cells close to particlization
energy density includes both positive and negative parts,

Karpenko and Becattini, EPJC(2017)77:213

syst. uncert.

STAR, Nature 548.62 (2017)
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Why larger signal in lower energy? 

Initial angular momentum is largest at 
high energy 

At higher collision energies, 

Smaller shear flow structure at mid-η 
due to baryon transparency
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Karpenko and Becattini, EPJC(2017)77:213
8 Iu. Karpenko, F. Becattini: Study of ⇤ polarization in relativistic nuclear collisions at

p
sNN = 7.7–200 GeV

Fig. 8. Initial energy density profiles for hydrodynamic stage with arrows depicting initial four-temperature field superimposed
(left column) and $

xz

over space-time rapidity |y| < 0.3 slice of particlization surface, projected onto time axis (right column).
The hydrodynamic evolutions start from averaged initial state corresponding to 20-50% central Au-Au collisions at

p
sNN = 7.7

(top row) and 62.4 GeV (bottom row).

can be shown that a simple linear rule applies [26] that is:

S

⇤
D

= CS

⇤
X

(14)

where D is the daughter particle, X the parent and C

a coe�cient whose expression may or may not depend
on the dynamical decay amplitudes. If the coe�cient C

does not depend on the dynamical decay amplitudes, it
takes on rational values depending on Clebsch-Gordan co-
e�cients, the initial values of spin and parity [26]. The
values which are relevant for our calculation in various
strong/electromagnetic decays with a ⇤ or a ⌃ hyperon
in the final state are reported in table 2; for the full deriva-
tion of the C coe�cients see ref. [26].

A large fraction of secondary ⇤’s comes from the strong
⌃(1385) ! ⇤⇡ and the electromagnetic ⌃

0 ! ⇤� decays
2. We found that - in our code - the fractions of primary ⇤,
⇤’s from ⌃

⇤ decays and ⇤’s from decays of primary ⌃

0’s
are respectively 28%, 32% and 17%, with a negligible de-
pendence on the collision energy. This is very close to the

2 We denote ⌃(1385) below as ⌃⇤ for brevity.

fractions extracted from a recent analysis [28] within the
statistical hadronization model: 25%, 36% and 17%. The
remaining 23% of ⇤’s consists of multiple smaller contri-
butions from decays of heavier resonances, the largest of
which are ⇤(1405), ⇤(1520), ⇤(1600),⌃(1660) and⌃(1670).
Some of these resonances produce ⇤’s in cascade decays,
for example ⇤(1405) ! ⌃

0
⇡,⌃

0 ! ⇤�.
We start with the contribution from ⌃

⇤, which is a
J

⇡ = 3
/2

+ state. In this case the factor C in eq. (14) is
1/3 (see table 2) and, by using eq. (13) with S = 3/2, we
obtain that the mean spin vector of primary ⌃

⇤ is 5 times
the one of primary ⇤. Thus, the mean spin vector of ⇤
from ⌃

⇤ decay is:

S

⇤ =
1

3
S

⇤
⌃

⇤ =
5

3
S

⇤
⇤,prim

Similarly, for the ⌃

0, which is a 1
/2

+ state, the coe�cient
C is �1/3 (see table 2) and:

S

⇤ = �1

3
S

⇤
⌃

0 = �1

3
S

⇤
⇤,prim
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(top row) and 62.4 GeV (bottom row).
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⇤ is 5 times
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from ⌃
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0, which is a 1
/2
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See I. Karpenko’s talk!
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Figure 4: The average polarization PH (where H=L or L) from 20-50% central Au+Au collisions

is plotted as a function of collision energy. The results of the present study (
p

sNN < 40 GeV)

are shown together with those reported earlier6 for 62.4 and 200 GeV collisions, for which only

statistical errors are plotted. Boxes indicate systematic uncertainties.

(⇠ 3.5%).

The fluid vorticity may be estimated from the data using the hydrodynamic relation22

w = k

B

T

�
P L0 +P L0

�
/~, (3)

where T is the temperature of the fluid at the moment when particles are emitted from it. The

subscripts (L0 and L0) in equation 3 indicate that these polarizations are for “primary” hyperons

emitted directly from the fluid. However, most of the L and L hyperons at these collision ener-
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P⇤ ' 1

2

!

T
+

µ⇤B

T

P⇤̄ ' 1

2

!

T
� µ⇤B

T

For small thermal vorticity,

Becattini, Karpenko, Lisa, Upsal, and Voloshin 
PRC95.054902 (2017)

syst. uncert.

STAR, Nature 548.62 (2017)
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One needs to correct it before extracting physical parameters
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transfer coe�cient C was determined by the usual
quantum-mechanical angular momentum addition rules
and Clebsch-Gordan coe�cients, as the spin vector would
not change under a change of frame. Surprisingly, this
holds in the relativistic case provided that the coe�cient
C is independent of the dynamics, as it is shown in Ap-
pendix A. In this case, C is independent of Lorentz fac-
tors � or � of the daughter particles in the rest frame of
the parent, unlike naively expected. This feature makes
C a simple rational number in all cases where the conser-
vation laws fully constrain it. The polarization transfer
coe�cients C of several important baryons decaying to ⇤s
are reported in table (I) and their calculation described
in detail in Appendix A.

Taking the feed-down into account, the measured mean
⇤ spin vector along the angular momentum direction can
then be expressed as:

S

⇤,meas
⇤ =

X

R

⇥
f⇤RC⇤R � 1

3f⌃0RC⌃0R

⇤
S

⇤
R. (37)

This formula accounts for direct feed-down of a particle-
resonance R to a ⇤, as well as the two-step decay R !
⌃0 ! ⇤; these are the only significant feed-down paths
to a ⇤. In the eq.( 37), f⇤R (f⌃0R) is the fraction of

measured ⇤’s coming from R ! ⇤ (R ! ⌃0 ! ⇤).
The spin transfer to the ⇤ in the direct decay is denoted
C⇤R, while C⌃0R represents the spin transfer from R to
the daughter ⌃0. The explicit factor of � 1

3 is the spin
transfer coe�cient from the ⌃0 to the daughter ⇤ from
the decay ⌃0 ! ⇤+ �.

In terms of polarization (see eq. (14)):

Pmeas
⇤ = 2

X

R

⇥
f⇤RC⇤R � 1

3f⌃0RC⌃0R

⇤
SRPR (38)

where SR is the spin of the particle R. The sums in equa-
tions (37) and (38) are understood to include terms for
the contribution of primary ⇤s and ⌃0s. These equations
are readily extended to include additional multiple-step
decay chains that terminate in a ⇤ daughter, although
such contributions would be very small.

Therefore, in the limit of small polarization, the polar-
izations of measured (including primary as well as sec-
ondary) ⇤ and ⇤ are linearly related to the mean (co-
moving) thermal vorticity and magnetic field according
to eq. (31) or eq. (14), and these physical quantities may
be extracted from measurement as:

0

BB@

$c

Bc/T

1

CCA =

2

664

2
3

P
R

�
f⇤R C⇤R � 1

3f⌃0R C⌃0R

�
SR(SR + 1) 2

3

P
R

�
f⇤R C⇤R � 1

3f⌃0R C⌃0R

�
(SR + 1)µR

2
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P

R

�
f⇤R C⇤R � 1

3f⌃0
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⌃
0
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�
SR(SR + 1) 2

3
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R

�
f⇤R C⇤R � 1
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C

⌃
0
R

�
(SR + 1)µR

3

775

�10

BB@

Pmeas
⇤

Pmeas
⇤

1

CCA .

(39)

In the eq. (39), R stands for antibaryons that feed down
into measured ⇤s. The polarization transfer is the same
for baryons and antibaryons (C⇤R = C⇤R) and the mag-
netic moment has opposite sign (µR = �µR).

According to the THERMUS model [42], tuned to
reproduce semi-central Au+Au collisions at

p
sNN =

19.6 GeV, fewer than 25% of measured ⇤s and ⇤s are
primary, while more than 60% may be attributed to feed-
down from primary ⌃⇤, ⌃0 and ⌅ baryons.

The remaining ⇠ 15% come from small contribu-
tions from a large number higher-lying resonances such
as ⇤(1405),⇤(1520),⇤(1600),⌃(1660) and ⌃(1670). We
find that, for B = 0, their contributions to the measured
⇤ polarization largely cancel each other, due to alternat-
ing signs of the polarization transfer factors. Their net
e↵ect, then, is essentially a 15% “dilution,” contribut-
ing ⇤s to the measurement with no e↵ective polarization.
Since the magnetic moments of these baryons are unmea-
sured, it is not clear what their contribution to P⇤meas

would be when B 6= 0. However, it is reasonable to as-
sume it would be small, as the signs of both the transfer
coe�cients and the magnetic moments will fluctuate.

Accounting for feed-down is crucial for quantitative es-

timates of vorticity and magnetic field based on exper-
imental measurements of the global polarization of hy-
perons, as we illustrate with an example, using

p
sNN =

19.6 GeV THERMUS feed-down probabilities. Let us as-
sume that the thermal vorticity is $ = 0.1 and the mag-
netic field isB = 0. In this case, according to eq. (15), the
primary hyperon polarizations are P prim

⇤ = P prim

⇤
= 0.05.

However, the measured polarizations would be Pmeas
⇤ =

0.0395 and Pmeas
⇤

= 0.0383. The two measured values
di↵er because the finite baryochemical potential at these
energies leads to slightly di↵erent feed-down fractions for
baryons and anti-baryons.

Hence, failing to account for feed-down when using
equation 15 would lead to a ⇠ 20% underestimate of the
thermal vorticity. Even more importantly, if the splitting
between ⇤ and ⇤ polarizations were attributed entirely
to magnetic e↵ects (i.e. if one neglected to account for
feed-down e↵ects), equation (34) would yield an erro-
neous estimate B ⇡ �0.015m2

⇡. This erroneous estimate
has roughly the magnitude of the magnetic field expected
in heavy ion collisions, but points the in the “wrong” di-
rection, i.e. opposite the vorticity. In other words, in the
absence of feed-down e↵ects, a magnetic field is expected

Becattini, Karpenko, Lisa, Upsal, and Voloshin,  
PRC95.054902 (2017)

fΛR  : fraction of Λ originating from parent R 
CΛR : coefficient of spin transfer from parent R to Λ 
SR   : parent particle’s spin  
μR  : magnetic moment of particle R

~15% dilution of primary Λ polarization 
(model-dependent)
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Extracted Physical Parameters

• Significant vorticity signal

– Hints at falling with energy, 
despite increasing Jcollision

– 6σ average for 7.7-39GeV

–  

• Magnetic field

–

– positive value, 2σ average for 
7.7-39GeV

12

PΛprimary
= ω

2T
∼5 %

μN= nuclear magneton 

ROTATING QUARK-GLUON PLASMA IN RELATIVISTIC . . . PHYSICAL REVIEW C 94, 044910 (2016)

FIG. 11. Averaged vorticity ⟨ωy⟩ from the AMPT model as a
function of time at various impact parameter b for fixed beam energy√

sNN = 200 GeV. The solid curves are from a fitting formula (see
text for details).

averaged vorticity increases with decreasing beam energy, in
quite the opposite trend to the angular momentum. This may
be understood as follows: With increasing beam energy, the
fluid moment of inertia (pertinent to rotation) increases more
rapidly than the decrease of vorticity; thus, the total angular
momentum is still increasing. We have numerically checked
that this is indeed the case.

Finally, we present a parametrization of averaged vorticity
as a function of time, centrality, and beam energy, which
provides comprehensive and very good fit to the numerical
results of Au + Au collisions from AMPT. This is given by

⟨ωy⟩(t,b,
√

sNN ) = A(b,
√

sNN )

+B(b,
√

sNN )(0.58t)0.35e−0.58t , (8)

FIG. 12. Averaged vorticity ⟨ωy⟩ from the AMPT model as a
function of time at varied beam energy

√
sNN for fixed impact

parameter b = 7 fm. The solid curves are from a fitting formula
(see text for details).

FIG. 13. Averaged vorticity ⟨ωy⟩, with spatial rapidity span η ∈
(−1,1) and η ∈ (−4,4), respectively, from the AMPT model as a
function of time at

√
sNN = 200 GeV for fixed impact parameters

b = 7,9 fm.

with the two coefficients A and B given by

A = [e−0.016 b
√

sNN + 1] × tanh(0.28 b)

×[0.001 775 tanh(3 − 0.015
√

sNN ) + 0.0128],

B = [e−0.016 b
√

sNN + 1] × [0.023 88 b + 0.012 03]

×[1.751 − tanh(0.01
√

sNN )].

In the above relations,
√

sNN should be evaluated in the unit
of GeV, b in the unit of fm, t in the unit of fm/c, and ωy

in the unit of fm−1. The solid curves in Figs. 11 and 12 are
obtained from the above formula, in comparison with actual
AMPT results. As can be seen, the agreement is excellent and
we have checked that in all cases the relative error of the above
formula is, at most, a few percent. Such parametrization could
be conveniently used for future studies of various vorticity-
driven effects in QGP.

C. Study of uncertainties

In this last part, we investigate a number of uncertainties in
quantifying the averaged vorticity.

One uncertainty is related to the choice of volume in per-
forming the average. In the previous section we have chosen to
average over the spatial rapidity span of η ∈ (−4,4). However,
when it comes to certain specific vorticity-driven effects and
the pertinent final hadron observables, it is not 100% clear what
is precisely the relevant longitudinal volume. To get an idea
of this uncertainty, we have computed the ⟨ωy⟩ for different
choices of spatial rapidity span; see Fig. 13 for results from
η ∈ (−1,1) in comparison with those from η ∈ (−4,4), and see
Fig. 14 for results from η ∈ (−2,2) in comparison with those
from η ∈ (−4,4). As one can see from the comparison, at early
to not-so-late time, the results differ by about a factor of two
between η ∈ (−1,1) and η ∈ (−4,4), but differ by about 30%
percent or so between η ∈ (−2,2) and η ∈ (−4,4). At late time
the results with η ∈ (−4,4) are significantly larger than the
others. Clearly, the contributions to the averaged vorticity from

044910-7

Jiang et al., PRC94, 044910 (2016)

STAR Preliminary

syst. uncert.

~ = kB = 1
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Vorticity 
ω/T ~ 2-10% (                    ) 
ω~0.02-0.09 fm-1  

(when assuming T=160 MeV) 

Magnetic field 
Data are consistent with zero, but 
a possible direct probe of B-field 
Looking forward to BESⅡ
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Extracted Physical Parameters

• Significant vorticity signal

– Hints at falling with energy, 
despite increasing Jcollision

– 6σ average for 7.7-39GeV

–  

• Magnetic field

–

– positive value, 2σ average for 
7.7-39GeV

12

PΛprimary
= ω

2T
∼5 %

μN= nuclear magneton 

STAR Preliminary

~ = 1, kB = 1

syst. uncert.



BBaacckk  ttoo  Λ  ppoollaarriizzaattiioonn  rreessuullttss

Previous STAR results at 200 GeV 
were consistent with zero 
→Can we see the signal when using 
recent data with more statistics? 

2007 publication 

year 2004 data ~9M events 

Recent preliminary study 

year 2011 data ~350M events
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 (GeV)NNs
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 this studyΛ
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 PRC76 024915 (2007)Λ

 PRC76 024915 (2007)Λ

Figure 4: The average polarization PH (where H=L or L) from 20-50% central Au+Au collisions

is plotted as a function of collision energy. The results of the present study (
p

sNN < 40 GeV)

are shown together with those reported earlier6 for 62.4 and 200 GeV collisions, for which only

statistical errors are plotted. Boxes indicate systematic uncertainties.

(⇠ 3.5%).

The fluid vorticity may be estimated from the data using the hydrodynamic relation22

w = k

B

T

�
P L0 +P L0

�
/~, (3)

where T is the temperature of the fluid at the moment when particles are emitted from it. The

subscripts (L0 and L0) in equation 3 indicate that these polarizations are for “primary” hyperons

emitted directly from the fluid. However, most of the L and L hyperons at these collision ener-

9

syst. uncert.

STAR, Nature 548.62 (2017)
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 Λ  Λ
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 Λ  Λ

ΛvHLLE+UrQMD, 
primary primary+feed-down

ΛAMPT, 
primary primary+feed-down

Λ  gglloobbaall  ppoollaarriizzaattiioonn  vvss  √ssNNNN

Finite signal of PH  
at √sNN = 200 GeV  
 

PH ~0.18%±0.08±0.06  
no significant difference 
between Λ and  anti-Λ 
close to viscous-hydro
+UrQMD and AMPT 
predictions in all energies
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STAR Preliminary

vHLLE+UrQMD: Karpenko and Becattini, EPJC(2017)77:213 
AMPT: H. Li et al., arXiv:1704.01507

TN, QCD Chirality Workshop 2017



GGoo  ttoo  tthhee  LLHHCC  eenneerrggyy

ALICE preliminary results 
are consistent with zero, 
but it seems to follow the 
global trend 
Need more events!

T. Niida, Initial Stages 2017 17

vHLLE+UrQMD: Karpenko and Becattini, EPJC(2017)77:213 
AMPT: H. Li et al., arXiv:1704.01507 
ALICE prelim: M. Konyushikhin, QCD Chirality Workshop 2017
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ROTATING QUARK-GLUON PLASMA IN RELATIVISTIC . . . PHYSICAL REVIEW C 94, 044910 (2016)

FIG. 11. Averaged vorticity ⟨ωy⟩ from the AMPT model as a
function of time at various impact parameter b for fixed beam energy√

sNN = 200 GeV. The solid curves are from a fitting formula (see
text for details).

averaged vorticity increases with decreasing beam energy, in
quite the opposite trend to the angular momentum. This may
be understood as follows: With increasing beam energy, the
fluid moment of inertia (pertinent to rotation) increases more
rapidly than the decrease of vorticity; thus, the total angular
momentum is still increasing. We have numerically checked
that this is indeed the case.

Finally, we present a parametrization of averaged vorticity
as a function of time, centrality, and beam energy, which
provides comprehensive and very good fit to the numerical
results of Au + Au collisions from AMPT. This is given by

⟨ωy⟩(t,b,
√

sNN ) = A(b,
√

sNN )

+B(b,
√

sNN )(0.58t)0.35e−0.58t , (8)

FIG. 12. Averaged vorticity ⟨ωy⟩ from the AMPT model as a
function of time at varied beam energy

√
sNN for fixed impact

parameter b = 7 fm. The solid curves are from a fitting formula
(see text for details).

FIG. 13. Averaged vorticity ⟨ωy⟩, with spatial rapidity span η ∈
(−1,1) and η ∈ (−4,4), respectively, from the AMPT model as a
function of time at

√
sNN = 200 GeV for fixed impact parameters

b = 7,9 fm.

with the two coefficients A and B given by

A = [e−0.016 b
√

sNN + 1] × tanh(0.28 b)

×[0.001 775 tanh(3 − 0.015
√

sNN ) + 0.0128],

B = [e−0.016 b
√

sNN + 1] × [0.023 88 b + 0.012 03]

×[1.751 − tanh(0.01
√

sNN )].

In the above relations,
√

sNN should be evaluated in the unit
of GeV, b in the unit of fm, t in the unit of fm/c, and ωy

in the unit of fm−1. The solid curves in Figs. 11 and 12 are
obtained from the above formula, in comparison with actual
AMPT results. As can be seen, the agreement is excellent and
we have checked that in all cases the relative error of the above
formula is, at most, a few percent. Such parametrization could
be conveniently used for future studies of various vorticity-
driven effects in QGP.

C. Study of uncertainties

In this last part, we investigate a number of uncertainties in
quantifying the averaged vorticity.

One uncertainty is related to the choice of volume in per-
forming the average. In the previous section we have chosen to
average over the spatial rapidity span of η ∈ (−4,4). However,
when it comes to certain specific vorticity-driven effects and
the pertinent final hadron observables, it is not 100% clear what
is precisely the relevant longitudinal volume. To get an idea
of this uncertainty, we have computed the ⟨ωy⟩ for different
choices of spatial rapidity span; see Fig. 13 for results from
η ∈ (−1,1) in comparison with those from η ∈ (−4,4), and see
Fig. 14 for results from η ∈ (−2,2) in comparison with those
from η ∈ (−4,4). As one can see from the comparison, at early
to not-so-late time, the results differ by about a factor of two
between η ∈ (−1,1) and η ∈ (−4,4), but differ by about 30%
percent or so between η ∈ (−2,2) and η ∈ (−4,4). At late time
the results with η ∈ (−4,4) are significantly larger than the
others. Clearly, the contributions to the averaged vorticity from

044910-7

CCeennttrraalliittyy  ddeeppeennddeennccee

Slight increase in peripheral events for anti-Λ? 

Not enough statistics for now (year2011 data), but 
recent data (year2014-2016) will allow to make it clear.
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TN, QCD Chirality Workshop 2017

peripheral

central

Jiang et al., PRC94, 044910 (2016)



ppTT  ddeeppeennddeennccee

No significant pT dependence was observed within current 
uncertainties
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η  ddeeppeennddeennccee

No significant η dependence (as expected) within uncertainties 

Lower energies or LHC energy with wider η acceptance 
(CMS&ATLAS) would be more interesting to see
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8 Iu. Karpenko, F. Becattini: Study of ⇤ polarization in relativistic nuclear collisions at
p
sNN = 7.7–200 GeV

Fig. 8. Initial energy density profiles for hydrodynamic stage with arrows depicting initial four-temperature field superimposed
(left column) and $

xz

over space-time rapidity |y| < 0.3 slice of particlization surface, projected onto time axis (right column).
The hydrodynamic evolutions start from averaged initial state corresponding to 20-50% central Au-Au collisions at

p
sNN = 7.7

(top row) and 62.4 GeV (bottom row).

can be shown that a simple linear rule applies [26] that is:

S

⇤
D

= CS

⇤
X

(14)

where D is the daughter particle, X the parent and C

a coe�cient whose expression may or may not depend
on the dynamical decay amplitudes. If the coe�cient C

does not depend on the dynamical decay amplitudes, it
takes on rational values depending on Clebsch-Gordan co-
e�cients, the initial values of spin and parity [26]. The
values which are relevant for our calculation in various
strong/electromagnetic decays with a ⇤ or a ⌃ hyperon
in the final state are reported in table 2; for the full deriva-
tion of the C coe�cients see ref. [26].

A large fraction of secondary ⇤’s comes from the strong
⌃(1385) ! ⇤⇡ and the electromagnetic ⌃

0 ! ⇤� decays
2. We found that - in our code - the fractions of primary ⇤,
⇤’s from ⌃

⇤ decays and ⇤’s from decays of primary ⌃

0’s
are respectively 28%, 32% and 17%, with a negligible de-
pendence on the collision energy. This is very close to the

2 We denote ⌃(1385) below as ⌃⇤ for brevity.

fractions extracted from a recent analysis [28] within the
statistical hadronization model: 25%, 36% and 17%. The
remaining 23% of ⇤’s consists of multiple smaller contri-
butions from decays of heavier resonances, the largest of
which are ⇤(1405), ⇤(1520), ⇤(1600),⌃(1660) and⌃(1670).
Some of these resonances produce ⇤’s in cascade decays,
for example ⇤(1405) ! ⌃

0
⇡,⌃

0 ! ⇤�.
We start with the contribution from ⌃

⇤, which is a
J

⇡ = 3
/2

+ state. In this case the factor C in eq. (14) is
1/3 (see table 2) and, by using eq. (13) with S = 3/2, we
obtain that the mean spin vector of primary ⌃

⇤ is 5 times
the one of primary ⇤. Thus, the mean spin vector of ⇤
from ⌃

⇤ decay is:

S

⇤ =
1

3
S

⇤
⌃

⇤ =
5

3
S

⇤
⇤,prim

Similarly, for the ⌃

0, which is a 1
/2

+ state, the coe�cient
C is �1/3 (see table 2) and:

S

⇤ = �1

3
S

⇤
⌃

0 = �1

3
S

⇤
⇤,prim

62.4 GeV

|η|<1



AAzziimmuutthhaall  aannggllee  ddeeppeennddeennccee

Larger signal in in-plane direction 

Opposite trend to hydrodynamical calculations?
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Azimuthal angle dependence 

2017/7/14 Biao Tu@SQM2017,10-15 July, Utrecht University 9 

¾ No significant signal for off-peak Λ candidates (red points). 
¾ 𝑃𝐻 shows a similar azimuthal dependence for Λ and Λ . 
¾ The significance of Δ𝑃𝐻, for Λ and Λ  conbined,  between [0,𝜋

8
] and [3𝜋

8
,𝜋
2
] is 

4.7𝜎. 
¾ Consistent with the picture of maximum vorticity in the equator. 

Note : Smearing of the observed EP (Ψ𝑜𝑏𝑠) is not corrected yet in 𝜙 −Ψ𝑜𝑏𝑠  

B. Tu, sQM2017

* EP resolution correction (on x-axis) is not applied here

PHYSICAL REVIEW C 93, 069901(E) (2016)

Erratum: ! polarization in peripheral heavy ion collisions [Phys. Rev. C 88, 034905 (2013)]

F. Becattini, L. P. Csernai, D. J. Wang, and Y. L. Xie
(Received 2 December 2015; revised manuscript received 13 May 2016; published 6 June 2016)

DOI: 10.1103/PhysRevC.93.069901

In Sec. II, in the un-numbered equation after Eq. (4), we reported the angular distribution of the proton momentum dN/d!∗ as
a function of the polarization vector "0. In our convention, which follows that of Ref. [10], this vector has a maximal magnitude
of 1/2, i.e., the " spin, whereas the usual convention in particle physics has as maximal magnitude 1, i.e., 100% polarization.
Therefore, the correct formula for the angular distribution with α = 0.647 reads

1
N

dN

d!∗ = 1
4π

(1 + 2α"0 · p̂∗).

In Sec. II, below Eq. (3), we erroneously stated that because of parity symmetry, the integral term on the right-hand side
of Eq. (3) involving the time derivative of β and the gradient of β0 vanishes. In fact, because of the noninvariance of the β
four-vector under reflection (β0,β) → (β0, − β), the Fermi-Dirac distribution gets changed

nF = 1
eβ0ε−β·p+µ/T + 1

→ 1
eβ0ε+β·p+µ/T + 1

,

and the second term on the right-hand side of Eq. (3) does contribute to the polarization vector. This additional term vanishes in
the nonrelativistic limit of the flow ∥β∥ ≪ β0 and of the particle as well (∥p∥ ≪ ε).

Under the conditions explored in the paper and according to our calculations, initially the relative contribution of the neglected
term to '0y in Eq. (3) is small and positive. However, for later times, it increases, and at 4.75 fm/c—the time chosen for the
stopping of the hydrodynamical regime—it overcomes the first term at high |px | and small |py |. As a consequence, the overall
pattern of the pT dependence of '0y(px,py) changes considerably with respect to our previous calculation with a maximal
positive (i.e., opposite to the angular momentum, see Fig. 1 in the paper) polarization of 8% at high |px | and small |py | and a
minimum at −6% (negative, i.e., along the angular momentum) at high |py | and small |px | momenta, whereas the momentum
average of '0y remains negative, see the figure below.

Note that, in the corrected Fig. 3 below, we have plotted the polarization normalized to 1, that is, 2' with ' as in Eqs. (1),
(3), and (4).
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FIG. 3. Replacement for Fig. 3. The y component (left panel) and the modulus of the polarization (right panel) in the rest frame of the "

as a function of momentum in the transverse plane (i.e., at pz = 0).
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= -PH

Becattini et al., PRC88.034905 (2013)



Λ  ppoollaarriizzaattiioonn  vvss  cchhaarrggee  aassyymmmmeettrryy??

Λ polarization may be related to the axial current J5 induced  
by B-filed (Chiral Separation Effect), S. Shlichting and S. Voloshin, in preparation 

Use (kaon) charge asymmetry instead of μv

T. Niida, Initial Stages 2017 23

6 D.E. Kharzeev et al. / Progress in Particle and Nuclear Physics 88 (2016) 1–28

Fig. 2. (Color online) Illustration of the chiral separation effect. To be specific, the illustration is for just one kind of right-handed (RH) quarks (with Q > 0)
and their antiquarks (with Q < 0) and for the case of µ > 0 (i.e. more quarks than antiquarks). For left-handed (LH) quarks (and anti-quarks) the LH
quarks’ current is generated in the opposite direction but their contribution to the axial current EJ5 would be the same as that of RH quarks. For µ < 0 the
current will flip direction.

assume a CME-induced electric current (Qe)EJ = (Qe)�5EB. To probe the existence of such a current we turn on an arbitrarily
small auxiliary electric field E

E k E
B and examine the energy changing rate of the system. The straightforward electrodynamic

way of computation ‘‘counts’’ the work per unit time (i.e. power) done by such an electric field P = R
E
x

E
J · EE = R

E
x

[(Qe)�5]EE · EB.
Alternatively for this systemof chiral fermions, the (electromagnetic) chiral anomaly suggests the generation of axial charges
at the rate dQ5/dt = R

E
x

CAEE · E
B with CA = (Qe)2/(2⇡2) the universal anomaly coefficient. Now a nonzero axial chemical

potential µ5 6= 0 implies an energy cost for creating each unit of axial charge, thus the energy changing rate via anomaly
counting would give the power P = µ5(dQ5/dt) = R

E
x

[CAµ5]EE · E
B. These reasonings therefore lead to the following

identification:
Z

E
x

[(Qe)�5]EE · E
B =

Z

E
x

[CAµ5]EE · E
B (8)

for any auxiliary E
E field. Thus the �5 must take the universal value CAµ5

Qe = Qe
2⇡2 µ5 that is completely fixed by the chiral

anomaly.
The transport phenomenon in Eq. (4) bears a distinctive feature that is intrinsically different from Eq. (7). The chiral

magnetic conductivity �5 is a T -even transport coefficient while the usual conductivity � is T -odd [26]. That is, the CME
current can be generated as an equilibrium current without producing entropy, while the usual conducting current is
necessarily dissipative.

2.2. The chiral separation effect

By reminding ourselves of the axial counterpart in Eq. (5) of the vector current, which we have discussed so far, it may be
natural to ask: could axial current also be generated under certain circumstances in response to external probe fields? The
answer is positive. A complementary transport phenomenon to the CME has been found and named the Chiral Separation
Effect (CSE) [61,62]:

E
J5 = �sEB. (9)

It states that an axial current is generated along an external E
B field, with its magnitude in proportion to the system’s

(nonzero) vector chemical potential µ as well as the field magnitude. The coefficient (which may be called the CSE
conductivity) is given by �s = Qe

2⇡2 µ.
Intuitively the CSE may be understood in the following way, as illustrated in Fig. 2. The magnetic field leads to a spin

polarization (i.e. ‘‘magnetization’’) effect, with hEsi / (Qe)EB. This effect implies that the positively charged quarks have their
spins preferably aligned along the E

B field direction, while the negatively charged anti-quarks have their spins oppositely
aligned. NowRHquarks and antiquarks (with Ep k Es)will have opposite averagemomentum hEpi / hEsi / (Qe)EB, i.e. withmore
RH quarks/antiquarks moving in the direction parallel/antiparallel to E

B. Furthermore with nonzero µ 6= 0 (e.g. considering
µ > 0) there would then be a net current of RH quarks/antiquarksEJR / hEpi(nQ � nQ̄ ) / (Qe)µE

B. The LH quarks/antiquarks
would form an opposite current EJL / �(Qe)µE

B but contribute the same as the RH quarks/antiquarks to form together an
axial current along the magnetic field: EJ5 / (Qe)µE

B.
It is instructive to recast (4) and (9) in terms of the RH and LH currents EJR/L, as follows:

E
JR/L = E

J ± E
J5

2
= ±�R/LEB (10)

with �R/L = Qe
4⇡2 µR/L. The above has the simple interoperation as the CME separately for the purely right-handed and purely

left-handedWeyl fermions: note the sign difference in the RH/LH cases. It reveals that the CME and the CSE are two sides of

J5 / µvB

RH#
#
LH�

p� spin�B*field�

µv/T / hN+ �N�i
hN+ +N�i

µv/T / hNK+ �NK�i
hNK+ +NK�i

Ach�

PH�
Λ?�
<PH>�

or
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No clear trend within current uncertainties. 
Need more events… 
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Fig. 1. Magnetic field for static medium with Ohmic conductivity, σOhm.

The decay of the conductivity owing to expansion of the medium can only decrease the life-
time of the magnetic field and thus will not be considered here. Our simulations are done for
Au–Au collisions at energy

√
s = 200 GeV and fixed impact parameter b = 6 fm. In Fig. 1 we

show time evolution of the magnetic field in the origin x⃗ = 0 as a function of the electric con-
ductivity σOhm. The results show that the lifetime of the strong magnetic field (eB > m2

π ) is not
affected by the conductivity, if one uses realistic values obtained in Ref. [5].

4. Energy dependence

In the previous section, we established that for realistic values of the conductivities the elec-
tromagnetic fields in heavy-ion collisions are almost unmodified by the presence of the medium.
Thus one can safely use the magnetic field generated by the original protons only. This magnetic
field can be approximated as follows

eB(t, x⃗ = 0) = 1
γ

cZ

t2 + (2R/γ )2 , (18)

where Z is the number of protons, R is the radius of the nuclei, γ is the Lorentz factor and, finally,
c is some non-important numerical coefficient. We are interested on the effect of the magnetic
field on the matter, otherwise the magnetic field does not contribute to photon production. Thus
we need to compute the magnetic field at the time tm, characterizing matter formation time.
On the basis of a very general argument, one would expect that tm = aQ−1

s . Here we assumed
that the Color Glass Condensate (CGC) provides an appropriate description of the early stage
of heavy ion collisions, namely Qs ≪ ΛQCD; in the CGC framework, owing to the presence of
only one dimensional scale, the matter formation time is inversely proportional to the saturation
scale. We also note that if the formation time for a particle is much less than this, the magnetic
field has a correspondingly larger effect, as the magnetic field is biggest at early times. The
phenomenological constraints from photon azimuthal anisotropy at the top RHIC energy demand
tm ≈ 2R/γRHIC, i.e. a = 2RQRHIC

s /γRHIC. Using this relation, we can estimate the magnitude of
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Fig. 8 Directed flow of pions at η/s = 0.1 and ηm = 2.0 compared
with STAR data [22]

comparison between data and calculations have been delib-
erately neglected in this work. However, since our aim was
to obtain a somewhat realistic evaluation of the vorticities,
we have chosen the value of ηm for which we obtain the best
agreement between our calculated pion v1(y) and the mea-
sured for charged particles in the central rapidity region. For
the fixed value η/s = 0.1 (approximately twice the conjec-
tured universal lower bound) the corresponding best value of
ηm turns out to be 2.0 (see Fig. 8).

It is worth discussing more in detail an interesting rela-
tionship between the value of the parameter ηm and that of
a conserved physical quantity, the angular momentum of the
plasma, which, for BIC is given by the integral (see Appendix
A for the derivation):

J y = −τ0

∫
dx dy dη x ε(x, y, η) sinh η. (32)

Since ηm controls the asymmetry of the energy density dis-
tribution in the η − x plane, one expects that Jy will vary
as a function of ηm . Indeed, if the energy density profile is
symmetric in η, the integral in Eq. (32) vanishes. Yet, for any
finite ηm ̸= 0, the profile (20) is not symmetric and Jy ̸= 0
(looking at the definition of f+ and f− it can be realized that
only in the limit ηm → ∞ the energy density profile becomes
symmetric). The dependence of the angular momentum on
ηm with all the initial parameters kept fixed is shown in Fig. 9.
For the value ηm = 2.0 it turns out to be around 3.18 × 103

in h̄ units.
It is also interesting to estimate an upper bound on the

angular momentum of the plasma by evaluating the angular
momentum of the overlap region of the two colliding nuclei.
This can be done by trying to extend the simple formula
for two sharp spheres. In our conventional reference frame,
the initial angular momentum of the nuclear overlap region
is directed along the y axis with negative value and can be
written as
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J y =
∫

dx dy w(x, y)(T+ − T−)x
√
sNN

2
(33)

where T± are the thickness functions like in Eq. (18) and

w(x, y) = min(n(x + b/2, y, 0), n(x − b/2, y, 0))
max(n(x + b/2, y, 0), n(x − b/2, y, 0))

is the function which extends the simple product of two θ

functions used for the overlap of two sharp spheres. Note
that the ω̃(x, y) is 1 for full overlap (b = 0) and implies a
vanishing angular momentum for very large b (see Fig. 10)
(see also Ref. [33]).

At b = 11.57 fm the above angular momentum is about
3.58 × 103 in h̄ units. This means that, with the current
parametrization of the initial conditions, for that impact
parameter about 89 % of the angular momentum is retained
by the hydrodynamical plasma, while the rest is possibly
taken away by the corona particles.

With the final set of parameters, we have calculated the
thermal vorticity ϖ . As has been mentioned in Sect. 2, this
vorticity is adimensional in cartesian coordinates) and it is
constant at global thermodynamical equilibrium [17], e.g.

123

Becattini et al., Eur. Phys. J. C (2015) 75: 406

Directed flow, elliptic flow
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188 L. McLerran, V. Skokov / Nuclear Physics A 929 (2014) 184–190

Fig. 1. Magnetic field for static medium with Ohmic conductivity, σOhm.

The decay of the conductivity owing to expansion of the medium can only decrease the life-
time of the magnetic field and thus will not be considered here. Our simulations are done for
Au–Au collisions at energy

√
s = 200 GeV and fixed impact parameter b = 6 fm. In Fig. 1 we

show time evolution of the magnetic field in the origin x⃗ = 0 as a function of the electric con-
ductivity σOhm. The results show that the lifetime of the strong magnetic field (eB > m2

π ) is not
affected by the conductivity, if one uses realistic values obtained in Ref. [5].

4. Energy dependence

In the previous section, we established that for realistic values of the conductivities the elec-
tromagnetic fields in heavy-ion collisions are almost unmodified by the presence of the medium.
Thus one can safely use the magnetic field generated by the original protons only. This magnetic
field can be approximated as follows

eB(t, x⃗ = 0) = 1
γ

cZ

t2 + (2R/γ )2 , (18)

where Z is the number of protons, R is the radius of the nuclei, γ is the Lorentz factor and, finally,
c is some non-important numerical coefficient. We are interested on the effect of the magnetic
field on the matter, otherwise the magnetic field does not contribute to photon production. Thus
we need to compute the magnetic field at the time tm, characterizing matter formation time.
On the basis of a very general argument, one would expect that tm = aQ−1

s . Here we assumed
that the Color Glass Condensate (CGC) provides an appropriate description of the early stage
of heavy ion collisions, namely Qs ≪ ΛQCD; in the CGC framework, owing to the presence of
only one dimensional scale, the matter formation time is inversely proportional to the saturation
scale. We also note that if the formation time for a particle is much less than this, the magnetic
field has a correspondingly larger effect, as the magnetic field is biggest at early times. The
phenomenological constraints from photon azimuthal anisotropy at the top RHIC energy demand
tm ≈ 2R/γRHIC, i.e. a = 2RQRHIC

s /γRHIC. Using this relation, we can estimate the magnitude of
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Fig. 8 Directed flow of pions at η/s = 0.1 and ηm = 2.0 compared
with STAR data [22]

comparison between data and calculations have been delib-
erately neglected in this work. However, since our aim was
to obtain a somewhat realistic evaluation of the vorticities,
we have chosen the value of ηm for which we obtain the best
agreement between our calculated pion v1(y) and the mea-
sured for charged particles in the central rapidity region. For
the fixed value η/s = 0.1 (approximately twice the conjec-
tured universal lower bound) the corresponding best value of
ηm turns out to be 2.0 (see Fig. 8).

It is worth discussing more in detail an interesting rela-
tionship between the value of the parameter ηm and that of
a conserved physical quantity, the angular momentum of the
plasma, which, for BIC is given by the integral (see Appendix
A for the derivation):

J y = −τ0

∫
dx dy dη x ε(x, y, η) sinh η. (32)

Since ηm controls the asymmetry of the energy density dis-
tribution in the η − x plane, one expects that Jy will vary
as a function of ηm . Indeed, if the energy density profile is
symmetric in η, the integral in Eq. (32) vanishes. Yet, for any
finite ηm ̸= 0, the profile (20) is not symmetric and Jy ̸= 0
(looking at the definition of f+ and f− it can be realized that
only in the limit ηm → ∞ the energy density profile becomes
symmetric). The dependence of the angular momentum on
ηm with all the initial parameters kept fixed is shown in Fig. 9.
For the value ηm = 2.0 it turns out to be around 3.18 × 103

in h̄ units.
It is also interesting to estimate an upper bound on the

angular momentum of the plasma by evaluating the angular
momentum of the overlap region of the two colliding nuclei.
This can be done by trying to extend the simple formula
for two sharp spheres. In our conventional reference frame,
the initial angular momentum of the nuclear overlap region
is directed along the y axis with negative value and can be
written as
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of the two colliding nuclei (solid line) and total angular momentum of
the plasma according to the parametrization of the initial conditions
(dashed line), as a function of the impact parameter

J y =
∫

dx dy w(x, y)(T+ − T−)x
√
sNN

2
(33)

where T± are the thickness functions like in Eq. (18) and

w(x, y) = min(n(x + b/2, y, 0), n(x − b/2, y, 0))
max(n(x + b/2, y, 0), n(x − b/2, y, 0))

is the function which extends the simple product of two θ

functions used for the overlap of two sharp spheres. Note
that the ω̃(x, y) is 1 for full overlap (b = 0) and implies a
vanishing angular momentum for very large b (see Fig. 10)
(see also Ref. [33]).

At b = 11.57 fm the above angular momentum is about
3.58 × 103 in h̄ units. This means that, with the current
parametrization of the initial conditions, for that impact
parameter about 89 % of the angular momentum is retained
by the hydrodynamical plasma, while the rest is possibly
taken away by the corona particles.

With the final set of parameters, we have calculated the
thermal vorticity ϖ . As has been mentioned in Sect. 2, this
vorticity is adimensional in cartesian coordinates) and it is
constant at global thermodynamical equilibrium [17], e.g.
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terized by a significant positive tilt – opposite the average
tilt in momentum space. A full correlation function ana-
lysis of the RQMD events [13] yields qualitatively similar
results as those shown in Fig. 2.
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FIG. 3. RQMD simulation of pions from 2 AGeV Au+Au
collisions at b=3-7 fm. The top panel shows a weak px−pz

“anti-flow” correlation. In the bottom panel, contours of the
spatial distribution of emission points projected onto the reac-
tion plane show a strong tilt in the opposite direction from the
tilt in momentum space. Superimposed arrows represent the
average pion momentum at different values of z. Note that
the momentum scale in z-direction is compressed for clarity.

This bears directly on the physical causes of directed
pion flow at these energies. Detailed transport model
studies [18] have shown that pion reflection from (not
absorption by) the nucleonic matter is at the root of
directed pion flow at these energies. Focussing on the
forward hemisphere, if absorption processes (πNN →
∆N → NN) were dominant in producing pion flow, we
would expect an absence of π emission points in the +x
quadrant, i.e. a negative tilt in coordinate space and in
momentum space. Since it is the point of last scattering
(as opposed to the original point of creation) which is rel-
evant for HBT correlations [3], it is clear that reflection
(πN → ∆ → πN) from flowing participant or spectator
baryons leads to a positive tilt in coordinate space as seen
in Fig. 3: the reflected pions “illuminate” the coordinate-
space anisotropies of the nucleonic matter. In this simple
picture, then, the sign of θs immediately distinguishes
between these two possibilities.

The arrows in Fig. 3 represent the average momenta
of pions for different values of z. The resulting structure
further underscores the importance of pion rescattering:
Clearly, the more numerous pions from the high-density

region around z = 0 dominate, generating the anti-flow
signal seen in experiment. However, pions from the more
dilute large-|z| region have less opportunity for rescatter-
ing and so retain the positive px−pz correlation of their
(flowing) parent ∆’s. Similar considerations generate a
sign change in the pion flow as the impact parameter is
varied in transport models [18].

In summary, for non-central collisions all ten compo-
nents of the spatial correlation tensor Sµν are accessible
by Φ-dependent HBT measurements. Based on symme-
try and scale considerations we argue that for low K⊥

the explicit Φ-dependence of Eqs. (3) dominates. Con-
sistency relations allow to check whether this is true in
practice. The spatial correlation tensor Sµν can then be
extracted completely from a global fit to the six Φ-de-
pendent HBT radii. At midrapidity, the five nonvanish-
ing components of Sµν correspond to the four spacetime
lengths of homogeneity and a tilt of the source in the
reaction plane, away from the beam direction. This tilt,
which may be quite large at AGS energies, causes strik-
ing and relatively easily measurable first-order harmonic
oscillations in Rol and Rsl and can give a direct experi-
mental handle on the origin of pion flow at these energies.

The work of M.A.L. is supported by NSF Grant PHY-
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Fig. 1. Magnetic field for static medium with Ohmic conductivity, σOhm.

The decay of the conductivity owing to expansion of the medium can only decrease the life-
time of the magnetic field and thus will not be considered here. Our simulations are done for
Au–Au collisions at energy

√
s = 200 GeV and fixed impact parameter b = 6 fm. In Fig. 1 we

show time evolution of the magnetic field in the origin x⃗ = 0 as a function of the electric con-
ductivity σOhm. The results show that the lifetime of the strong magnetic field (eB > m2

π ) is not
affected by the conductivity, if one uses realistic values obtained in Ref. [5].

4. Energy dependence

In the previous section, we established that for realistic values of the conductivities the elec-
tromagnetic fields in heavy-ion collisions are almost unmodified by the presence of the medium.
Thus one can safely use the magnetic field generated by the original protons only. This magnetic
field can be approximated as follows

eB(t, x⃗ = 0) = 1
γ

cZ

t2 + (2R/γ )2 , (18)

where Z is the number of protons, R is the radius of the nuclei, γ is the Lorentz factor and, finally,
c is some non-important numerical coefficient. We are interested on the effect of the magnetic
field on the matter, otherwise the magnetic field does not contribute to photon production. Thus
we need to compute the magnetic field at the time tm, characterizing matter formation time.
On the basis of a very general argument, one would expect that tm = aQ−1

s . Here we assumed
that the Color Glass Condensate (CGC) provides an appropriate description of the early stage
of heavy ion collisions, namely Qs ≪ ΛQCD; in the CGC framework, owing to the presence of
only one dimensional scale, the matter formation time is inversely proportional to the saturation
scale. We also note that if the formation time for a particle is much less than this, the magnetic
field has a correspondingly larger effect, as the magnetic field is biggest at early times. The
phenomenological constraints from photon azimuthal anisotropy at the top RHIC energy demand
tm ≈ 2R/γRHIC, i.e. a = 2RQRHIC

s /γRHIC. Using this relation, we can estimate the magnitude of

McLerran and Skokov, 
Nucl. Phys. A929, 184 (2014) 
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initial stages due to the charge difference of the collid-87

ing nuclei, also offer a unique opportunity to study the88

electric conductivity of the created matter and provide89

access to the time development of quark and antiquark90

production [6–9].91

In symmetric collisions, such as Au+Au, the directed92

flow measured relative to the reaction plane is an odd93

function of rapidity. It has a characteristic “∼”-shape,94

crossing zero three times, with negative slope at midra-95

pidity [10, 11]. The origin of such a “wiggle” depen-96

dence is not totally clear [12]; in hydrodynamic mod-97

els it is often described assuming the so-called “tilted”98

source initial conditions as shown in Fig. 1(a), with pa-99

rameters of the tilt obtained from the fit to the data.100

In a pure tilted source scenario, v1(pT ) is a monotonic101

function of pT (under very general assumptions) and102

⟨px⟩(η) ≡ ⟨pT v1(pT , η)⟩ rapidity dependence is similar103

to that of v1(η). Away from midrapidity, even in sym-104

metric collisions, the initial density distribution becomes105

asymmetric. This leads to an additional contribution to106

anisotropic flow due to the difference in density gradients107

in different directions (in the transverse plane) [11]. The108

first harmonic term contributes to directed flow. It is of-109

ten (and below in this paper) called dipole flow. Accord-110

ing to calculations, the sign of dipole flow contribution111

is similar to that of “tilted source”. The significant dif-112

ference between the two is that the contribution to ⟨px⟩113

from dipole flow is zero. This leads to a characteristic114

vdipole1 (pT ) shape which crosses zero at pT ∼ ⟨pT ⟩.115

The fluctuations in the initial density distribution, in116

particular those leading to a dipole asymmetry in the117

transverse plane, lead to non-zero directed flow even at118

midrapidity [13]. The direction (azimuthal angle) of the119

initial dipole asymmetry, Ψdipole
1 , which determines the120

direction of flow, in a leading approximation can be given121

by Ψ1,3 = arctan(⟨r3 sinφ⟩/⟨r3 cosφ⟩) + π [13] where r122

and φ are the polar coordinates and the average is taken123

over the nuclei overlap region with weight being the en-124

ergy (or entropy) density. Ψ1,3 points in the direction of125

the largest density gradient. Higher pT particles tend to126

be emitted in this direction, while lower pT particles are127

emitted in the opposite direction to balance the momen-128

tum in the system. The sign of the average contribution,129

v1, is determined by the low pT particles. Very schemati-130

cally, the modification to v1(η for a particular fluctuation131

leading to positive dipole flow is shown in Fig. 1 (b).132

The fluctuations in the number of participating nucle-133

ons (quarks) in the projectile and target nuclei also lead134

to the change in rapidity of the “fireball” center-of-mass135

rapidity. This effect would lead to the “shift” of v1(η) in136

the “horizontal” direction, as schematically indicated in137

Fig. 1 (c). Finally, we note that the tilt itself can also138

fluctuate. The fluctuation part of dipole flow is expected139

to depend weakly on pseudorapidity; as it originates in140

fluctuations it might have finite range in pseudorapid-141

ity. Dipole flow is found to be less sensitive to η/s [14]142

than v2 and v3, therefore it provides more constraint on143

the geometry and fluctuations of the system in the initial144

state.145

In Pb+Pb and Au+Au collisions the initial dipole-like146

asymmetry in the density distribution at mid-rapidity147

is caused purely by the fluctuations, while Cu+Au col-148

lisions have an intrinsic density asymmetry due to the149

asymmetric size of colliding nuclei. In addition to the150

directed flow of the tilted source (Fig. 1(a)), one might151

expect the dipole flow by the asymmetric density gradi-152

ent (Fig. 1(b)) and the center-of-mass shift in asymmetric153

collisions (Fig. 1(c)). Therefore it is of great interest to154

study different components of directed flow in such col-155

lisions for further understanding of the role of gradients156

in the initial density distributions and its hydrodynamic157

response.158

rapidity�

v1�

spectator�

spectator�

rapidity�

v1�

low0pT00dipole0flow�

high0pT0dipole0flow�

rapidity�

v10(px)�

(a)08lted0source� (b)08lted0source00
000000+0asymmetric0density0gradient�

(c)08lted0source00
00000+0asymmetric0par8cipants�

FIG. 1. (Color online) Cartoon of a tilted source and relation
to the directed flow and additional effects from the asymmet-
ric density gradient and asymmetric collisions.

Experimentally, the directed flow is often studied with159

the first harmonic event plane determined by the spec-160

tator neutrons. By combining the measurements relative161

to the projectile, Ψp
SP, and target, Ψt

SP, spectator planes162

the ALICE collaboration reported the rapidity odd and163

even components of directed flow in Pb+Pb collisions at164

What to expect at the LHC energies?
Assumptions:

the slope of directed flow 0.5(vfi+

1

+ vfi≠
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hyperon polarization 0.5(P
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Initial source tilt (or shear flow)  
likely contributes v1 slope 

in addition to the density asymmetry

Similar energy dependence of dv1/dy and polarization!
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the Riemann problems at cell interfaces [30]. It is therefore
important to check whether the code is not introducing, for
a given resolution, numerical errors which are larger than
the effects induced by the physics. We refer to the global
numerical errors generically as numerical viscosity.

We have thus calculated the T -vorticity for different physi-
cal viscosities (in fact η/s ratios), in order to provide an upper
bound for the numerical viscosity of ECHO-QGP in the ideal
mode. The mean value of the T -vorticity is shown in Fig. 5
and its extrapolation to zero occurs when |η/s| ! 0.002
which is a very satisfactory value, comparable with the one
obtained in Ref. [4]. The good performance is due to the use
of high-order reconstruction methods that are able to com-
pensate for the highly diffusive two-wave Riemann solver
employed [3].

5 Directed flow, angular momentum, and thermal
vorticity

With the initial conditions reported at the end of Sect. 3
we have calculated the directed flow of pions (both charged

Fig. 5 Mean of the absolute values of "µν/T 2 components at
the freeze-out hypersurface as a function of η/s. Note that the
"xη,"yη,"τη have been multiplied by 1/τ . Upper panel log scale.
Lower panel magnification of the region around zero viscosity

states) at the freeze-out and compared it with the STAR data
for charged particles collected in the centrality interval 40–
80 % [22]. Directed flow is an important observable for sev-
eral reasons. Recently, it has been studied at lower energy [31]
with a hybrid fluid-transport model (see also Ref. [32]). At√
sNN = 200 GeV, it has been calculated with an ideal 3+ 1

D hydro code first by Bozek and Wyskiel [18]. Herein, we
extend the calculation to the viscous regime.

The amount of generated directed flow at the freeze-out
depends, of course, on the initial conditions, particularly on
the parameter ηm (see Sect. 3), as shown in Fig. 6. The
directed flow also depends on η/s as shown in Fig. 7 and
could then be used to measure the viscosity of the QCD
plasma along with other azimuthal anisotropy coefficients.
It should be pointed out that, apparently, the directed flow
can be reproduced by our hydrodynamical calculation only
for −3 < y < 3.

The dependence of v1(y) on ηm and η/s makes it possible
to adjust the ηm parameter for a given η/s value. This adjust-
ment cannot be properly called a precision fit because, as
we have mentioned in the Introduction, several effects in the

Fig. 6 Directed flow of pions for different values of ηm parameter with
η/s = 0.1 compared with STAR data [22]

Fig. 7 Directed flow of pions for different values of η/s with ηm = 2.0
compared with STAR data [22]
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Better description of v

In Fig. 2, pion and proton v1ðyÞ are plotted together with
five model calculations, namely, RQMD [12], UrQMD
[28], AMPT [29], QGSM with parton recombination
[30], and slopes from an ideal hydrodynamic calculation
with a tilted source [11]. The model calculations are per-
formed in the same pT acceptance and centrality as the
data. The RQMD and AMPT model calculations predict
the wrong sign and wrong magnitude of pion v1ðyÞ, re-
spectively, while the RQMD and the UrQMD model cal-
culations predict the wrong magnitude of proton v1ðyÞ. For
models other than QGSM, which has the calculation only
for pions, none of them can describe v1ðyÞ for pions and
protons simultaneously.

In Fig. 3, the slope ofv1ðyÞ atmidrapidity is presented as a
function of centrality for protons, antiprotons, and charged
pions. In general, themagnitude of thev1ðyÞ slope converges
to zero as expected for most central collisions. Proton and
antiproton v1ðyÞ slopes are more or less consistent in
30%–80%centrality rangebut diverge in5%–30%centrality.
In addition, two observations are noteworthy: (i) the hydro-
dynamic model with tilted source (which is a characteristic
of antiflow) as currently implemented does not predict the

difference in v1ðyÞ between particle species [31]; (ii) if the
difference between v1 of protons and antiprotons is caused
by antiflow alone, then such difference is expected to be
accompanied by strongly negative v1 slopes. In data, the
large difference between proton and antiproton v1 slopes is
seen in the 5%–30%centrality range,while strongly negative
v1 slopes are found for protons, antiprotons, and charged
pions in a different centrality range (30%–80%). Both ob-
servations suggest that additional mechanisms than that
assumed in [11,31] are needed to explain the centrality
dependence of the difference between the v1ðyÞ slopes of
protons and antiprotons.
The excitation function of proton v1ðy0Þ slope

F (¼ dv1=dy
0 at midrapidity) is presented in Fig. 4. Values

for F are extracted via a polynomial fit of the form Fy0 þ
Cy03, where y0 ¼ y=ybeam for which spectators are normal-
ized at %1. The proton v1ðy0Þ slope decreases rapidly with
increasing energy, reaching zero around

ffiffiffiffiffiffiffiffi
sNN

p ¼ 9 GeV. Its
sign changes to negative as shown by the data point atffiffiffiffiffiffiffiffi
sNN

p ¼ 17 GeV, measured by the NA49 experiment [15].
A similar trend has been observed at low energies with a
slightly different quantity dhpxi=dy0 [32,33]. The energy
dependence of the v1ðy0Þ slope for protons is driven by two
factors: (i) the increase in the number of produced protons
over transported protons with increasing energy, and (ii) the
v1 of both produced and transported protons at different
energies. The negative v1ðy0Þ slope for protons around
midrapidity at SPS energies cannot be explained by transport
model calculations like UrQMD [34] and AMPT [29], but
is predicted by hydrodynamics calculations [8,9]. The
present data indicate that the proton v1 slope remains close
to zero at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV as observed at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 9 GeV
and

ffiffiffiffiffiffiffiffi
sNN

p ¼ 17 GeV heavy ion collisions. Our measure-
ment offers a unique check of the validity of a tilted expan-
sion at RHIC top energy.
In summary, STAR’s measurements of directed flow of

pions, kaons, protons, and antiprotons for Auþ Au colli-
sions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV are presented. In the range of
10%–70% central collisions, v1ðyÞ slopes of pions, kaons
(K0

S), and antiprotons are found to be mostly negative at
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FIG. 2 (color). Model calculations of pion (left panel) and proton
(right panel) v1ðyÞ for 10%–70% Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼
200 GeV. TheQGSM*model presents the basic quark-gluon string
model with parton recombination [30]. The hydro* model presents
the hydrodynamic expansion from a tilted source [11].
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ηm determines the initial tilt 
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FIG. 1. (Color online) Contour plot of the initial pres-
sure p(η, x, y = 0) in the fireball for the shifted densities
(Eq. 8). Solid lines correspond to the pressure of 9, 3 and
1GeV/fm3 for Au-Au collisions (impact parameter b = 11fm)
and dashed lines to the pressure of 3 and 1GeV/fm3 for Cu-
Cu collisions (b = 7.6fm). The arrows represent the gradient
(−∂ηp/τ0,−∂xp) for Au-Au collisions in arbitrary units.
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FIG. 2. (Color online) Initial profile in the longitudinal
(space-time rapidity) direction. The symmetric function
f(η∥) is composed from two contributions f+ and f− rep-
resenting the emission from forward and backward going par-
ticipant nucleons.

with a plateau of width 2η0 = 2.0 and ση = 1.3.

A different type of initial conditions studied in this
work assumes a preferred emission from participating nu-
cleons in the same hemisphere. Instead of a symmetric
distribution of matter in space-time rapidity given by the
function f(η∥) in Eq. (3), we assume that the deposited
energy depends on the rapidity of the emitting participat-
ing nucleon. Such a distribution depending on the rapid-
ity difference between the emitting charge and the emit-
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FIG. 3. (Color online) Same as in Fig. 1 but for tilted initial
conditions (Eq. 13).

ted gluon is assumed in some phenomenological models
[19]. However, there is no direct measurement of the con-
tribution to soft particle production from a single forward
or backward moving charge. A phenomenological anal-
ysis is possible, by comparing multiplicity distributions
in pseudorapidity for different asymmetric systems or by
studying multiplicity correlations in different pseudora-
pidity intervals. These studies indicate that a preferred
emission for rapidities close to the rapidity of the partic-
ipating charge occurs [20–23]. In the wounded nucleon
model of nuclear collisions, such correlations can be un-
derstood as due to a specific distribution of soft particles
produced by each participant nucleon. Nucleons from the
projectile (with positive rapidity yB = ln(

√
s/mN ) > 0)

emit more particles in the forward (η > 0) than in the
backward hemisphere. The form of the extracted charged
particle distribution can be approximated by the function

fF (η) =
η + ηm
2ηm

, (10)

in the interval [−ηm, ηm], where ηm = yb − ηs defines
the range of rapidity correlations, at

√
s = 200GeV it is

ηm ≃ yb − 2 ≃ 3.36. The origin of the shift in rapidity
ηs ≃ 2 is not understood [20, 21]. For practical purposes
we can treat it as a phenomenological parameter. Parti-
cle production in the remaining pseudorapidity intervals
close to the fragmentation regions [ηm, yb] and [−yb,−ηm]
cannot be reliably described in a hydrodynamic model
anyway. Within the framework of relativistic hydrody-
namics, we are interested in describing the main charac-
teristics of the soft part of particle spectra in the central
region −3.5 < η < 3.5 and, in particular, the directed
flow. There is another reason why the phenomenological
estimates of the emission of particles from participant
nucleons [20, 21] cannot be directly translated into the
initial conditions for hydrodynamics, that we are inter-
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Figure 14: (color online) Magnitude (panel a) and components (panels b,c,d) of the polarization vector of the ⇤ hyperon in its
rest frame.

stringent test of numerical implementations of Israel-Stewart
theory in Bjorken coordinates.

We have found that the magnitude of the 1/⌧ x � ⌘ com-
ponent of the thermal vorticity at freezeout can be as large as
5⇥10�2 and yet its mean value is not large enough to produce
a polarization of ⇤ hyperons much larger than 1%, which is a
consistently lower estimate in comparison with other recent
calculations based on di↵erent initial conditions. We have
found that the magnitude of directed flow, at this energy, has
an interestingly sizeable dependence on both the shear viscos-
ity and the longitudinal energy density profile asymmetry pa-
rameter ⌘m which in turn governs the amount of initial angular
momentum retained by the plasma.

The fact that in 3+1D the plasma needs to have an initial an-
gular momentum in order to reproduce the observed directed
flow raises the question whether the Bjorken initial condition
u⌘ = 0 is a compelling one or, instead, the same angular mo-
mentum can be obtained with a non trivial u⌘ and with a suit-
able change of the energy density profile. For a testing pur-

pose, we have run ECHO-QGP with an initial profile:

u⌘ =
1
⌧

tanh Ax sinh(ybeam � |⌘|) (36)

which meets the causality constraint (see Appendix B). It is
found that the directed flow is very sensitive to an initial u⌘.
For a small positive value of the parameter A = 5⇥ 10�4 fm�1

corresponding to a Jy = 3.32 ⇥ 103, keeping all other parame-
ters fixed, the directed flow exhibits two slight wiggles around
midrapidity (see fig. 15) which are not seen in the data. For
a very small negative value of the parameter A = �5 ⇥ 10�4

fm�1, corresponding to Jy = 3.08 ⇥ 103, the directed flow in-
creases while approximately keeping the same shape as for
A = 0 around midrapidity. However, more detailed studies
are needed to determine whether a non-vanishing initial flow
velocity is compatible with the experimental observables.

We plan to extend this kind of calculation to di↵erent cen-
tralities, di↵erent energies and with initial state fluctuations in
order to determine the possibly best conditions for vorticity
formation in relativistic nuclear collisions.
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We present a quantitative study of vorticity formation in peripheral ultrarelativistic heavy ion collisions atp
sNN = 200 GeV by using the ECHO-QGP numerical code, implementing relativistic dissipative hydrodynam-

ics in the causal Israel-Stewart framework in 3+1 dimensions with an initial Bjorken flow profile. We consider
and discuss di↵erent definitions of vorticity which are relevant in relativistic hydrodynamics. After demonstrat-
ing the excellent capabilities of our code, which proves to be able to reproduce Gubser flow up to 8 fm/c, we
show that, with the initial conditions needed to reproduce the measured directed flow in peripheral collisions
corresponding to an average impact parameter b = 11.6 fm and with the Bjorken flow profile for a viscous Quark
Gluon Plasma with ⌘/s = 0.1 fixed, a vorticity of the order of some 10�2 c/fm can develop at freezeout. The
ensuing polarization of ⇤ baryons does not exceed 1.4% at midrapidity. We show that the amount of developed
directed flow is sensitive to both the initial angular momentum of the plasma and its viscosity.

I. INTRODUCTION

The hydrodynamical model has by now become a paradigm
for the study of the QCD plasma formed in nuclear colli-
sions at ultrarelativistic energies. There has been a consider-
able advance in hydrodynamics modeling and calculations of
these collisions over the last decade. Numerical simulations
in 2+1D [1] and in 3+1 D [2–7] including viscous corrections
are becoming the new standard in this field and existing codes
are also able to handle initial state fluctuations.

An interesting issue is the possible formation of vorticity in
peripheral collisions [8–10]. Indeed, the presence of vortic-
ity may provide information about the (mean) initial state of
the hydrodynamical evolution which cannot be achieved oth-
erwise, and it is related to the onset of peculiar physics in the
plasma at high temperature, such as the chiral vortical e↵ect
[11]. Furthermore, it has been shown that vorticity gives rise
to polarization of particles in the final state, so that e.g. ⇤
baryon polarization - if measurable - can be used to detect
it [12, 13]. Finally, as we will show, numerical calculation
of vorticity can be used to make stringent tests of numerical
codes, as the T-vorticity (see sect. II for the definition) is ex-
pected to vanish throughout under special initial conditions in
the ideal case.

Lately, vorticity has been the subject of investigations in
refs. [9, 10] with peculiar initial conditions in cartesian coor-
dinates, ideal fluid approximation and isochronous freezeout.
Instead, in this work, we calculate di↵erent kinds of vortic-
ity with our 3+1D ECHO-QGP 1 code [3], including dissi-
pative relativistic hydrodynamics in the Israel-Stewart formu-
lation with Bjorken initial conditions for the flow (i.e. with

1 The code is publicly available at the web site http://theory.fi.infn.it/echoqgp

ux = uy = u⌘ = 0), henceforth denoted as BIC. It should be
pointed out from the very beginning that the purpose of this
work is to make a general assessment of vorticity at top RHIC
energy and not to provide a precision fit to all the available
data. Therefore, our calculations do not take into account ef-
fects such as viscous corrections to particle distribution at the
freezeout and initial state fluctuations, that is we use smooth
initial conditions obtained averaging over many events.

A. Notations

In this paper we use the natural units, with ~ = c = K = 1.
The Minkowskian metric tensor is diag(1,�1,�1,�1); for the
Levi-Civita symbol we use the convention ✏0123 = 1.
We will use the relativistic notation with repeated indices as-
sumed to be summed over, however contractions of indices
will be sometimes denoted with dots, e.g. u · T · u ⌘ uµT µ⌫u⌫.
The covariant derivative is denoted as dµ (hence d�gµ⌫ = 0),
the exterior derivative by d, whereas @µ is the ordinary deriva-
tive.

II. VORTICITIES IN RELATIVISTIC HYDRODYNAMICS

Unlike in classical hydrodynamics, where vorticity is the
curl of the velocity field v, several vorticities can be defined
in relativistic hydrodynamics which can be useful in di↵erent
applications (see also the review [14]).
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diFirenze,Via
G

.Sansone
1,I-50019

Sesto
F.no

(Firenze),Italy
2IN

FN
-

Sezione
di

Firenze,
Via

G
.Sansone

1,
I-50019

Sesto
F.no

(Firenze),
Italy

3FrankfurtInstitute
for

Advanced
Studies

(FIAS),Johann
W

olfgang
G

oethe
U

niversity,Frankfurtam
M

ain,G
erm

any
4D

ipartim
ento

diFisica
e

Scienze
della

Terra,U
niversità
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vorticity

- Should be strongly “correlated” with elliptic flow 
- Weak energy dependence (might even increase with energy) 
- Measurements wrt !2  - good RP resolution 
- Might provide detailed information on velocity fields

S. Voloshin, sQM2017

Stronger flow in in-plane than in out-of-plane
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There could exist a substructure of vorticity created  
by elliptic flow (and higher-harmonic flow as well)
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Figure 14: (color online) Magnitude (panel a) and components (panels b,c,d) of the polarization vector of the ⇤ hyperon in its
rest frame.

stringent test of numerical implementations of Israel-Stewart
theory in Bjorken coordinates.

We have found that the magnitude of the 1/⌧ x � ⌘ com-
ponent of the thermal vorticity at freezeout can be as large as
5⇥10�2 and yet its mean value is not large enough to produce
a polarization of ⇤ hyperons much larger than 1%, which is a
consistently lower estimate in comparison with other recent
calculations based on di↵erent initial conditions. We have
found that the magnitude of directed flow, at this energy, has
an interestingly sizeable dependence on both the shear viscos-
ity and the longitudinal energy density profile asymmetry pa-
rameter ⌘m which in turn governs the amount of initial angular
momentum retained by the plasma.

The fact that in 3+1D the plasma needs to have an initial an-
gular momentum in order to reproduce the observed directed
flow raises the question whether the Bjorken initial condition
u⌘ = 0 is a compelling one or, instead, the same angular mo-
mentum can be obtained with a non trivial u⌘ and with a suit-
able change of the energy density profile. For a testing pur-

pose, we have run ECHO-QGP with an initial profile:

u⌘ =
1
⌧

tanh Ax sinh(ybeam � |⌘|) (36)

which meets the causality constraint (see Appendix B). It is
found that the directed flow is very sensitive to an initial u⌘.
For a small positive value of the parameter A = 5⇥ 10�4 fm�1

corresponding to a Jy = 3.32 ⇥ 103, keeping all other parame-
ters fixed, the directed flow exhibits two slight wiggles around
midrapidity (see fig. 15) which are not seen in the data. For
a very small negative value of the parameter A = �5 ⇥ 10�4

fm�1, corresponding to Jy = 3.08 ⇥ 103, the directed flow in-
creases while approximately keeping the same shape as for
A = 0 around midrapidity. However, more detailed studies
are needed to determine whether a non-vanishing initial flow
velocity is compatible with the experimental observables.

We plan to extend this kind of calculation to di↵erent cen-
tralities, di↵erent energies and with initial state fluctuations in
order to determine the possibly best conditions for vorticity
formation in relativistic nuclear collisions.
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1Dipartimento di Fisica e Astronomia, Università di Firenze, Via G. Sansone 1, I-50019 Sesto F.no (Firenze), Italy
2INFN - Sezione di Firenze, Via G. Sansone 1, I-50019 Sesto F.no (Firenze), Italy

3Frankfurt Institute for Advanced Studies (FIAS), Johann Wolfgang Goethe University, Frankfurt am Main, Germany
4Dipartimento di Fisica e Scienze della Terra, Università di Ferrara, Via Saragat 1, I-44100 Ferrara, Italy

5INFN - Sezione di Ferrara, Via Saragat 1, I-44100 Ferrara, Italy
6INFN - Sezione di Torino, Via P. Giuria 1, I-10125 Torino, Italy

7INAF - Osservatorio Astrofisico di Arcetri, L.go E. Fermi 5, I-50125 Firenze, Italy
8Indian Institute of Technology Gandhinagar, Ahmedabad-382424, Gujrat, India

(Dated: August 18, 2015)

We present a quantitative study of vorticity formation in peripheral ultrarelativistic heavy ion collisions atp
sNN = 200 GeV by using the ECHO-QGP numerical code, implementing relativistic dissipative hydrodynam-

ics in the causal Israel-Stewart framework in 3+1 dimensions with an initial Bjorken flow profile. We consider
and discuss di↵erent definitions of vorticity which are relevant in relativistic hydrodynamics. After demonstrat-
ing the excellent capabilities of our code, which proves to be able to reproduce Gubser flow up to 8 fm/c, we
show that, with the initial conditions needed to reproduce the measured directed flow in peripheral collisions
corresponding to an average impact parameter b = 11.6 fm and with the Bjorken flow profile for a viscous Quark
Gluon Plasma with ⌘/s = 0.1 fixed, a vorticity of the order of some 10�2 c/fm can develop at freezeout. The
ensuing polarization of ⇤ baryons does not exceed 1.4% at midrapidity. We show that the amount of developed
directed flow is sensitive to both the initial angular momentum of the plasma and its viscosity.

I. INTRODUCTION

The hydrodynamical model has by now become a paradigm
for the study of the QCD plasma formed in nuclear colli-
sions at ultrarelativistic energies. There has been a consider-
able advance in hydrodynamics modeling and calculations of
these collisions over the last decade. Numerical simulations
in 2+1D [1] and in 3+1 D [2–7] including viscous corrections
are becoming the new standard in this field and existing codes
are also able to handle initial state fluctuations.

An interesting issue is the possible formation of vorticity in
peripheral collisions [8–10]. Indeed, the presence of vortic-
ity may provide information about the (mean) initial state of
the hydrodynamical evolution which cannot be achieved oth-
erwise, and it is related to the onset of peculiar physics in the
plasma at high temperature, such as the chiral vortical e↵ect
[11]. Furthermore, it has been shown that vorticity gives rise
to polarization of particles in the final state, so that e.g. ⇤
baryon polarization - if measurable - can be used to detect
it [12, 13]. Finally, as we will show, numerical calculation
of vorticity can be used to make stringent tests of numerical
codes, as the T-vorticity (see sect. II for the definition) is ex-
pected to vanish throughout under special initial conditions in
the ideal case.

Lately, vorticity has been the subject of investigations in
refs. [9, 10] with peculiar initial conditions in cartesian coor-
dinates, ideal fluid approximation and isochronous freezeout.
Instead, in this work, we calculate di↵erent kinds of vortic-
ity with our 3+1D ECHO-QGP 1 code [3], including dissi-
pative relativistic hydrodynamics in the Israel-Stewart formu-
lation with Bjorken initial conditions for the flow (i.e. with

1 The code is publicly available at the web site http://theory.fi.infn.it/echoqgp

ux = uy = u⌘ = 0), henceforth denoted as BIC. It should be
pointed out from the very beginning that the purpose of this
work is to make a general assessment of vorticity at top RHIC
energy and not to provide a precision fit to all the available
data. Therefore, our calculations do not take into account ef-
fects such as viscous corrections to particle distribution at the
freezeout and initial state fluctuations, that is we use smooth
initial conditions obtained averaging over many events.

A. Notations

In this paper we use the natural units, with ~ = c = K = 1.
The Minkowskian metric tensor is diag(1,�1,�1,�1); for the
Levi-Civita symbol we use the convention ✏0123 = 1.
We will use the relativistic notation with repeated indices as-
sumed to be summed over, however contractions of indices
will be sometimes denoted with dots, e.g. u · T · u ⌘ uµT µ⌫u⌫.
The covariant derivative is denoted as dµ (hence d�gµ⌫ = 0),
the exterior derivative by d, whereas @µ is the ordinary deriva-
tive.

II. VORTICITIES IN RELATIVISTIC HYDRODYNAMICS

Unlike in classical hydrodynamics, where vorticity is the
curl of the velocity field v, several vorticities can be defined
in relativistic hydrodynamics which can be useful in di↵erent
applications (see also the review [14]).
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diFerrara,Via
Saragat1,I-44100

Ferrara,Italy
5IN

FN
-

Sezione
di

Ferrara,
Via

Saragat
1,

I-44100
Ferrara,

Italy
6IN

FN
-

Sezione
di

Torino,
Via

P.
G

iuria
1,

I-10125
Torino,

Italy
7IN

AF
-

O
sservatorio

Astrofisico
di

Arcetri,
L.go

E.Ferm
i

5,
I-50125

Firenze,
Italy

8Indian
Institute

of
Technology

G
andhinagar,

Ahm
edabad-382424,

G
ujrat,

India
(D

ated:A
ugust18,2015)

W
e

presenta
quantitative

study
of

vorticity
form

ation
in

peripheralultrarelativistic
heavy

ion
collisions

at
p

sN
N
=

200
G

eV
by

using
the

EC
H

O
-Q

G
P

num
ericalcode,im

plem
enting

relativistic
dissipative

hydrodynam
-

ics
in

the
causalIsrael-Stew

artfram
ew

ork
in

3
+

1
dim

ensions
w

ith
an

initialB
jorken

flow
profile.W

e
consider

and
discuss

di↵erentdefinitions
ofvorticity

w
hich

are
relevantin

relativistic
hydrodynam

ics.A
fterdem

onstrat-
ing

the
excellentcapabilities

of
our

code,w
hich

proves
to

be
able

to
reproduce

G
ubser

flow
up

to
8

fm
/c,w

e
show

that,w
ith

the
initialconditions

needed
to

reproduce
the

m
easured

directed
flow

in
peripheralcollisions

corresponding
to

an
average

im
pactparam

eterb
=

11.6
fm

and
w

ith
the

B
jorken

flow
profile

fora
viscousQ

uark
G

luon
Plasm

a
w

ith
⌘/s
=

0.1
fixed,a

vorticity
of

the
order

of
som

e
10 �

2
c/fm

can
develop

atfreezeout.
The

ensuing
polarization

of
⇤

baryons
does

notexceed
1.4%

atm
idrapidity.W

e
show

thatthe
am

ountofdeveloped
directed

flow
is

sensitive
to

both
the

initialangularm
om

entum
ofthe

plasm
a

and
its

viscosity.

I.
IN

TR
O

D
U

C
TIO

N

The
hydrodynam

icalm
odelhasby

now
becom

e
a

paradigm
for

the
study

of
the

Q
C

D
plasm

a
form

ed
in

nuclear
colli-

sions
atultrarelativistic

energies.
There

has
been

a
consider-

able
advance

in
hydrodynam

ics
m

odeling
and

calculations
of

these
collisions

over
the

lastdecade.
N

um
ericalsim

ulations
in

2
+

1D
[1]and

in
3
+

1
D

[2–7]including
viscouscorrections

are
becom

ing
the

new
standard

in
thisfield

and
existing

codes
are

also
able

to
handle

initialstate
fluctuations.

A
n

interesting
issue

isthe
possible

form
ation

ofvorticity
in

peripheralcollisions
[8–10].

Indeed,the
presence

of
vortic-

ity
m

ay
provide

inform
ation

aboutthe
(m

ean)
initialstate

of
the

hydrodynam
icalevolution

w
hich

cannotbe
achieved

oth-
erw

ise,and
itis

related
to

the
onsetofpeculiarphysics

in
the

plasm
a

athigh
tem

perature,such
as

the
chiralvorticale↵ect

[11].
Furtherm

ore,ithas
been

show
n

thatvorticity
gives

rise
to

polarization
of

particles
in

the
final

state,
so

that
e.g.

⇤
baryon

polarization
-

if
m

easurable
-

can
be

used
to

detect
it

[12,13].
Finally,

as
w

e
w

ill
show

,
num

erical
calculation

of
vorticity

can
be

used
to

m
ake

stringenttests
of

num
erical

codes,as
the

T-vorticity
(see

sect.II
for

the
definition)

is
ex-

pected
to

vanish
throughoutunderspecialinitialconditions

in
the

idealcase.
Lately,

vorticity
has

been
the

subject
of

investigations
in

refs.[9,10]w
ith

peculiarinitialconditions
in

cartesian
coor-

dinates,idealfluid
approxim

ation
and

isochronous
freezeout.

Instead,
in

this
w

ork,
w

e
calculate

di↵erent
kinds

of
vortic-

ity
w

ith
our

3
+

1D
EC

H
O

-Q
G

P
1

code
[3],

including
dissi-

pative
relativistic

hydrodynam
ics

in
the

Israel-Stew
artform

u-
lation

w
ith

B
jorken

initialconditions
for

the
flow

(i.e.
w

ith

1
The

code
ispublicly

available
atthe

w
eb

site
http://theory.fi.infn.it/echoqgp

u
x
=

u
y
=

u
⌘
=

0),henceforth
denoted

as
B

IC
.Itshould

be
pointed

outfrom
the

very
beginning

thatthe
purpose

of
this

w
ork

isto
m

ake
a

generalassessm
entofvorticity

attop
R

H
IC

energy
and

not
to

provide
a

precision
fit

to
all

the
available

data.
Therefore,ourcalculations

do
nottake

into
accountef-

fects
such

as
viscous

corrections
to

particle
distribution

atthe
freezeoutand

initialstate
fluctuations,thatis

w
e

use
sm

ooth
initialconditions

obtained
averaging

overm
any

events.

A
.

N
otations

In
this

paperw
e

use
the

naturalunits,w
ith
~
=

c
=

K
=

1.
The

M
inkow

skian
m

etric
tensoris

diag(1,�
1,�

1,�
1);forthe

Levi-C
ivita

sym
bolw

e
use

the
convention

✏
0123
=

1.
W

e
w

illuse
the

relativistic
notation

w
ith

repeated
indices

as-
sum

ed
to

be
sum

m
ed

over,
how

ever
contractions

of
indices

w
illbe

som
etim

es
denoted

w
ith

dots,e.g.u·T
·u
⌘

u
µ T
µ
⌫u
⌫ .

The
covariantderivative

is
denoted

as
d
µ

(hence
d
� g
µ
⌫
=

0),
the

exteriorderivative
by

d,w
hereas

@
µ

isthe
ordinary

deriva-
tive.

II.
V

O
R

TIC
ITIES

IN
R

ELATIV
ISTIC

H
Y

D
R

O
D

Y
N

A
M

IC
S

U
nlike

in
classical

hydrodynam
ics,

w
here

vorticity
is

the
curlof

the
velocity

field
v,severalvorticities

can
be

defined
in

relativistic
hydrodynam

ics
w

hich
can

be
usefulin

di↵erent
applications

(see
also

the
review

[14]).

arXiv:1501.04468v3  [nucl-th]  17 Aug 2015

x

y

�

 

 

�

vorticity

- Should be strongly “correlated” with elliptic flow 
- Weak energy dependence (might even increase with energy) 
- Measurements wrt !2  - good RP resolution 
- Might provide detailed information on velocity fields

+

+ -

-

Polarization along z-direction. 
No need for 1st-order EP!

S. Voloshin, sQM2017

Stronger flow in in-plane than in out-of-plane



T. Niida, Initial Stages 2017

ee..gg..  RReellaattiioonn  ttoo  eelllliippttiicc  ffllooww??

32

There could exist a substructure of vorticity created  
by elliptic flow (and higher-harmonic flow as well)

Strangeness in Quark Matter,  Utrecht University, July 10-15,2017page S.A. Voloshin

Vorticity and/from elliptic flow 

18

x

y z�

11

|Π0|

-4 -3 -2 -1  0  1  2  3  4

px [GeV]

-4

-3

-2

-1

 0

 1

 2

 3

 4

p
y 

[G
e
V

]

0.0 100

2.0 10-3

4.0 10-3

6.0 10-3

8.0 10-3

1.0 10-2

1.2 10-2

1.4 10-2

(a)

Π0
x

-4 -3 -2 -1  0  1  2  3  4

px [GeV]

-4

-3

-2

-1

 0

 1

 2

 3

 4

p
y 

[G
e
V

]

-2.0 10-3

-1.5 10-3

-1.0 10-3

-5.0 10-4

0.0 100

5.0 10-4

1.0 10-3

1.5 10-3

2.0 10-3

(b)

Π0
y

-4 -3 -2 -1  0  1  2  3  4

px [GeV]

-4

-3

-2

-1

 0

 1

 2

 3

 4

p
y 

[G
e
V

]

-2.0 10-3

-1.5 10-3

-1.0 10-3

-5.0 10-4

0.0 100

5.0 10-4

1.0 10-3

1.5 10-3

(c)

f=f0; Π0
z

-4 -3 -2 -1  0  1  2  3  4

px [GeV]

-4

-3

-2

-1

 0

 1

 2

 3

 4

p
y 

[G
e
V

]

-1.5 10-2

-1.0 10-2

-5.0 10-3

0.0 100

5.0 10-3

1.0 10-2

1.5 10-2

(d)

Figure 14: (color online) Magnitude (panel a) and components (panels b,c,d) of the polarization vector of the ⇤ hyperon in its
rest frame.

stringent test of numerical implementations of Israel-Stewart
theory in Bjorken coordinates.

We have found that the magnitude of the 1/⌧ x � ⌘ com-
ponent of the thermal vorticity at freezeout can be as large as
5⇥10�2 and yet its mean value is not large enough to produce
a polarization of ⇤ hyperons much larger than 1%, which is a
consistently lower estimate in comparison with other recent
calculations based on di↵erent initial conditions. We have
found that the magnitude of directed flow, at this energy, has
an interestingly sizeable dependence on both the shear viscos-
ity and the longitudinal energy density profile asymmetry pa-
rameter ⌘m which in turn governs the amount of initial angular
momentum retained by the plasma.

The fact that in 3+1D the plasma needs to have an initial an-
gular momentum in order to reproduce the observed directed
flow raises the question whether the Bjorken initial condition
u⌘ = 0 is a compelling one or, instead, the same angular mo-
mentum can be obtained with a non trivial u⌘ and with a suit-
able change of the energy density profile. For a testing pur-

pose, we have run ECHO-QGP with an initial profile:

u⌘ =
1
⌧

tanh Ax sinh(ybeam � |⌘|) (36)

which meets the causality constraint (see Appendix B). It is
found that the directed flow is very sensitive to an initial u⌘.
For a small positive value of the parameter A = 5⇥ 10�4 fm�1

corresponding to a Jy = 3.32 ⇥ 103, keeping all other parame-
ters fixed, the directed flow exhibits two slight wiggles around
midrapidity (see fig. 15) which are not seen in the data. For
a very small negative value of the parameter A = �5 ⇥ 10�4

fm�1, corresponding to Jy = 3.08 ⇥ 103, the directed flow in-
creases while approximately keeping the same shape as for
A = 0 around midrapidity. However, more detailed studies
are needed to determine whether a non-vanishing initial flow
velocity is compatible with the experimental observables.

We plan to extend this kind of calculation to di↵erent cen-
tralities, di↵erent energies and with initial state fluctuations in
order to determine the possibly best conditions for vorticity
formation in relativistic nuclear collisions.

A study of vorticity formation in high energy nuclear collisions
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We present a quantitative study of vorticity formation in peripheral ultrarelativistic heavy ion collisions atp
sNN = 200 GeV by using the ECHO-QGP numerical code, implementing relativistic dissipative hydrodynam-

ics in the causal Israel-Stewart framework in 3+1 dimensions with an initial Bjorken flow profile. We consider
and discuss di↵erent definitions of vorticity which are relevant in relativistic hydrodynamics. After demonstrat-
ing the excellent capabilities of our code, which proves to be able to reproduce Gubser flow up to 8 fm/c, we
show that, with the initial conditions needed to reproduce the measured directed flow in peripheral collisions
corresponding to an average impact parameter b = 11.6 fm and with the Bjorken flow profile for a viscous Quark
Gluon Plasma with ⌘/s = 0.1 fixed, a vorticity of the order of some 10�2 c/fm can develop at freezeout. The
ensuing polarization of ⇤ baryons does not exceed 1.4% at midrapidity. We show that the amount of developed
directed flow is sensitive to both the initial angular momentum of the plasma and its viscosity.

I. INTRODUCTION

The hydrodynamical model has by now become a paradigm
for the study of the QCD plasma formed in nuclear colli-
sions at ultrarelativistic energies. There has been a consider-
able advance in hydrodynamics modeling and calculations of
these collisions over the last decade. Numerical simulations
in 2+1D [1] and in 3+1 D [2–7] including viscous corrections
are becoming the new standard in this field and existing codes
are also able to handle initial state fluctuations.

An interesting issue is the possible formation of vorticity in
peripheral collisions [8–10]. Indeed, the presence of vortic-
ity may provide information about the (mean) initial state of
the hydrodynamical evolution which cannot be achieved oth-
erwise, and it is related to the onset of peculiar physics in the
plasma at high temperature, such as the chiral vortical e↵ect
[11]. Furthermore, it has been shown that vorticity gives rise
to polarization of particles in the final state, so that e.g. ⇤
baryon polarization - if measurable - can be used to detect
it [12, 13]. Finally, as we will show, numerical calculation
of vorticity can be used to make stringent tests of numerical
codes, as the T-vorticity (see sect. II for the definition) is ex-
pected to vanish throughout under special initial conditions in
the ideal case.

Lately, vorticity has been the subject of investigations in
refs. [9, 10] with peculiar initial conditions in cartesian coor-
dinates, ideal fluid approximation and isochronous freezeout.
Instead, in this work, we calculate di↵erent kinds of vortic-
ity with our 3+1D ECHO-QGP 1 code [3], including dissi-
pative relativistic hydrodynamics in the Israel-Stewart formu-
lation with Bjorken initial conditions for the flow (i.e. with

1 The code is publicly available at the web site http://theory.fi.infn.it/echoqgp

ux = uy = u⌘ = 0), henceforth denoted as BIC. It should be
pointed out from the very beginning that the purpose of this
work is to make a general assessment of vorticity at top RHIC
energy and not to provide a precision fit to all the available
data. Therefore, our calculations do not take into account ef-
fects such as viscous corrections to particle distribution at the
freezeout and initial state fluctuations, that is we use smooth
initial conditions obtained averaging over many events.

A. Notations

In this paper we use the natural units, with ~ = c = K = 1.
The Minkowskian metric tensor is diag(1,�1,�1,�1); for the
Levi-Civita symbol we use the convention ✏0123 = 1.
We will use the relativistic notation with repeated indices as-
sumed to be summed over, however contractions of indices
will be sometimes denoted with dots, e.g. u · T · u ⌘ uµT µ⌫u⌫.
The covariant derivative is denoted as dµ (hence d�gµ⌫ = 0),
the exterior derivative by d, whereas @µ is the ordinary deriva-
tive.

II. VORTICITIES IN RELATIVISTIC HYDRODYNAMICS

Unlike in classical hydrodynamics, where vorticity is the
curl of the velocity field v, several vorticities can be defined
in relativistic hydrodynamics which can be useful in di↵erent
applications (see also the review [14]).
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N

The
hydrodynam

icalm
odelhasby

now
becom

e
a

paradigm
for

the
study

of
the

Q
C

D
plasm

a
form

ed
in

nuclear
colli-

sions
atultrarelativistic

energies.
There

has
been

a
consider-

able
advance

in
hydrodynam

ics
m

odeling
and

calculations
of

these
collisions

over
the

lastdecade.
N

um
ericalsim

ulations
in

2
+

1D
[1]and

in
3
+

1
D

[2–7]including
viscouscorrections

are
becom

ing
the

new
standard

in
thisfield

and
existing

codes
are

also
able

to
handle

initialstate
fluctuations.

A
n

interesting
issue

isthe
possible

form
ation

ofvorticity
in

peripheralcollisions
[8–10].

Indeed,the
presence

of
vortic-

ity
m

ay
provide

inform
ation

aboutthe
(m

ean)
initialstate

of
the

hydrodynam
icalevolution

w
hich

cannotbe
achieved

oth-
erw

ise,and
itis

related
to

the
onsetofpeculiarphysics

in
the

plasm
a

athigh
tem

perature,such
as

the
chiralvorticale↵ect

[11].
Furtherm

ore,ithas
been

show
n

thatvorticity
gives

rise
to

polarization
of

particles
in

the
final

state,
so

that
e.g.

⇤
baryon

polarization
-

if
m

easurable
-

can
be

used
to

detect
it

[12,13].
Finally,

as
w

e
w

ill
show

,
num

erical
calculation

of
vorticity

can
be

used
to

m
ake

stringenttests
of

num
erical

codes,as
the

T-vorticity
(see

sect.II
for

the
definition)

is
ex-

pected
to

vanish
throughoutunderspecialinitialconditions

in
the

idealcase.
Lately,

vorticity
has

been
the

subject
of

investigations
in

refs.[9,10]w
ith

peculiarinitialconditions
in

cartesian
coor-

dinates,idealfluid
approxim

ation
and

isochronous
freezeout.

Instead,
in

this
w

ork,
w

e
calculate

di↵erent
kinds

of
vortic-

ity
w

ith
our

3
+

1D
EC

H
O

-Q
G

P
1

code
[3],

including
dissi-

pative
relativistic

hydrodynam
ics

in
the

Israel-Stew
artform

u-
lation

w
ith

B
jorken

initialconditions
for

the
flow

(i.e.
w

ith

1
The

code
ispublicly

available
atthe

w
eb

site
http://theory.fi.infn.it/echoqgp

u
x
=

u
y
=

u
⌘
=

0),henceforth
denoted

as
B

IC
.Itshould

be
pointed

outfrom
the

very
beginning

thatthe
purpose

of
this

w
ork

isto
m

ake
a

generalassessm
entofvorticity

attop
R

H
IC

energy
and

not
to

provide
a

precision
fit

to
all

the
available

data.
Therefore,ourcalculations

do
nottake

into
accountef-

fects
such

as
viscous

corrections
to

particle
distribution

atthe
freezeoutand

initialstate
fluctuations,thatis

w
e

use
sm

ooth
initialconditions

obtained
averaging

overm
any

events.

A
.

N
otations

In
this

paperw
e

use
the

naturalunits,w
ith
~
=

c
=

K
=

1.
The

M
inkow

skian
m

etric
tensoris

diag(1,�
1,�

1,�
1);forthe

Levi-C
ivita

sym
bolw

e
use

the
convention

✏
0123
=

1.
W

e
w

illuse
the

relativistic
notation

w
ith

repeated
indices

as-
sum

ed
to

be
sum

m
ed

over,
how

ever
contractions

of
indices

w
illbe

som
etim

es
denoted

w
ith

dots,e.g.u·T
·u
⌘

u
µ T
µ
⌫u
⌫ .

The
covariantderivative

is
denoted

as
d
µ

(hence
d
� g
µ
⌫
=

0),
the

exteriorderivative
by

d,w
hereas

@
µ

isthe
ordinary

deriva-
tive.

II.
V

O
R

TIC
ITIES

IN
R

ELATIV
ISTIC

H
Y

D
R

O
D

Y
N

A
M

IC
S

U
nlike

in
classical

hydrodynam
ics,

w
here

vorticity
is

the
curlof

the
velocity

field
v,severalvorticities

can
be

defined
in

relativistic
hydrodynam

ics
w

hich
can

be
usefulin

di↵erent
applications

(see
also

the
review

[14]).

arXiv:1501.04468v3  [nucl-th]  17 Aug 2015
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vorticity

- Should be strongly “correlated” with elliptic flow 
- Weak energy dependence (might even increase with energy) 
- Measurements wrt !2  - good RP resolution 
- Might provide detailed information on velocity fields

4

FIG. 2. Map of longitudinal component of polarization of midrapidity ⇤ from a hydrodynamic calculation corresponding to
20-50% central Au-Au collisions at

p
sNN = 200 GeV (left) and 20-50% central Pb-Pb collisions at

p
sNN = 2760 GeV (right).

where ' is the transverse momentum azimuthal angle,
set to be zero at the reaction plane. In the above equa-
tion the longitudinal spin component is a function of the
spectrum alone at Y = 0. By expanding it in Fourier
series in ' and retaining only the elliptic flow term, one
obtains:

S

z(p
T

, Y = 0) = �dT/d⌧

4mT

@

@'

2v2(pT ) cos 2'

=
dT

d⌧

1

mT

v2(pT ) sin 2' (13)

meaning, comparing this result to eq. (7) that in this
case:

f2(pT ) = 2
dT

d⌧

1

mT

v2(pT )

This simple formula only applies under special assump-
tions with regard to the hydrodynamic temperature evo-
lution, but it clearly shows the salient features of the
longitudinal polarization at mid-rapidity as a function of
transverse momentum and how it can provide direct in-
formation on the temperature gradient at hadronization.
It also shows, as has been mentioned - that it is driven by
physical quantities related to transverse expansion and
that it is independent of longitudinal expansion.

Polarization of ⇤ hyperons along the beam line

The above conclusion is confirmed by more realistic 3D
viscous hydrodynamic simulations of heavy ion collisions
using averaged initial state from Monte Carlo Glauber
model with its parameters set as in [16]. We have cal-
culated the polarization vector P

⇤ = 2S⇤ of primary ⇤
hyperons with Y = 0 in their rest frame (note that at
mid-rapidity S

⇤z = S

z). The resulting transverse mo-
mentum dependence of P ⇤z is shown in fig. 2 for 20-50%
central Au-Au collisions at

p
sNN = 200 (RHIC) and

20-50% Pb-Pb collisions at
p
sNN = 2760 GeV (LHC).

FIG. 3. Second harmonic of the longitudinal component of ⇤
polarization f2 from hydrodynamic simulations as a function
of p

T

for di↵erent energies.

The corresponding second harmonic coe�cients f2 are
displayed in fig. 3 for 4 di↵erent collision energies: 7.7,
19.6 GeV (calculated with initial state from the UrQMD
cascade [17]), 200 and 2760 GeV (with the initial state
from Monte Carlo Glauber [16]). It is worth noting that,
whilst the P y component, along the angular momentum,
decreases by about a factor 10 between

p
sNN = 7.7 and

200 GeV, f2 decreases by only 35%. We also find that
the mean, p

T

integrated value of f2 stays around 0.2% at
all collision energies, owing to two compensating e↵ects:
decreasing p

T

di↵erential f2(pT ) and increasing mean p

T

with increasing collision energy.
In principle, the longitudinal polarization of ⇤ hyper-

ons can be measured in a similar fashion as for the compo-

Becattini and Karpenko, arXiv:1707.07984

+

+ -

-

Polarization along z-direction. 
No need for 1st-order EP!

Quadruple structure in hydro model

S. Voloshin, sQM2017
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Strangeness in Quark Matter,  Utrecht University, July 10-15,2017page S.A. Voloshin

Blast wave parameterization 

19

x

y

�b

�s

Number of emitting “sources”:

⇢
t

= ⇢
t,max

[r/r
max

(�
s

)][1 + a2 cos(2�s

)]

/ [1 + 2s2 cos(2�b)]

!
z

⇡ ⇢
t,max

sin(n�
s

)[a
n

� 2s
n

]

Transverse rapidity (boost):

The effects should be present also at higher harmonics,  
e.g. for triangular flow. 
Provides connection to vn(pt) and azFemto measurements

S. Voloshin, sQM2017

The sign depends on the relation between flow (an) and spatial (sn) anisotropy,  
similar to as-femptoscopy.

There could exist a substructure of vorticity created  
by elliptic flow (and higher-harmonic flow as well)



SSuummmmaarryy

First observation of Λ global polarization at √sNN = 7.7-39 GeV at 
STAR, followed by preliminary studies at √sNN = 200 GeV 

Indicating a thermal vorticity of the medium in non-central heavy-ion 
collisions, of the order of a few percent 
A possible difference between Λ and  anti-Λ, which could be due to the 
initial strong B-field and therefore be a direct probe of the B-field 
Energy dependence of the polarization can be understood by a shear flow 
structure within limited acceptance 
More studies are ongoing, e.g. charge-asymmetry dependence and 
substructure of the polarization (z-component) 

Possible relation to many other observables (v1, v2, HBT, CSE/CVE)

T. Niida, Initial Stages 2017 34

Vorticity is an important piece for further  
understanding the picture of HIC!



Back up
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Figure 3: The integrated polarization per particle Π(x)/ρ(x) for fermions (a) and anti-fermions (b) in the unit of the local
vorticity !ω as functions of βm and βµ.
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Figure 4: The ratio R of the integrated polarization per particle in Eq. (56) for fermions to anti-fermions. (a) R as a function
of βm and βµ. (b) R as functions of βm at three values βµ = 0.5, 1, 2 corresponding to short-dashed, long-dashed and solid
lines respectively.

are shown in Fig. 4. In the left panel we show R as a function of βm and βµ, while in the right panel we show R at
three values of βµ as functions of βm. The dependences of Π(x)/ρ(x) on βm and βµ are similar to Π(x,p)/ρ(x,p)
on βEp and βµ, but the variation in the values of Π(x)/ρ(x) on βm is much smaller than Π(x,p)/ρ(x,p) as shown
in Figs. 1 and 2.

We see that R < 1, i.e. the polarization per particle for fermions is always less than that for anti-fermions.
This behavior is consistent to the observation in the STAR experiment [26]. Also R decreases with µ at fixed m.
Such behaviors are based on the following facts: (a) Π(x) is actually proportional to the susceptibility ∂ρ/∂µ and in-
creases/decreases for fermions/anti-fermions with βµ just as ρ(x); (b) Πfermion/Πanti−fermion and ρfermion/ρanti−fermion

are all increasing functions of βµ; (c) Πfermion/Πanti−fermion is less than ρfermion/ρanti−fermion and increases slower with
βµ than ρfermion/ρanti−fermion.

In the massless case, the momentum integrals in Eqs. (49,50) can be worked out, so we obtain the quantities for
fermions (+) and anti-fermions (−),

Πm=0(x) = −!ω
1

2π2
Li2(−e±βµ),

ρm=0(x) = −
2

π2
Li3(−e±βµ),

[

Π(x)

ρ(x)

]

m=0

= !ω
1

4

Li2(−e±βµ)

Li3(−e±βµ)
, (57)

where the polylogarithm function is defined by the power series, Lis(z) =
∑∞

k=1 z
k/ks. Fig. 5 shows the numerical

results for [Π(x)/ρ(x)]m=0 for fermions and anti-fermions and their ratio R defined by Eq. (56) as functions of βµ.
If we consider the Cooper-Frye description of hadron freezeout in hydrodynamic evolution, we can re-write the

polarization density in Eq. (47) by replacing the momentum integral with the one on the freezeout hypersurface. For
fermions, we pick up the first term in the second line of Eq. (47) and define the polarization spectra in momentum

R. Fang, L. Pang, Q. Wang, and X. Wang, PRC94, 024904 (2016)

= m/T

R=PΛ/Panti-Λ

μ/T=0.5

μ/T=1

μ/T=2

~ 1.1GeV/(160-200)MeV 
~ 5.5-6.8


