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Clockwork 

•  The simplified clockwork model and its zero mode distribution 

•  Naturally realized in the continuum limit 
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⇤ ⇤N = qN⇤

Figure 1: A schematic representation of the clockwork mechanism increasing the interac-
tion scale of a non-renormalisable operator.

case, the association between the interaction scale and the energy at which new particles
must enter, although not formally correct, works in practice. The situation is very di↵erent
in presence of couplings which are small, in natural units, as the dynamics associated with
an interaction scale could occur at much smaller energies.

These considerations open the possibility that dynamics, usually associated with very
high-energy phenomena may lie much closer to, and possibly within, accessible energies. If
this were to be the case, a new puzzle arises: why would nature choose extremely small
coupling constants? Since long ago [1, 2] physicists have been reluctant to accept small (or
large) numbers without an underlying dynamical explanation, even when the smallness of a
parameter is technically natural in the sense of ’t Hooft [3]. One reason for this reluctance
is the belief that all physical quantities must eventually be calculable in a final theory with
no free parameters. It would be strange for small numbers to pop up accidentally from the
final theory without a reason that can be inferred from a low-energy perspective.

In this work we propose a general mechanism to generate small numbers out of a the-
ory with only O(1) parameters, and thus large e↵ective interaction scales out of dynamics
occurring at much lower energies. In all of these theories the full UV completion enters at
energies exponentially smaller than suggested by a given interaction strength. The mech-
anism is fairly flexible and can produce exponentially large interaction scales for light or
massless scalars, fermions, vectors, and even gravitons. It provides an interesting theoretical
tool which opens new model-building avenues for axion, neutrino, flavour, weak scale, and
gravitational physics.

The underlying structure is a generalisation of the clockwork models [4, 5], which were
originally used to construct axion (or relaxion [6]) setups in which the e↵ective axion decay
constant f is much larger than the Planck mass M

P

, without any explicit mass parameter
in the fundamental theory exceeding M

P

. In this way, one could circumvent the need for
transplanckian field excursions in models which, for di↵erent phenomenological reasons, re-
quire f > M

P

. These constructions can be viewed as extensions of an original proposal for
subplanckian completions of natural inflation [7–9]. The name clockwork follows from the
field phase rotations with periods that get successively larger from one field to the next (see
fig. 1 for a pictorial interpretation).

The general framework is the following: Consider a system involving a particle P , which
remains massless because of a symmetry S. At this stage neither the nature of P or S, nor
whether the description is renormalisable or not, is crucial. We will give plenty of specific
examples in our paper, but we want to stress that the general mechanism is insensitive to
the details of the model implementation.
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Deconstructed Ex-dim on the orbifold S/Z2 

•  The Lagrangian could be written as several forms 

     Integration by parts with boundary localized terms (M: μ,y)  
 

    Field redef. (Φà emyΦ) with a  nontrivial metric, ds2 = e4my/3(dx2+dy2) 
 
   
   Coordination transformation, dz = e2my dy  (e2πRm >> 1) 

•  Profiles in field/coordinate space depend on the basis 
Nontrivial geometry and/or bulk-boundary mass parameters in 
5D models is needed  
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Motivation 1  

•  The interaction terms (beyond the quadratic) represent model 
dependence  

 
•  Predict the interactions based on the symmetry in Ex-dim models. 

•  A Linear Dilaton Model is a good starting point since it could give 
natural variation of the warped geometry, 

 
 

    from the shift symmetry of the dilaton field, S, and the soft breaking  
    massive parameters.  
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See [Craig, Garcia, Sutherland 17 ]	
     [Giudice, McCullough 17 ]	



Periodicity in a clockwork axion 

•  For the fields, {πi } with a period 2πf,  (q0, q1) should be integers.  

 

•  One cycle along πN corresponds to the large field excursion of π(0)  

•  The additional potential of πN  gives the potential of π(0) with an 
exponentially large period, feff = (q1/q0)N f .  

•  Useful for inflationary, relaxion related model buildings, etc.  
•  Deconstruction of the 5D model ?   
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FIG. 1: Flat direction in the fundamental domain of axion fields in the limit Λ2 = 0. Even

though the fundamental domain is sub-Planckian with fi ≪ MP l, the flat direction can have a

super-Planckian length if one (or both) of ni/gcd (n1, n2) is large enough. The right panel depicts

the flat direction in the fundamental domain for which the axion periodicity is manifest.

which can be identified as the inflaton direction. One easily finds that the length of this

periodic flat direction is given by

ℓflat =
2π
√

n2
1f

2
2 + n2

2f
2
1

gcd (n1, n2)
, (12)

where gcd (n1, n2) denotes the greatest common divisor of n1 and n2. This shows that

a super-Planckian flat direction with ℓflat ≫ MP l ≫ fi can be developed on the two-

dimensional sub-Planckian domain if

n1

gcd (n1, n2)
or

n2

gcd (n1, n2)
≫

MP l

fi
≫ 1. (13)

In Fig. 1, we depict the flat direction in the fundamental domain of axion fields, which has

a length given by (12). Since the axionic inflaton of natural inflation rolls down along this

periodic flat direction, its effective decay constant is bounded as

feff ≤
ℓflat
2π

,

which means that at least one of ni should be as large as gcd (n1, n2)feff/fi.

Turning on the second axion potential

∆V = Λ4
2

[

1− cos

(

m1φ1

f1
+

m2φ2

f2

)]

, (14)

a nontrivial potential is developed along the periodic flat direction having a length (12).

Even when ℓflat ≫ MP l, natural inflation is not guaranteed as the inflaton potential induced
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Periodicity in a clockwork axion 

•  The effective continuum Lagrangian  

 

•  Taking εq0 finite :  
     the finite period, breakdown of 5D Lorentz symmetry 

•  Taking q0/f finite : 
     could recover the 5D Lorentz symmetry, the infinite period (fà    ) 
 
•  m=0 (finite q0=q1)   
     5D Lorentz invariant with a finite period, no exponentially large feff  
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Motivation 2 

•  Is it possible to have the property 

•  the 5th component of the 5D U(1) gauge field CM , C5(x, y) yields the 
Wilson line as the scalar zero mode, 

 
     which has the non-trivial wave-function profile,  
•  The charged complex scalar,Φ(x,y) with a VEV v(y) breaks 5D U(1).  
     The zero mode of the 5D Goldstone of 

  
    could be mixed with the zero mode of C5  

      with suitable boundary conditions,   

L = �1

2

Z ⇡R

0

dy
⇥
(@µ�)2 + (@y�)2 + m2�2 + 2m�2(�(y) � �(y � ⇡R))

⇤
(301)

�1

2

Z ⇡R

0

dyemy
h
(@µ�̃)2 + (@y�̃)2

i
�̃(x, y) = Z0�

(0)(x) + · · · . (302)

Z0 ' e�⇡mR ⌧ 1. (303)

�1

2

Z e⇡Rm

m

1
m

dz
h
(@µ�̃)2 + (mz)2(@z�̃)2

i
dz = emydy (304)

L = �1

2

Z ⇡R

0

dy


(@µ⇡)2 � 2m2

⇡f
2 cos

✓
✏q0

f
(@y⇡ � m⇡)

◆�
(305)

@y⇡ ⌘ ⇡i+1 � ⇡i

✏
(306)

1 (307)

m ⌘ 1 � q1/q0

✏
(308)

y ⌘ ✏i, ⇡R ⌘ ✏N, m ⌘ �(q1/q0 � 1)/✏ (309)

⇡(x, y) ! ⇡(x, y) + 2⇡f, ⇡(x, y) = emyZ0⇡
(0)(x) + · · · (310)

⇡(x, y) = ⇡i(x) (311)

✏ ! 0, N ! 1, (q0, q1 2 Z) ! 1 (312)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

+
1

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (313)

S
[J ]
gravity =

M3
5

2

Z
d5x

p
�G̃eS̃

h
R + G̃MN@M S̃@N S̃ + 4k2

+
8k̃p
G55

⇣
�(y) � �(y � ⇡R)

⌘#
. (314)

23

L = �1

2

Z ⇡R

0

dy
⇥
(@µ�)2 + (@y�)2 + m2�2 + 2m�2(�(y) � �(y � ⇡R))

⇤
(301)

�1

2

Z ⇡R

0

dyemy
h
(@µ�̃)2 + (@y�̃)2

i
�̃(x, y) = Z0�

(0)(x) + · · · . (302)

Z0 ' e�⇡mR ⌧ 1. (303)

�1

2

Z e⇡Rm

m

1
m

dz
h
(@µ�̃)2 + (mz)2(@z�̃)2

i
dz = emydy (304)

L = �1

2

Z ⇡R

0

dy


(@µ⇡)2 � 2m2

⇡f
2 cos

✓
✏q0

f
(@y⇡ � m⇡)

◆�
(305)

@y⇡ ⌘ ⇡i+1 � ⇡i

✏
(306)

1 (307)

m ⌘ 1 � q1/q0

✏
(308)

y ⌘ ✏i, ⇡R ⌘ ✏N, m ⌘ �(q1/q0 � 1)/✏ (309)

⇡(x, y) ! ⇡(x, y) + 2⇡f, ⇡(x, y) = emyZ0⇡
(0)(x) + · · · (310)

(@µ⇡ � qvAµ)
2 + (@y⇡ � qvA5)

2 (311)

Aµ(x, 0) = Aµ(x, ⇡R) = 0 (312)

�(x, y) = v(y) exp

✓
i
⇡(x, y)

v

◆
, exp

✓
i

Z ⇡R

0

dyA5

◆
(313)

⇡(x, y) = ⇡i(x) (314)

✏ ! 0, N ! 1, (q0, q1 2 Z) ! 1 (315)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

+
1

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (316)

23

�L = (@µ⇡l)Ol ) q�lZ0(@µ⇡
(0))Ol (301)

�1

2

Z ⇡R

0

dy
⇥
(@M�)2 + m2�2 + 2m�2(�(y) � �(y � ⇡R))

⇤
(302)

= 0 (303)

�1

2

Z ⇡R

0

dy e2my(@M �̃)2 = �1

2

Z ⇡R

0

dy
p�GGMN(@M�)(@N�) �̃(x, y) = Z0�

(0)(x) + · · · .

(304)

Z0 ' e�⇡mR ⌧ 1. (305)

�1

2

Z e2⇡Rm

2m

1
2m

dz
h
(@µ�̃)2 + (2mz)2(@z�̃)2

i
dz = emydy (306)

L = �1

2

Z ⇡R

0

dy


(@µ⇡)2 � 2m2

⇡f
2 cos

✓
✏q0

f
(@y⇡ � m⇡)

◆�
(307)

ds2 = e2k1ydx2
(4) + e2k2ydy2 (308)

S(x, y) ! S(x, y) + ↵, msoft ! exp(c↵)msoft (309)

+ g(y⇤)�(x, y⇤)Op(x) (310)

@y⇡ ⌘ ⇡i+1 � ⇡i

✏
(311)

ds2 = (2mz)2/3dx2
(4) + (2mz)�4/3dz2 (312)

1 (313)

GMNDM⇡DN⇡ ) (314)

k1 = k2 (CW), k1 � k2 (RS), k1 ⌧ k2 (LED) (315)

m ⌘ 1 � q1/q0

✏
(316)

23

y ⌘ ✏i, ⇡R ⌘ ✏N, m ⌘ �(q1/q0 � 1)/✏ (317)

⇡(x, y) ! ⇡(x, y) + 2⇡f, ⇡(x, y) = emyZ0⇡
(0)(x) + · · · (318)

(@µ⇡ � qvCµ)
2 + (@y⇡ � qvC5)

2 (319)

Cµ(x, 0) = Cµ(x, ⇡R) = 0 (320)

y = 0 y = ⇡R (321)

�(x, y) = v(y) exp

✓
i
⇡(x, y)

v

◆
, exp

✓
i

Z ⇡R

0

dyC5

◆
(322)

⇡(x, y) = ⇡i(x) (323)

✏ ! 0, N ! 1, (q0, q1 2 Z) ! 1 (324)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

+
1

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (325)

S
[J ]
gravity =

M3
5

2

Z
d5x

p
�G̃eS̃

h
R + G̃MN@M S̃@N S̃ + 4k2

+
8k̃p
G55

⇣
�(y) � �(y � ⇡R)

⌘#
. (326)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

� Ze↵

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (327)

S
[J ]
gravity =

M3
5

2

Z
d5x

p
�G̃eS̃

h
R � Ze↵G̃MN@M S̃@N S̃ + 4k2

+
8k̃p
G55

⇣
�(y) � �(y � ⇡R)

⌘#
. (328)

Sgravity =
M3

5

2

Z
d5x

p�G
⇥R � GMN@MS@NS + 4(e�cSk)2

⇤
(329)

24

y ⌘ ✏i, ⇡R ⌘ ✏N, m ⌘ �(q1/q0 � 1)/✏ (317)

⇡(x, y) ! ⇡(x, y) + 2⇡f, ⇡(x, y) = emyZ0⇡
(0)(x) + · · · (318)

(@µ⇡ � qvCµ)
2 + (@y⇡ � qvC5)

2 (319)

Cµ(x, 0) = Cµ(x, ⇡R) = 0 (320)

y = 0 y = ⇡R (321)

�(x, y) = v(y) exp

✓
i
⇡(x, y)

v

◆
, exp

✓
i

Z ⇡R

0

dyC5

◆
(322)

⇡(x, y) = ⇡i(x) (323)

✏ ! 0, N ! 1, (q0, q1 2 Z) ! 1 (324)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

+
1

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (325)

S
[J ]
gravity =

M3
5

2

Z
d5x

p
�G̃eS̃

h
R + G̃MN@M S̃@N S̃ + 4k2

+
8k̃p
G55

⇣
�(y) � �(y � ⇡R)

⌘#
. (326)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

� Ze↵

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (327)

S
[J ]
gravity =

M3
5

2

Z
d5x

p
�G̃eS̃

h
R � Ze↵G̃MN@M S̃@N S̃ + 4k2

+
8k̃p
G55

⇣
�(y) � �(y � ⇡R)

⌘#
. (328)

Sgravity =
M3

5

2

Z
d5x

p�G
⇥R � GMN@MS@NS + 4(e�cSk)2

⇤
(329)

24

y ⌘ ✏i, ⇡R ⌘ ✏N, m ⌘ �(q1/q0 � 1)/✏ (317)

⇡(x, y) ! ⇡(x, y) + 2⇡f, ⇡(x, y) = emyZ0⇡
(0)(x) + · · · (318)

(@µ⇡ � qvCµ)
2 + (@y⇡ � qvC5)

2 (319)

Cµ(x, 0) = Cµ(x, ⇡R) = 0 (320)

y = 0 y = ⇡R (321)

�(x, y) = v(y) exp

✓
i
⇡(x, y)

v

◆
, exp

✓
i

Z ⇡R

0

dyC5

◆
(322)

⇡(x, y) = ⇡i(x) (323)

✏ ! 0, N ! 1, (q0, q1 2 Z) ! 1 (324)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

+
1

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (325)

S
[J ]
gravity =

M3
5

2

Z
d5x

p
�G̃eS̃

h
R + G̃MN@M S̃@N S̃ + 4k2

+
8k̃p
G55

⇣
�(y) � �(y � ⇡R)

⌘#
. (326)

S
[J ]
gravity = M3

5

Z
d5x

p
�G̃eS̃

R
2

� Ze↵

2
G̃MN@M S̃@N S̃ + 2k2

+4k
⇣
0

�(y � y0)p
G̃55

� ⇡
�(y � y⇡)p

G̃55

⌘#
. (327)

S
[J ]
gravity =

M3
5

2

Z
d5x

p
�G̃eS̃

h
R � Ze↵G̃MN@M S̃@N S̃ + 4k2

+
8k̃p
G55

⇣
�(y) � �(y � ⇡R)

⌘#
. (328)

Sgravity =
M3

5

2

Z
d5x

p�G
⇥R � GMN@MS@NS + 4(e�cSk)2

⇤
(329)

24

�L = (@µ⇡N)ON ) q�NZ0(@µ⇡
(0))ON (301)

�1

2

Z ⇡R

0

dy
⇥
(@M�)2 + m2�2 + 2m�2(�(y) � �(y � ⇡R))

⇤
(302)

= 0 (303)

�1

2

Z ⇡R

0

dy e2my(@M �̃)2 = �1

2

Z ⇡R

0

dy
p�GGMN(@M �̃)(@N �̃) �̃(x, y) = Z0�

(0)(x) + · · · .

(304)

a(x) ! a(x) + 2⇡ (305)

Z0 ' e�⇡mR ⌧ 1. (306)

�1

2

Z e2⇡Rm

2m

1
2m

dz
h
(@µ�̃)2 + (2mz)2(@z�̃)2

i
dz = emydy (307)

L = �1

2

Z ⇡R

0

dy


(@µ⇡)2 � 2m2

⇡f
2 cos

✓
✏q0

f
(@y⇡ � m⇡)

◆�
(308)

ds2 = e2k1ydx2
(4) + e2k2ydy2 (309)

S(x, y) ! S(x, y) + ↵, msoft ! exp(c↵)msoft (310)

+ g(y⇤)�(x, y⇤)Op(x) (311)

@y⇡ ⌘ ⇡i+1 � ⇡i

✏
(312)

ds2 = (2mz)2/3dx2
(4) + (2mz)�4/3dz2 (313)

1 (314)

GMNDM⇡DN⇡ ) (315)

k1 = k2 (CW), k1 � k2 (RS), k1 ⌧ k2 (LED) (316)

23

tan 2✓ = � mV

k1 � k2/2
(373)

⇡(x, y) = �+ cos ✓ + �� sin ✓

g�1C5(x, y) = �� cos ✓ � �+ sin ✓ (374)

a(x) (375)

M± = �(k1 � k2/2) ±
q

(k1 � k2/2)2 + m2
V (376)

�
(0)
+ �

(0)
� (377)

g2

16⇡2

⇡(x, y)

v
Fµ⌫F̃

µ⌫ |y=0,⇡R (378)

C5(x, y) = emyZ0�
(0)(x) + · · · (379)

Z ⇡R

0

dyC5(x, y) =
g

mV

(⇡(x, ⇡R) � ⇡(x, 0)) (380)

⇤4
0 cos

✓
n0⇡(x, 0)

v

◆
+ ⇤4

⇡ cos

✓
n⇡⇡(x, ⇡R)

v

◆

+ ⇤4
bulk cos

✓
na(⇡(x, 0) � ⇡(x, ⇡R))

v

◆
+ · · · (381)

⇡(x, y) ⇠ eM+y

e(k1�k2/2+M+)⇡R
�

(0)
+ + e�|M�|y�(0)

� (382)

⇡(x, 0) = (383)

(n0, n⇡, na) 2 Z (384)

⇡(x, ⇡R) + ⇡(x, 0) (385)

⇤(x, y)|y=0,⇡R = 0 (386)

28



Motivation summary 

•  In a clockwork 
     a) hierarchically large period of the axion zero mode ( feff >> f)    
     
 

         Trans-Planckian?  
        (e.g.  feff ~ MPl >> f ~ M5  in                                                           )  
 
     b) hierarchically different interaction strengths (αeff << α ) 
         via quasi localization of zero modes : generalization to other spins 
     
 
     c) observable degenerated KK spectrums, 
         related with the solution to the hierarchy problem  
  
•  Each parts could be independent. Still it would be interesting to study 

the possibilities through the extra-dimensional realization 
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Linear dilaton model 
•  CW geometry in a linear dilaton model with brane localized terms 

 
 
•  In the Einstein frame with a canonical normalization of S,  

 

•  Softly broken shift symmetry  
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Linear dilaton model 
•  Taking a parameter, c 

     the metric solution has the form as  

    where                                              , and   
 
 
•  c2 à 1/3 (CW limit),  
    c2 à 0 (RS limit : dilaton is decoupled from the gravity sector) 
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General quadratic action for the scalar 

•  Kinetic term  

•  Interactions between the scalar and the dilaton, <S> ~ k y 

•  Bulk and brane soft mass terms 
 

•  With a tuning of boundary mass terms, we get 
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effective boundary mass effective bulk mass 

vanishing 
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Interactions 

•  The zero mode profile 
 

•  Brane localized interactions with dilatonic shift symmetry,    

 
•  Then,  
 
•  Overall suppression by                   , the hierarchical couplings by  
•  msoft in denominator ? (                            )  
    Needs UV construction, For M=0, Φ(x,y) as the phase field. If we  
    impose the periodicity as Φ(x,y) à Φ(x,y) + 2πv, one needs position  
    dependent charge of the quarks or guage coupling 
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Scalar from 5th component of 5D vector 

•  U(1) gauge theory,                                       . C5 is the 4D scalar 

 

•  Boundary conditions leaving only the scalar zero mode without vector 
zero mode (including the gauge parameter) 

•  Integrating out all massive vector KK modes, the effective 
Lagrangian for the scalar zero mode is 

•  Without introducing other soft terms, the quasi-localization in 
the 5D canonical field basis arises 

where 
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Scalar from 5th component of 5D vector 

•  U(1) gauge theory,                                       . C5 is the 4D scalar 

 

•  Boundary conditions leaving only the scalar zero mode without vector 
zero mode (including the gauge parameter) 

•  Integrating out all massive vector KK modes, the effective 
Lagrangian for the scalar zero mode is 

•  Without introducing other soft terms, the quasi-localization in 
the 5D canonical field basis arises 

where 
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Gauge fixing  

•  Before integrating out KK modes, we can remove the mixing between 
C5 and Cμ by introducing the gauge fixing term 

•  Taking the Feynman gauge (ξ=1), the Lagrangian for C5 

•  Can we use this as the clockwork axion? Well… forbidden by 
gauge symmetry,  

L� = �
Z ⇡R

0

dy e(2k1+k2)y


1

2
(@µ�)2 +

1

2
e2(k1�k2)y(@y� � M�)2

�
(344)

�
Z ⇡R

0

dy
p�G

✓
1

4g2
GMNGPQFMPFNQ

◆
(345)

Lg.f. = �
Z ⇡R

0

dy
p�G

1

2g2⇠

⇥
Gµ⌫@µA⌫ + ⇠G55��1@y(�A5)

⇤2
(346)

� = e(2k1�k2)y (347)

e(2k1+k2)y (348)

M (349)

AM ! AM + @M⇤(x, y) (350)

� 1

2g2

Z ⇡R

0

dy e(2k1�k2)yFµ5F
µ5 (351)

Fµ5 = (@µA5 � @yAµ) = e�(2k1�k2)y@µa(x) (352)

a(x) = Z0

Z ⇡R

0

dyA5 (353)

Aµ(x, 0) = Aµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (354)

q̄
h
i�µ(@µ � iemS/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (355)

�(x, y) =
eMy

e(2k1+k2+M)⇡R
�(0)(x) + · · · (356)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p
G(4)M5

Fµ⌫F̃
µ⌫

#
(357)

�L = �1

4
F c
µ⌫F

cµ⌫ +
�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (358)

n = m = 0 (359)

M5 ! e�cSmsoft ? (360)

26

L� = �
Z ⇡R

0

dy e(2k1+k2)y


1

2
(@µ�)2 +

1

2
e2(k1�k2)y(@y� � M�)2

�
(344)

�
Z ⇡R

0

dy
p�G

✓
1

4g2
GMNGPQCMPCNQ

◆
(345)

Lg.f. = �
Z ⇡R

0

dy
p�G

1

2g2⇠

⇥
Gµ⌫@µC⌫ + ⇠G55��1@y(�C5)

⇤2
(346)

� = e(2k1�k2)y (347)

e(2k1+k2)y (348)

�
Z ⇡R

0

dye(2k1�k2)y


1

2g2
(@µA5)

2 +
1

2g2
e2(k1�k2)y(@yA5 + (2k1 � k2)A5)

2

�
(349)

M (350)

A5(x, y) =
e�(2k1�k2)y

e�(k1�k2/2)⇡R
�(0)(x) + · · · (351)

CM ! CM + @M⇤(x, y) (352)

� 1

2g2

Z ⇡R

0

dy e(2k1�k2)yCµ5C
µ5 (353)

Cµ5 = (@µC5 � @yCµ) = e�(2k1�k2)y@µa(x) (354)

a(x) = Z0

Z ⇡R

0

dyC5 (355)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (356)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (357)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (358)

26

L� = �
Z ⇡R

0

dy e(2k1+k2)y


1

2
(@µ�)2 +

1

2
e2(k1�k2)y(@y� � M�)2

�
(344)

�
Z ⇡R

0

dy
p�G

✓
1

4g2
GMNGPQCMPCNQ

◆
(345)

Lg.f. = �
Z ⇡R

0

dy
p�G

1

2g2⇠

⇥
Gµ⌫@µC⌫ + ⇠G55��1@y(�C5)

⇤2
(346)

� = e(2k1�k2)y (347)

e(2k1+k2)y (348)

�
Z ⇡R

0

dye(2k1�k2)y


1

2g2
(@µC5)

2 +
1

2g2
e2(k1�k2)y(@yC5 + (2k1 � k2)C5)

2

�
(349)

M (350)

A5(x, y) =
e�(2k1�k2)y

e�(k1�k2/2)⇡R
�(0)(x) + · · · (351)

CM ! CM + @M⇤(x, y) (352)

� 1

2g2

Z ⇡R

0

dy e(2k1�k2)yCµ5C
µ5 (353)

Cµ5 = (@µC5 � @yCµ) = e�(2k1�k2)y@µa(x) (354)

a(x) = Z0

Z ⇡R

0

dyC5 (355)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (356)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (357)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (358)

26

L� = �
Z ⇡R

0

dy e(2k1+k2)y


1

2
(@µ�)2 +

1

2
e2(k1�k2)y(@y� � M�)2

�
(344)

�
Z ⇡R

0

dy
p�G

✓
1

4g2
GMNGPQCMPCNQ

◆
(345)

Lg.f. = �
Z ⇡R

0

dy
p�G

1

2g2⇠

⇥
Gµ⌫@µC⌫ + ⇠G55��1@y(�C5)

⇤2
(346)

� = e(2k1�k2)y (347)

e(2k1+k2)y (348)

�
Z ⇡R

0

dye(2k1�k2)y


1

2g2
(@µC5)

2 +
1

2g2
e2(k1�k2)y(@yC5 + (2k1 � k2)C5)

2

�
(349)

M (350)

C5(x, y) =
e�(2k1�k2)y

e�(k1�k2/2)⇡R
�(0)(x) + · · · (351)

CM ! CM + @M⇤(x, y) (352)

� 1

2g2

Z ⇡R

0

dy e(2k1�k2)yCµ5C
µ5 (353)

Cµ5 = (@µC5 � @yCµ) = e�(2k1�k2)y@µa(x) (354)

a(x) = Z0

Z ⇡R

0

dyC5 (355)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (356)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (357)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (358)

26

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4g2
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p
G(4)M5

Fµ⌫F̃
µ⌫

#
(359)

�L = �1

4
F c
µ⌫F

cµ⌫ +
g2�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (360)

n = m = 0 (361)

M5 ! e�cSmsoft ? (362)

Z ⇡R

0

dy�(y � y⇤)
✓

A5p
G55M5

Fµ⌫F̃
µ⌫ +

1

M5

Fµ5J
µ5

◆
(363)

C5(x, y) ! C5(x, y) + @y⇤(x, y)|y=0,⇡R (364)

27

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4g2
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p�G(4)M5

Fµ⌫F̃
µ⌫

#
(359)

�L = �1

4
F c
µ⌫F

cµ⌫ +
g2�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (360)

n = m = 0 (361)

M5 ! e�cSmsoft ? (362)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

✓
C5p�GM5

Fµ⌫F̃
µ⌫ +

1

M5

Cµ5J
µ5

◆
(363)

C5(x, y) ! C5(x, y) + @y⇤(x, y)|y=0,⇡R (364)

27

hierarchies  
among the 
couplings 



Spontaneous breaking of 5D U(1) 

•  5D Higgs mechanism à 5D Stuckelberg field at  low energies 
    

•  A linear combination of the KK modes of π(x,y) and C5(x,y) is 
absorbed by the KK modes of  Cμ(x,y) by Higgs mechanism.  

•  There are two zero modes that are not absorbed by the vector KK 
modes. One way to see: integrating out KK modes, see the effective 
action for the zero modes. 

 
•  Other way: see the 5D action adding the gauge fixing term (ξ=1) 

L� = �
Z ⇡R

0

dy e(2k1+k2)y


1

2
(@µ�)2 +

1

2
e2(k1�k2)y(@y� � M�)2

�
(344)

�
Z ⇡R

0

dy
p�G

✓
1

4g2
GMNGPQCMPCNQ

◆
(345)

Lg.f. = �
Z ⇡R

0

dy
p�G

1

2g2⇠

⇥
Gµ⌫@µC⌫ + ⇠G55��1@y(�C5)

⇤2
(346)

� = e(2k1�k2)y (347)

e(2k1+k2)y (348)

�
Z ⇡R

0

dye(2k1�k2)y


1

2g2
(@µC5)

2 +
1

2g2
e2(k1�k2)y(@yC5 + (2k1 � k2)C5)

2

�
(349)

M (350)

C5(x, y) =
e�(2k1�k2)y

e�(k1�k2/2)⇡R
�(0)(x) + · · · (351)

CM ! CM + @M⇤(x, y) (352)

� 1

2g2

Z ⇡R

0

dy e(2k1�k2)yCµ5C
µ5 (353)

Cµ5 = (@µC5 � @yCµ) = e�(2k1�k2)yZ0@µa(x) (354)

a(x) =

Z ⇡R

0

dyC5 (355)

�1

2

Z ⇡R

0

dy
p�Ge�2cSGMN(@M⇡ � qvCM)(@N⇡ � qvCN) (356)

⇡(x, y) ! ⇡(x, y) + q⇤(x, y) (357)

�(x, y) = e�cSv exp[i⇡(x, y)/v] (358)

26

⇡(x, y) ! ⇡(x, y) + qv⇤(x, y) (358)

�(x, y) = e�cSv exp[i⇡(x, y)/v] (359)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (360)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (361)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (362)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4g2
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p�G(4)M5

Fµ⌫F̃
µ⌫

#
(363)

�L = �1

4
F c
µ⌫F

cµ⌫ +
g2�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (364)

n = m = 0 (365)

M5 ! e�cSmsoft ? (366)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

✓
C5p�GM5

Fµ⌫F̃
µ⌫ +

1

M5

Cµ5J
µ5

◆
(367)

C5(x, y) ! C5(x, y) + @y⇤(x, y)|y=0,⇡R (368)

27

⇡(x, y) ! ⇡(x, y) + qv⇤(x, y) (358)

�(x, y) = e�cSv exp[i⇡(x, y)/v] (359)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (360)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (361)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (362)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4g2
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p�G(4)M5

Fµ⌫F̃
µ⌫

#
(363)

�L = �1

4
F c
µ⌫F

cµ⌫ +
g2�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (364)

n = m = 0 (365)

M5 ! e�cSmsoft ? (366)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

✓
C5p�GM5

Fµ⌫F̃
µ⌫ +

1

M5

Cµ5J
µ5

◆
(367)

C5(x, y) ! C5(x, y) + @y⇤(x, y)|y=0,⇡R (368)

� 1

2

Z ⇡R

0

dye(2k1�k2)y
⇥
(@µ�+)2 + e2(k1�k2)y(@y�+ � M+�+)2

+(@µ��)2 + e2(k1�k2)y(@y�� � M���)2
⇤

(369)

mV = gqv (370)

�+ = cos ✓⇡(x, y) � sin ✓C5(x, y)/g (371)

tan 2✓ = � (gqv)

k1 � k2/2
(372)

27

L� = �
Z ⇡R

0

dy e(2k1+k2)y


1

2
(@µ�)2 +

1

2
e2(k1�k2)y(@y� � M�)2

�
(344)

�
Z ⇡R

0

dy
p�G

✓
1

4g2
GMNGPQCMPCNQ

◆
(345)

Lg.f. = �
Z ⇡R

0

dy
p�G

1

2g2⇠

⇥
Gµ⌫@µC⌫ + ⇠G55��1@y(�C5)

⇤2
(346)

� = e(2k1�k2)y (347)

e(2k1+k2)y (348)

�
Z ⇡R

0

dye(2k1�k2)y


1

2g2
(@µC5)

2 +
1

2g2
e2(k1�k2)y(@yC5 + (2k1 � k2)C5)

2

�
(349)

M (350)

C5(x, y) =
e�(2k1�k2)y

e�(k1�k2/2)⇡R
�(0)(x) + · · · (351)

CM ! CM + @M⇤(x, y) (352)

� 1

2g2

Z ⇡R

0

dy e(2k1�k2)yCµ5C
µ5 (353)

Cµ5 = (@µC5 � @yCµ) = e�(2k1�k2)yZ0@µa(x) (354)

a(x) =

Z ⇡R

0

dyC5 (355)

�1

2

Z ⇡R

0

dy
p�Ge�2cSGMN(@M⇡ � qvCM)(@N⇡ � qvCN) (356)

LKK = �
X

n=1

⇢
1

4
(C(n)

µ⌫ )2 +
1

2

h
@µ(cn⇡

(n) + snC
(n)
5 ) + m(n)C(n)

µ

i2
�

(357)

26



Lagrangian for π and C5 

•  The gauge fixing term that removes the mixing with Cμ(x,y) does not 
remove the mixing between π and C5. Taking the field basis as  

     we get 
  
 
 
    where 
 
 
•  Since M+ > 0,  M_ < 0, two zero modes are quasi-localized in different 

branes  

⇡(x, y) ! ⇡(x, y) + qv⇤(x, y) (358)

�(x, y) = e�cSv exp[i⇡(x, y)/v] (359)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (360)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (361)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (362)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4g2
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p�G(4)M5

Fµ⌫F̃
µ⌫

#
(363)

�L = �1

4
F c
µ⌫F

cµ⌫ +
g2�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (364)

n = m = 0 (365)

M5 ! e�cSmsoft ? (366)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

✓
C5p�GM5

Fµ⌫F̃
µ⌫ +

1

M5

Cµ5J
µ5

◆
(367)

C5(x, y) ! C5(x, y) + @y⇤(x, y)|y=0,⇡R (368)

� 1

2

Z ⇡R

0

dye(2k1�k2)y
⇥
(@µ�+)2 + e2(k1�k2)y(@y�+ � M+�+)2

+(@µ��)2 + e2(k1�k2)y(@y�� � M���)2
⇤

(369)

mV = gqv (370)

�+ = cos ✓⇡(x, y) � sin ✓C5(x, y)/g

�� = sin ✓⇡(x, y) + cos ✓C5(x, y)/g (371)

tan 2✓ = � mV

k1 � k2/2
(372)

M± = �(k1 � k2/2) ±
q

(k1 � k2/2)2 + m2
V (373)

27

⇡(x, y) ! ⇡(x, y) + qv⇤(x, y) (358)

�(x, y) = e�cSv exp[i⇡(x, y)/v] (359)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (360)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (361)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (362)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4g2
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p�G(4)M5

Fµ⌫F̃
µ⌫

#
(363)

�L = �1

4
F c
µ⌫F

cµ⌫ +
g2�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (364)

n = m = 0 (365)

M5 ! e�cSmsoft ? (366)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

✓
C5p�GM5

Fµ⌫F̃
µ⌫ +

1

M5

Cµ5J
µ5

◆
(367)

C5(x, y) ! C5(x, y) + @y⇤(x, y)|y=0,⇡R (368)

� 1

2

Z ⇡R

0

dye(2k1�k2)y
⇥
(@µ�+)2 + e2(k1�k2)y(@y�+ � M+�+)2

+(@µ��)2 + e2(k1�k2)y(@y�� � M���)2
⇤

(369)

mV = gqv (370)

�+ = cos ✓⇡(x, y) � sin ✓C5(x, y)/g

�� = sin ✓⇡(x, y) + cos ✓C5(x, y)/g (371)

tan 2✓ = � mV

k1 � k2/2
(372)

M± = �(k1 � k2/2) ±
q

(k1 � k2/2)2 + m2
V (373)

27

⇡(x, y) ! ⇡(x, y) + qv⇤(x, y) (358)

�(x, y) = e�cSv exp[i⇡(x, y)/v] (359)

Cµ(x, 0) = Cµ(x, ⇡R) = 0, ⇤(x, 0) = ⇤(x, ⇡R) = 0 (360)

q̄
h
i�µ(@µ � ie�(n+m)S/2Aµ) + e�cSvei�5�/v

i

y=y⇤
q (361)

�(x, y) =
eMy

e(k1+k2/2+M)⇡R
�(0)(x) + · · · (362)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

"
�enS

4g2
Gµ⌫G⇢�Fµ⇢F⌫� +

emS�(x, y)p�G(4)M5

Fµ⌫F̃
µ⌫

#
(363)

�L = �1

4
F c
µ⌫F

cµ⌫ +
g2�(x, y⇤)

M5

F c
µµF̃

cµ⌫ (364)

n = m = 0 (365)

M5 ! e�cSmsoft ? (366)

Z ⇡R

0

dy
p�G

�(y � y⇤)p
G55

✓
C5p�GM5

Fµ⌫F̃
µ⌫ +

1

M5

Cµ5J
µ5

◆
(367)

C5(x, y) ! C5(x, y) + @y⇤(x, y)|y=0,⇡R (368)

� 1

2

Z ⇡R

0

dye(2k1�k2)y
⇥
(@µ�+)2 + e2(k1�k2)y(@y�+ � M+�+)2

+(@µ��)2 + e2(k1�k2)y(@y�� � M���)2
⇤

(369)

mV = gqv (370)

�+ = cos ✓⇡(x, y) � sin ✓C5(x, y)/g

�� = sin ✓⇡(x, y) + cos ✓C5(x, y)/g (371)

tan 2✓ = � mV

k1 � k2/2
(372)

M± = �(k1 � k2/2) ±
q

(k1 � k2/2)2 + m2
V (373)

27

⇡(x, y) = �+ cos ✓ + �� sin ✓

g�1C5(x, y) = �� cos ✓ � �+ sin ✓ (373)

a(x) (374)

M± = �(k1 � k2/2) ±
q

(k1 � k2/2)2 + m2
V (375)

�
(0)
+ �

(0)
� (376)

⇡(x, y)

v
Fµ⌫F̃

µ⌫ |y=0,⇡R (377)

⇤(x, y)|y=0,⇡R = 0 (378)

28



Lagrangian for π and C5 

•  The gauge fixing term that removes the mixing with Cμ(x,y) does not 
remove the mixing between π and C5. Taking the field basis as  

     we get 
  
 
 
    where 
 
 
•  Since M+ > 0,  M_ < 0, two zero modes are quasi-localized in different 

branes 

•  Brane localized interaction is allowed by  
    gauge symmetry since Λ(x,0)=Λ(x,πR)=0  
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Two axion model  

•  Zero mode profiles: 

•  Possible forms of the potentials from  
    boundaries and the bulk for the Wilson line 
 
 
 
 
 
     
     Each Λs are exponentially sensitive to the size of gauge couplings of 
the boundary gauge group, the masses of the charged fields in the bulk. 
     Difficult to get a trans-Planckian period. Can have the hierarchically 
different couplings for the axions (in a mass eigenbasis) 
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Outlook 

•  The continuum clockwork is the natural way to explain the highly 
ordered (engineered) interactions in the 4D discrete clockwork 
system. However considering it in the extra-dimensional set-up will 
give the extra-constraints on the couplings.  

•  I have generalized the clockwork in the generic warped background 
with brane/bulk masses by imposing a certain dilatonic shift symmetry 
in a linear dilaton model. Imposing the symmetry will specify the form 
of the interactions which could be more consistent with the UV theory. 
This approach is easily generalized to the higher spins.  

 
•  The system of 5D goldstone and the 5th component of the gauge field 

shows a different behavior compared to the massless 5D real scalar 
model regarding the quasi-localization. The hierarchically different 
couplings between the zero modes and the operators localized in 
different branes are naturally possible. But the physical meaning of 
such quasi-localization is not clearly understood yet. 

.  


