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Soft Collinear Effective Theory [Bauer, Fleming, Pirjol, Stewart]

SCET very powerful for treating multiscale processes in QCD

p

p

b

W

Light cone coord.: pµ = n̄µ

2 n · p+ nµ

2 n̄ · p+ pµ⊥ ≡ (n · p, n̄ · p, p⊥)

n-collinear: pn ∼ Q(λ2, 1, λ)
n̄-collinear: pn̄ ∼ Q(1, λ2, λ)

(ultra)soft: ps ∼ Q(λ2, λ2, λ2)
hard scale: Q , expansion: λ� 1

Allows for a factorized description: Hard, Jet, Beam, Soft radiation



Introduction

A large class of observables τ (pT , threshold, event shapes, etc. )
exhibit singularities in perturbation theory for small τ :

dσ

dτ
=

∞∑

n=0

(αs
π

)n 2n−1∑

m=0

c(0)
nm

(
logm τ

τ

)

+

+

∞∑

n=1

(αs
π

)n 2n−1∑

m=0

c(2)
nm logm τ + · · ·

SCET: relate observable τ to power counting parameter λ

pT resummation in SCET:
p2T
Q2 ∼ λ

Threshold in SCET: (1− z)2 ∼ λ
Event shapes in SCET: τ ∼ λ2

So that SCET is the EFT that describes the physics of the relevant degrees
of freedom at small τ .



Application of SCET

For F.O. calculation:

Only relevant d.o.f. involved =⇒ simpler calculation

collinear and soft limits at the integrand level

expansion by regions in loop integrals for free

For resummation:

Prove factorization theorems

dσ

dτ
= σ0H(Q,µ)⊗ J(Q, τ, s, µ)⊗ S(s, µ) + p.c.

Perform resummation by solving the RGE

1

2
γH + γJ + γS = 0

dσ(res)

dτ
= H(Q,µH)UH(Q,µH , µS)J(Q, τ, µJ )⊗UJ (µJ , µS)⊗S(µS)

For example:

Event shapes/Thrust

Drell-Yan Threshold

N-Jettiness

Jet substructure

Boosted t,W,Z
physics

Jet radius
resummation

Higgs pT resummation
(SCETII)

Jet broadening
(SCETII)

Small-x resummation
(Glauber)



From SM to SCET

LSM → LSCET = Lhard + Ldyn

Lhard describes the

hard scattering/the

partonic interaction.

e.g. how to go from gg

to H + 2 partons.

Note: it can come from

non-QCD interactions





p

p

b

W

= direction, = energy (x2)

SCET





Ldyn describes the

evolution of the

strongly interacting

final/initial states

e.g. how to go from

2 partons to 2 jets/

how the jets evolve

EFT of pure QCD

dσ

dτ
∼ σ0H(Q,µ)⊗ J(Q, τ, s, µ)⊗ S(s, µ)



Hard scattering

Lhard is made by hard scattering operators Oi made by incom-
ing/outgoing fields.

p

p

b

W

Hard scattering operators

• Building blocks: collinear quark             gluon  
 

• Textbook approach to spin unnecessarily complicated

Oi

=
X

i

Ci⇥

�n,! Bn?,!

[Marcantonini, Stewart]

n = direction,       = energy (x2)!

QCD SCET

O1 = �̄n3,!3
n/2 �n4,!4

Bn1?,!1
· Bn2?,!2

H

O2 = �̄n3,!3
B/n1?,!1

�n4,!4
n4 · Bn2?,!2

H

O3 = �̄n3,!3
n/1n/2 B/n1?,!1

�n4,!4
n4 · Bn2?,!2

H

· · ·

X

diagrams

4

Ci are Wilson coefficients: computed via matching to SM (not
only QCD), they encode physics of hard modes at scale Q.
Analogue to 4 Fermi theory.



Hard scattering

Fields/Lagrangians have a definite power counting in λ.

Operator Bµni⊥ χni Pµ⊥ ψus Bµus ∂µus
Power Counting λ λ λ λ3 λ2 λ2

therefore, the Lagrangians can be expanded in λ

LSCET = Lhard + Ldyn =
∑

i≥0

L(i)
hard +

∑

i≥0

L(i)

L(i+k) suppressed by λk w.r.t. L(i)

L(0) is called Leading Power Lagrangian

L(1) is Subleading Power Lagrangian

L(2) is Sub-Subleading Power Lagrangian

etc . . .

Note: Often no O(λ) at σ level, so Sub-Subleading Power (which is λ2 suppressed) is

called Next to Leading Power (first non vanishing).



Hard scattering in SCET: some definitions

Lhard can be expanded:

in powers of power counting parameter λ: Lhard =
∑

i L
(i)
hard

on the operator basis: L(i)
hard =

∑
j C

(i)
j O

(i)
j

A list of independent hard scattering operators {O(i)
j } for a given

process is called a basis of hard scattering operators.



Hard scattering: Operator basis vs Wilson coefficients

L(i)
hard =

∑

j

C
(i)
j O

(i)
j

Wilson coefficients C
(i)
j depend on process (e.g. gg → H) and

power counting

Operator basis O
(i)
j depends on spin of non-QCD part and power

counting =⇒ more general (same basis for all gg → spin-0 at O(λi))

Note that, by definition, hard scattering operator basis is: at all orders in αs, finite by

power counting and fixed order in EW (typically LO)



Operator basis

Include all operators with smallest power of λ, compatible with
symmetries:

Collinear and u.s. gauge invariance (encoded in building blocks

Bµn,Bµus, χn, ψus)

Spin of the final state (use helicity building blocks B±n , J±nn̄ )

Reparametrization Invariance (physics doesn’t change if I change nµ def.

by O(λ2))

Lot of symmetries =⇒ lot of constraints

For processes with only 2 collinear directions (n, n̄) at leading power,
operator basis is trivial: e.g. for gg → H

gngn̄ : = −2ω1ω2δ
abBa⊥n̄,ω2

· Bb⊥n,ω1
H



Operator basis at subleading powers

Order Category Operators (equation number) σ
O(λ2)
2j 6=0

O(λ0) Hgg O
(0)ab
Bλ1λ1

= Banλ1
Ban̄λ1

H X

O(λ) Hqq̄g O
(1)a ᾱβ
Bnλ1(−λ1) = Banλ1

J ᾱβnn̄−λ1
H X

O(λ2) Hqq̄QQ̄ O
(2)ᾱβγ̄δ
qQ1(λ1;λ2) = J ᾱβ(q)nλ1

J γ̄δ(Q)n̄λ2
H

O
(2)ᾱβγ̄δ
qQ2(λ1;λ1) = J ᾱβ

(qQ̄)nλ1
J γ̄δ(Qq̄)n̄ λ1

H

O
(2)ᾱβγ̄δ
qQ3(λ1;−λ1) = J ᾱβ(q)nn̄λ1

J γ̄δ(Q)nn̄−λ1
H

Hqq̄gg O
(2)ab ᾱβ
B1λ1λ2(λ3) = Banλ1

Bbn̄λ2
J ᾱβn λ3

H X

O
(2)ab ᾱβ
B2λ1λ2(λ3) = Ban̄λ1

Bbn̄λ2
J ᾱβn λ3

H

Hgggg O
(2)abcd
4g1λ1λ2λ3λ4

= SBanλ1
Bbnλ2

Bcn̄λ3
Bdn̄λ4

H

O
(2)abcd
4g2λ1λ2λ3λ4

= SBanλ1
Bbn̄λ2

Bcn̄λ3
Bdn̄λ4

H X

P⊥ O
(2)a ᾱβ
Pχλ1(λ2)[λP ] = Banλ1

{J ᾱβn̄ λ2
(PλP
⊥ )†}H X

O
(2)abc
PBλ1λ2λ3[λP ] = S Banλ1

Bbn̄λ2

[
PλP
⊥ Bcn̄λ3

]
H X

Ultrasoft O
(2)a ᾱβ
χn(us)0:(λ1) = Baus(n)0 J

ᾱβ
nn̄ λ1

H

O
(2) ᾱβ
∂χn(us)λ1:(λ2) = {∂us(n)λ1

J ᾱβnn̄ λ2
}H

O
(2)abc
Bn(us)λ1:λ2λ3

= Baus(n)λ1
Bbn λ2

Bcn̄ λ3
H X

O
(2)ab
∂Bn(us)λ1:λ2λ3

=
[
∂us(n)λ1

Bnλ2

]
Bn̄ λ3

H X



Matching



Matching: a straightforward example

(g)n(ggP⊥)n̄ :
O

(2)
PB1 = Ban⊥,ω1

·
[
P⊥Bbn̄⊥,ω2

·
]
Bcn̄⊥,ω3

H

O
(2)
PB2 =

[
P⊥ · Ban̄⊥,ω3

]
Bbn⊥,ω1

· Bc⊥n̄,ω2
H (1)

Assign kinematics with overlap to the operator:

pµ1 = ω1
nµ

2
, pµ2 = ω2

n̄µ

2
+ pµ⊥ + pr2

nµ

2
, pµ3 ∼ ω3

n̄µ

2
− pµ⊥ + pr3

nµ

2

Expand full theory1 diagrams at O(λ2):


 + + +




∣∣∣∣∣∣∣
O(λ2)

=

=4gfabc
(

2 +
ω3

ω2
+
ω2

ω3

)
(ε2⊥ · ε3⊥p⊥ · ε1⊥ − ε1⊥ · ε2⊥p⊥ · ε3⊥+

− ε1⊥ · ε3⊥p⊥ · ε2⊥) .

1QCD with pointlike gluon fusion Higgs production



Matching: a straightforward example

Extract Wilson Coefficient of the operators

C
(2)
PB1 = −

(
1

2

)
4ig

(
2 +

ω3

ω2
+
ω2

ω3

)
O

(2)
PB1 = fabcBan⊥,ω1

·
[
P⊥Bbn̄⊥,ω2

·
]
Bcn̄⊥,ω3

H ,

C
(2)
PB2 = 4ig

(
2 +

ω3

ω2
+
ω2

ω3

)
O

(2)
PB2 = fabc

[
P⊥ · Ban̄⊥,ω3

]
Bbn⊥,ω1

· Bc⊥n̄,ω2
H .

Matching onto Helicity basis

O(2)
PB+++[−] = 4gifabc

(
2 +

ω3

ω2
+
ω2

ω3

)
Ban+,ω1

Bbn̄+,ω3

[
P−⊥Bcn̄+,ω2

]
H ,

O(2)
PB−−−[+] = 4gifabc

(
2 +

ω3

ω2
+
ω2

ω3

)
Ban−,ω1

Bbn̄−,ω3

[
P+
⊥Bcn̄−,ω2

]
H ,

O(2)
PB++−[+] = −2gifabc

(
2 +

ω3

ω2
+
ω2

ω3

)
Ban+,ω1

Bbn̄−,ω3

[
P+
⊥Bcn̄+,ω2

]
H ,

O(2)
PB−+−[−] = −2gifabc

(
2 +

ω3

ω2
+
ω2

ω3

)
Ban−,ω1

Bbn̄−,ω3

[
P−⊥Bcn̄+,ω2

]
H .



Matching: Feynman Rule

In this way we get the Feynman rule in the EFT:

=4gfabc
(

2 +
ω2

ω3
+
ω3

ω2

)[
pµ⊥g

νρ
⊥ − pν⊥g

µρ
⊥ − p

ρ
⊥g

µν
⊥

+
p2
⊥

ω2ω3

(
ω3n

νgµρ⊥ − ω2n
ρgµν⊥ + pµ⊥n

νnρ
)]

.

Gauge invariant collinear gluon building block:

gBµn⊥ = g

(
Aµa⊥kT

a − kµ⊥
n̄ ·AankT

a

n̄ · k

)
+O(g2)



Matching: a less straightforward example

EFT has non localities only at the hard scale Q ∼ ω ∼ λ0

Some full theory diagrams have non localities also at the soft
scale λ2 (eg. (p2 + p3)2 ∼ pr2ω3 + pr3ω2 + p2

⊥ ∼ λ
2)



∣∣∣∣∣∣∣∣∣
O(λ2)

=
4ig2faebfdce

ω4︸ ︷︷ ︸
hard non locality

 2(ω2 + ω3)

(p2 + p3)2︸ ︷︷ ︸
soft non locality

p⊥ · ε1⊥p⊥ · ε2⊥ε3⊥ · ε4⊥+

−(2ω3 + ω4)ε1⊥ · ε4⊥ε2⊥ · ε3⊥
]
.

Need to cancel with EFT contributions (SCET diagrams with
same final states) e.g.

= × collinear gluon splitting in SCET



Matching: cancellation of soft non localities

Cancellation of soft non localities gives a strong cross check on
matching of operators (both 3g and 4g operators involved)


 +



non-loc.

=


 + + + perms



non-loc.

=

= 8ig2p⊥ · ε1⊥p⊥ · ε2⊥ε3⊥ · ε4⊥
(
fabefecd

(p2 + p3)2

(ω2 + ω3 + ω4)2

(ω3 + ω2)ω4
+ [3↔ 4, b↔ c]

)
.

Resulting Wilson Coefficient is free of soft non localities

C
(2)
4g = 16παs

(
3 +

ω3
j + ω3

k + ω3
` + ωjωkω`

(ωj + ωk)(ωj + ω`)(ωk + ω`)

)
.



What is subleading power good for?



Leading Power

Observables can be organized in an expansion in τ .

dσ

dτ
=

dσ(0)

dτ
+

dσ(2)

dτ
+

dσ(4)

dτ
+ . . .

︸ ︷︷ ︸
power corrections

Leading power well understood for a wide variety of observables.

dσ(0)

dτ
=

∞∑

n=0

(αs
π

)n 2n−1∑

m=0

c(0)
nm

(
logm τ

τ

)

+

=

= H(0)J (0)
τ ⊗ J (0)

τ ⊗ S(0)
τ + O

(ΛQCD

Qτ

)
31
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Q=mZ

FIG. 18: Thrust distributions in the far-tail region at N3LL′

order with QED and mb corrections included at Q = mZ to-
gether with data from ALEPH. The red solid line is the cross
section in the R-gap scheme using αs(mZ) and Ω1 obtained
from fits using our full code, see Eq. (68). The light red band
is the perturbative uncertainty obtained from the theory scan
method. The red dashed line shows the distribution with the
same αs but without power corrections. The light solid blue
line shows the result of a full N3LL′ fit with the BS profile
that does not properly treat the multijet thresholds. The
short dashed green line shows predictions at N3LL′ with the
BS profile, without power corrections, and with the value of
αs(mZ) obtained from the fit in Ref. [20]. All theory results
are binned in the same manner as the experimental data, and
then connected by lines.

of our theoretical result in Eq. (4) that are important in
this far-tail region are i) the nonperturbative correction
from Ω1, and ii) the merging of µS(τ), µJ(τ), and µH

toward µS = µJ = µH at τ = 0.5 in the profile func-
tions, which properly treats the cancellations occurring
at multijet thresholds. To illustrate the importance of
Ω1 we show the long-dashed red line in Fig. 18 which has
the same value of αs(mZ), but turns off the nonpertur-
bative corrections. To illustrate the importance of the
treatment of multijet thresholds in our profile function,
we take the BS profile which does not account for the
thresholds (the BS profile is defined and discussed below
in Sec. IX), and use the smaller αs(mZ) and larger Ω1

that are obtained from the global fit in this case. The
result is shown by the solid light blue line in Fig. 18,
which begins to deviate from the data for τ > 0.36 and
gives a cross section that does not fall to zero at τ = 0.5.
The fact that αs(mZ) is smaller by 0.0034 for the light
blue line, relative to the solid red line, indicates that the
proper theoretical description of the cross section in the
far-tail region has an important impact on the fit done
in the tail region. The final curve shown in Fig. 18 is the
short-dashed green line, which is the result at the level
of precision of the analysis by Becher and Schwartz in
Ref. [20]. It uses the BS profile, has no power correc-

0.00 0.02 0.04 0.06 0.08 0.10
0

5

10

15

20

τ

σ
dσ
dτ

1

DELPHI

ALEPH

OPAL

L3

SLD

no 

c i≥1full without fitting

!

no ! , BS profile
( =.1172) 

( =.1135) 

( =.1135, ! =.324 GeV) 

N LL3 ’ results

Q=mZ

FIG. 19: Thrust cross section for the result of the N3LL′ fit,
with QED and mb corrections included at Q = mZ . The
red solid line is the cross section in the R-gap scheme using
αs(mZ) and Ω1 obtained from fits using our full code, see
Eq. (68). The red dashed line shows the distribution with the
same αs but without power corrections. The short-dashed
green line shows predictions at N3LL′ with the BS profile,
without power corrections, and with the value of αs(mZ) ob-
tained from the fit in Ref. [20]. Data from ALEPH, DELPHI,
L3, SLD, and OPAL are also shown.

tions, and has the value of αs obtained from the fit in
Ref. [20]. It also misses the Q = mZ data in this re-
gion. The results of other O(α3

s) thrust analyses, such as
Davison and Webber [23] and Dissertori et al. [22, 25],
significantly undershoot the data in this far-tail region.15

To the best of our knowledge, the theoretical cross sec-
tion presented here is the first to obtain predictions in
this far-tail region that agree with the data. Note that
our analysis does include some O(αk

sΛQCD/Q) power cor-
rections through the use of Eq. (24). It does not account
for the full set of O(αsΛQCD/Q) power corrections as
indicated in Eq. (4) (see also Tab. IIb), but the agree-
ment with the experimental data seems to indicate that
missing power corrections may be smaller than expected.

Unbinned predictions for the thrust cross section at
Q = mZ in the peak region are shown in Fig. 19. The
green dashed curve shows the result at the level of pre-
cision in Becher and Schwartz, that is N3LL′, with the
BS profile, without power corrections, and with the value
of αs(mZ) = 0.1172 obtained from their fit. This purely
perturbative result peaks to the left of the data. With
the smaller value of αs(mZ) obtained from our fit, the
result with no power corrections peaks even slightly fur-
ther to the left, as shown by the long-dashed red curve.
In contrast, the red solid curve shows the prediction from

15 See the top panel of Fig. 9 in Ref. [23], the top left panel of Fig. 4
in Ref. [22], and the left panel of Fig. 2 in Ref. [25].

Total scale uncertainties
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[Stewart, et al.] [Zhu, et al.]



Subleading Power

Subleading powers much less well understood.

Are there factorization theorems at each power?

dσ(n)

dτ
=
∑

j

H
(nHj)
j ⊗ J (nJj)

j ⊗ S(nSj)
j

What is the degree of universality?

Start by looking at Next-to-Leading Power (NLP):

dσ(2)

dτ
=

∞∑

n=1

(αs
π

)n 2n−1∑

m=0

c(2)
nm logm τ



Applications

Goal: Understand all orders structure of NLP logs. Derive RG,
etc.

Fixed order is first step in understanding this.

Already at fixed order NLP logs have interesting applications.



Application to N -jettiness Subtractions

NNLO calculations require cancellation of real/virtual poles.

Use a physical resolution variable to slice phase space.

Recently a general method allowing for jets in final state, based
on N -jettiness (see also Andrea Isgrò’s talk)

σ(X) =

∫

0

dTN
dσ(X)

dTN
=

T cut
N∫

0

dTN
dσ(X)

dTN
+

∫

T cut
N

dTN
dσ(X)

dTN

[Gaunt, Stahlhofen,Tackmann, Walsh]

[Boughezal, Focke, Petriello, Liu]



N -jettiness Subtractions

σ(X) =

∫

0

dTN
dσ(X)

dTN
=

T cut
N∫

0

dTN
dσ(X)

dTN
+

∫

T cut
N

dTN
dσ(X)

dTN

∫

T cut
N

dTN
dσ(X)

dTN
T cut
N∫

0

dTN
dσ(X)

dTN

Compute using factorization
in soft/collinear limits:

dσ

dτN
= HBa ⊗Bb ⊗ S ⊗ J1 ⊗ · · · ⊗ JN−1

Additional jet resolved.
Use NLO subtractions.



A Subleading Operator Basis and Matching for gg → H

Power Corrections

Current subtractions use leading power result in singular region.

Power corrections are dropped =⇒ small values of T cut
N nec-

essary.

dσ

dτ
=

n=∞∑

n=0

(αs
π

)n 2n−1∑

n=0

c(0)
nm

(
logm τ

τ

)

+

+

n=∞∑

n=0

(αs
π

)n 2n−1∑

n=0

c(2)
nm logm τ

+

n=∞∑

n=0

(αs
π

)n 2n−1∑

n=0

c(2)
nm τ logm τ

+ · · ·
Use of a physical resolution variable =⇒ power corrections
analytically tractable. [Gaunt, Stahlhofen,Tackmann, Walsh], see also Andrea’s Talk

[Boughezal, Petriello, Liu, et al.]



N -jettiness Subtractions

[Ian Moult, Lorena Rothen, Iain W. Stewart, Frank J. Tackmann, and

Hua Xing Zhu1- arXiv:1612.00450v1]



Outlook

Understand factorization beyond leading power

Systematic study of subleading Lagrangian insertions
(Subleading Power Radiative Functions)
Combine subleading hard scattering operator and Radiative
Functions

Extend it to SCETII

Apply universal subleading SCET pieces to many observables to
“automatize” NNLO FO calculations

Perform resummation of subleading logarithms (next to leading
power, next to eikonal)

Thank you!
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“automatize” NNLO FO calculations

Perform resummation of subleading logarithms (next to leading
power, next to eikonal)

Thank you!



Backup slides



Helicity building blocks: definition

Bai± = −ε∓µ(ni, n̄i)Baµni⊥,ωi ,

χαi± =
1 ± γ5

2
χαni,−ωi , χ̄ᾱi± = χ̄ᾱni,−ωi

1 ∓ γ5

2
.

εµ+(p, k) =
〈p+|γµ|k+〉√

2〈kp〉
, εµ−(p, k) = −〈p−|γ

µ|k−〉√
2[kp]

,

Helicity currents where the quarks are in opposite collinear sectors,

h = ±1 : J ᾱβnn̄± = ∓
√

2

ωn ωn̄

εµ∓(n, n̄)

〈n̄∓ |n±〉 χ̄
ᾱ
n± γµχ

β
n̄± ,

h = 0 : J ᾱβnn̄0 =
2√

ωn ωn̄ [nn̄]
χ̄ᾱn+χ

β
n̄− , (J†)ᾱβnn̄0 =

2√
ωn ωn̄〈nn̄〉

χ̄ᾱn−χ
β
n̄+ ,

as well as where the quarks are in the same collinear sector,

h = 0 : J ᾱβi0 =
1

2
√
ωχ̄ ωχ

χ̄ᾱi+ /̄ni χ
β
i+ , J ᾱβ

i0̄
=

1

2
√
ωχ̄ ωχ

χ̄ᾱi− /̄ni χ
β
i− ,

h = ±1 : J ᾱβi± = ∓
√

2

ωχ̄ ωχ

εµ∓(ni, n̄i)(
〈ni ∓ |n̄i±〉

)2 χ̄ᾱi± γµ /̄ni χ
β
i∓ .



Helicity building blocks: power counting

Field: Bai± J ᾱβij± J ᾱβij0 J ᾱβi± J ᾱβi0 J ᾱβ
i0̄

P⊥±
Power counting: λ λ2 λ2 λ2 λ2 λ2 λ

Field: Baus(i)± Baus(i)0 ∂us(i)± ∂us(i)0 ∂us(i)0̄

Power counting: λ2 λ2 λ2 λ2 λ2


