
FPCP 2017,  June 5-9, 2017, Prague /32Paul Mackenzie 1

Paul Mackenzie 
Fermilab 

mackenzie@fnal.gov 

Flavor Physics and CP violation, FPCP 2017 
Prague 

June 5-9, 2017

edit (https://en.wikipedia.org/w/index.php?title=Portal:Czech_Republic/Intro&action=edit)  

Topics: Culture · Geography · Health · History · Mathematics · Nature · People · Philosophy · Religion ·
Society · Technology

Welcome to the
Czech Portal!

Vítejte na Českém portálu!

The Czech Republic ( i/ˈtʃɛk/ CHEK; Czech: Česká republika,
pronounced [ˈt͡ʃɛ skaː ˈrɛpuˌblɪka] ( listen), short form Czechia
(Czech: Česko [ˈt͡ʃɛ sko]), is a landlocked country in Central Europe.
The country is bordered by Germany to the west, Austria to the
south, Slovakia to the east and Poland to the north. Its capital and
largest city, with 1.3 million inhabitants, is Prague. The Czech
Republic includes the historical territories of Bohemia and Moravia,
as well as a small part of Silesia.

The Czech state, formerly known as Bohemia (Čechy), was formed
in the late 9th century as a small duchy around Prague, at that time
under the dominance of the powerful Great Moravian Empire. After
the fall of the Empire in 907, the centre of power was transferred
from Moravia to Bohemia, under the Přemyslids. Since 1002 it was formally recognized as part of the
Holy Roman Empire. In 1212 the duchy was raised to a kingdom and during the rule of Přemyslid
dukes/kings and their successors, the Luxembourgs, the country reached its greatest territorial extent
(13th–14th century). During the Hussite wars the kingdom faced economic embargoes and crusades
from all over Europe. Following the Battle of Mohács in 1526, the Kingdom of Bohemia was
gradually integrated into the Habsburg monarchy as one of its three principal parts, alongside the
Archduchy of Austria and the Kingdom of Hungary. The Bohemian Revolt (1618–20) lost in the
Battle of White Mountain, led to Thirty Years' War and further centralization of the monarchy
including forced recatholization and Germanization. With the dissolution of the Holy Roman Empire
in 1806, the Bohemian kingdom became part of the Austrian Empire. In the 19th century the Czech
lands became the industrial powerhouse of the monarchy and the core of the Republic of
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Lattice status and prospects
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TABLE II: Error budget (in per cent) for Rd/s, φs, φd.

source Rd/s φs φd

statistics 0.5 1.4 1.5

input parameters a and mc 0.6 2.8 2.9

higher-order ρAcq

4
0 1.3 1.3

heavy-quark discretization 0.5 4.2 4.2

light-quark discretization and χPT fits 5.0 3.9 6.3

static χPT 1.4 0.5 1.5

finite volume 1.4 0.5 1.5

total systematic 5.4 6.5 8.5

error to be 1.5% or less. Finite-volume effects also mod-
ify I(M2): based on our experience with fπ and fK [9]
and on continuum χPT [35], we estimate a further error
of 1.5% or less.

Although χPT is able to remove (most of) the light-
quark discretization errors, heavy-quark discretization ef-
fects remain. We estimate this uncertainty using HQET
as a theory of cutoff effects [23, 24]. To arrive at a nu-
merical estimate, one must choose a typical scale Λ̄ for
the soft interactions; we choose Λ̄ ≈ 500–700 MeV. We
then estimate a discretization uncertainty of 2.7–4.2% at
a = 0.086 fm. Similarly, the results at a = 0.121 fm are
expected to lie within 1–2% of those at a = 0.086 fm.

Because we cannot disentangle heavy- and light-quark
discretization effects, to quote final results we average the
results at a = 0.086 and 0.121 fm. We then find

Rd/s = 0.786(04)(05)(04)(42) (11)

φs = 0.349(05)(10)(15)(14) GeV3/2, (12)

which are the principal results of this work. The uncer-
tainties (in parentheses) are, respectively, from statistics,
input parameters a and mc, heavy-quark discretization
effects, and chiral extrapolation. A full error budget is
in Table II; all uncertainties are reducible in future work.
The results for fD+ and fDs

in Eqs. (1) and (2) are ob-
tained via fDs

= φs/
√

mDs
, fD+ = Rd/sφs/

√
mD+ , by

inserting the physical meson masses.
Present experimental measurements, fD+ = 202±41±

17 MeV [4], fDs
= 267±33 MeV [25], are not yet precise

enough to put our results in Eqs. (1) and (2) to a strin-
gent test. The anticipated measurements of fD+ and,
later, fDs

from CLEO-c are therefore of great interest.
If validated, our calculation of fD+ has important impli-
cations for flavor physics. For B physics it is crucial to
compute the decay constant fB. To do so, we must sim-
ply change the heavy quark mass. In fact, heavy-quark
discretization effects, with the Fermilab method, are ex-
pected to be smaller, about half as big.

We thank the U.S. National Science Foundation, the
Office of Science of the U.S. Department of Energy, Fer-
milab, and Indiana University for support, particularly

for the computing needed for the project. Fermilab is
operated by Universities Research Association Inc., un-
der contract with the U.S. Department of Energy.

Note added: After this Letter was submitted, the
CLEO-c Collaboration announced a new measurement,
fD+ = 223 ± 16+7

−9 MeV [36].

[1] See, for example, the CKM Unitarity Triangle Workshop,
http://ckm2005.ucsd.edu/.

[2] V. Lubicz, Nucl. Phys. Proc. Suppl. 140, 48 (2005);
M. Wingate, ibid. 140, 68 (2005).

[3] C. T. H. Davies et al., Phys. Rev. Lett. 92, 022001 (2004).
[4] G. Bonvicini et al., Phys. Rev. D 70, 112004 (2004).
[5] For a preliminary report of this work, see J. N. Simone

et al., Nucl. Phys. Proc. Suppl. 140, 443 (2005).
[6] M. Wingate et al., Phys. Rev. Lett. 92, 162001 (2004).
[7] For example, A. X. El-Khadra et al., Phys. Rev. D 58,

014506 (1998); C. Bernard et al., ibid. 66, 094501 (2002).
[8] C. Aubin et al., Phys. Rev. D 70, 031504 (2004).
[9] C. Aubin et al., Phys. Rev. D 70, 114501 (2004).

[10] M. Di Pierro et al., Nucl. Phys. Proc. Suppl. 129, 328
(2004).

[11] M. Di Pierro et al., Nucl. Phys. Proc. Suppl. 129, 340
(2004).

[12] C. Aubin et al., Phys. Rev. Lett. 94, 011601 (2005).
[13] M. Okamoto et al., Nucl. Phys. Proc. Suppl. 140, 461

(2005); C. Aubin et al., in preparation.
[14] I. F. Allison et al., Phys. Rev. Lett. 94, 172001 (2005).
[15] M. Ablikim et al., Phys. Lett. B 597, 39 (2004).
[16] G. S. Huang et al., Phys. Rev. Lett. 94, 011802 (2005).
[17] J. M. Link et al., Phys. Lett. B 607, 233 (2005).
[18] D. Acosta et al., hep-ex/0505076.
[19] C. Bernard et al., Phys. Rev. D 64, 054506 (2001);

C. Aubin et al., ibid. 70, 094505 (2004).
[20] T. Blum et al., Phys. Rev. D 55, 1133 (1997); K. Orginos

and D. Toussaint, ibid. 59, 014501 (1999); J. Lagäe
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Lattice QCD calculations have gone from being essentially crude 
models to being high-precision tools in the last thirty years. 

Decades of lattice progress
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Light hadron spectrum is in very good shape.
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B mesons offset by −4000 MeV

For the last fifteen years, lattice calculations have been able to calculate the 
properties of sufficiently simple quantities with good understanding of the 
calculational uncertainties.

Kronfeld
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Lattice QCD is everywhere

• Lattice QCD achieved its first phenomenologically important 
success in flavor physics. 

• In the future:  lattice calculations, major and minor, are needed 
throughout the entire future HEP experimental program. 

• g-2. 

• LHCb, Belle-2:  continued improvement of CKM results. 

• mu2e, LBNE, Nova:  nucleon matrix elements. 

• Underground LBNE:  proton decay matrix elements. 

• LHC, Higgs decays:  lattice provides the most accurate αs and mc 
now, and mb in the future.

4
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Decades of progress in methods.

• In the flavor factory era, important contributions to CKM physics 
were made with relatively simple quantities: 

• Decay constants, semileptonic decays, meson mixing. 

• N-point functions N<=3, 1 hadron at a time, mesons not baryons. 

• Current frontiers in methods: 

• N-point functions, N>3. 

• ΔI=1/2 rule, ε’/ε (see Sachrajda talk) 

• g-2 light by light 

• Multi-hadron final states 

• (Lellouch and Luescher) 

• ΔI=1/2 rule, ε’/ε, ρ decay, …
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Calculating the KL−KS mass difference and εK to sub-percent accuracy Norman Christ

ut box diagram

+ (CPT – CNPR) x
OLL

pp p p

Figure 4: A Feynman diagram showing the contribution to M00 of the box diagram where one
quark line contains a u− c, and the other a t− c subtraction. The contribution from the top quark
piece can be obtained from perturbation theory and a lattice evaluation of ⟨K0|OLL|K

0
⟩. The charm

contribution yields a log(1/mca) contribution which must be replaced by the physical log(mW/mc)

result. This can be done by the OLL operator subtraction given by the term on the right, with CNPR
the non-perturbatively determined lattice, andCPT the perturbative continuum, short distance parts.

only enter quadratically so the GIM subtraction that occurs in each line will result in a subtracted
propagator behaving at large momentum as /p/p4. Having two such propagators within the box
diagram insures convergence even when the W -exchange is treated as occurring at a point. The
result is an amplitude in which the intermediate momenta are on the scale of the charm mass or
smaller and which has an over-all size of order G2Fm2cλ 2u , as given in Tab. 1 below.

Such an amplitude can be explicitly evaluated in lattice QCD provided the lattice spacing a is
sufficiently small that the charm quark can be accurately included in the calculation. A first calcula-
tion of this dominant contribution to ∆MK has been carried out [1] and a full calculation, including
all diagrams, is nearly complete [6]. (Note, the O(mca)2 ≈ 0.4 errors must still be reduced.)

tt box diagram. Here the large quark mass implies that this contribution toM00 will be domi-
nated by momenta on the scale of mt . As a result this can be accurately represented as the operator
OLL given in Eq. (1.5) multiplied by a Wilson coefficient which can be reliably determined using
electroweak and QCD perturbation theory. The K0−K0 matrix element of OLL, which determines
the parameter BK , is now accurately computed using lattice methods making this tt contribution
very well known. As can be seen in Tab. 1 this contribution dominates εK and provides an ≈ 4%
correction to the dominant uu contribution to ∆MK. Corrections to this approximation of large
momentum dominance will be quite small, O

!

(mc/mt)2
"

.
ut box diagram. For this case one quark line involves a u− c subtraction which falls as /p/p4

for p> mc. However, the second quark line contains the difference of top and charm quark propa-
gators which are sufficiently different that they must be treated separately. For momenta below the
scale of theW mass, the top quark propagator will behave as /p/m2t and the combined quark prop-
agators with behave as /p2/p4, resulting an integral which will grow quadratically until the energy
scale of mW is reached. Just as in the case of the tt piece this term can be accurately represented
as a known, perturbatively-determined coefficient multiplied by the operator OLL with corrections
suppressed by (mc/mW )2. The term involving the charm quark propagator contains an additional

5
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Plan of talk

• Overview of lattice QCD 

• g-2 

• Quark flavor physics 

• See also talks by Laiho (B→D*lν) and Sachrajda (ε’/ε). 

• A few comments on other topics.

6
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g-2

7

March, 2017. 
First muons circulated in the ring last Wednesday, May 31, 2017. 
Engineering run now, then shutdown until November. 
Data taking is planned to begin in November. 
Result with 2x BNL statistics at the end of 2018, 
Result with 21x BNL statistics, end of 2019.

See also Taku Izubuchi, FPCP 2016 
Hartmut Wittig, Lattice 2016 

(More encyclopedic than here.) 
Talks at First Workshop of the Muon g-2 Theory Initiative, 3-6 June,2017
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Standard model uncertainty budget

8

2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10�11) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42
HVP(lo) [21] 6 949± 43
HVP(ho) [21] �98.4± 0.7
HLbL 105± 26
EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)
Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a

+
µ and a

�
µ values from E821 [6]

corrected for the revised value of � = µµ/µp from Ref [35],

a

E821
µ = (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the
calculation is still incomplete.

8

2.3 Summary of the Standard-Model Value and Comparison with
Experiment

We determine the SM value using the new QED calculation from Aoyama [2]; the electroweak
from Ref. [3], the hadronic light-by-light contribution from the “Glasgow Consensus” [31];
and lowest-order hadronic contribution from Davier, et al., [20], or Hagiwara et al., [21], and
the higher-order hadronic contribution from Ref. [21]. A summary of these values is given
in Table 1.

Table 1: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

Value (⇥ 10�11) units
QED (� + `) 116 584 718.951± 0.009± 0.019± 0.007± 0.077↵
HVP(lo) [20] 6 923± 42
HVP(lo) [21] 6 949± 43
HVP(ho) [21] �98.4± 0.7
HLbL 105± 26
EW 154± 1

Total SM [20] 116 591 802± 42H-LO ± 26H-HO ± 2other (±49tot)
Total SM [21] 116 591 828± 43H-LO ± 26H-HO ± 2other (±50tot)

This SM value is to be compared with the combined a

+
µ and a

�
µ values from E821 [6]

corrected for the revised value of � = µµ/µp from Ref [35],

a

E821
µ = (116 592 089± 63)⇥ 10�11 (0.54 ppm), (13)

which give a di↵erence of

�aµ(E821� SM) = (287± 80)⇥ 10�11 [20] (14)

= (261± 78)⇥ 10�11 [21] (15)

depending on which evaluation of the lowest-order hadronic contribution that is used [20, 21].
This comparison between the experimental values and the present Standard-Model value

is shown graphically in Fig. 7. The lowest-order hadronic evaluation of Ref. [28] using the
hidden local symmetry model results in a di↵erence between experiment and theory that
ranges between 4.1 to 4.7�.

This di↵erence of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will have
significant implications on the interpretation of new phenomena that might be found at the
LHC and elsewhere. Because of the power of aµ to constrain, or point to, speculative models

contribution. Subsequently a numerical mistake was found. These authors are continuing this work, but the
calculation is still incomplete.

8

Blum et al., arXiv:1311.2198v1 [hep-ph] 

Experimental uncertainty:  63×10-11 now,  
goal: 17×10-11.

} 0.6%, from e+e- exp.

25%, from hadronic models.
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This has created an increased interest in lattice 
calculations among experimentalists.

9

Lattice gauge 
theorists

Experimenters
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Vacuum polarization:  general setup. 91 (2003) 052001]

• Calculate aµHVP directly in from the Euclidean space vacuum 
polarization function: 
 
 
 
 
 
 
 
 
 

10

Dru Renner

aHVP(LO)
µ =

⇣↵

⇡

⌘2
Z 1

0
dQ2f(Q2)

⇥
⇧(Q2)�⇧(0)

⇤

qµ q⌫

i⇧µ⌫(q2) =
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HVP from e+e-→hadrons
• Standard-Model value for aµHVP obtained from experimental 

measurement of 
σtotal(e+e-→hadrons) via optical theorem: 
 
 
 

• (Away from quark thresholds., use four-loop pQCD.) 

• Includes >20 multi-particle 
channels with up to six 

11

aHVP
µ =

⇣↵mµ

3⇡

⌘2
Z 1

m2
⇡0

ds
R(s)K(s)

s2
R ⌘ �total(e+e� ! hadrons)

�(e+e� ! µ+µ�)

[Jegerlehner and Nyffeler, Phys.Rept. 477 (2009) 1-110]
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Notable lattice work on vacuum polarization

• Blum, Phys. Rev. Lett. 91 (2003) 052001.  Blum’s formula. 

• Aubin & Blum, Phys. Rev. D75 (2007) 114502. 

• Feng et al., Phys. Rev. Lett. 107 (2011) 081802 . 

• Hotzel et al., Lattice 2013. 

• Boyle et al., Phys. Rev. D85 (2012) 074504. 

• Della Morte et al., JHEP 1203 (2012) 055.  Twisted BC. 

• Aubin et al., Phys. Rev. D86 (2012) 054509.  Pade 
approximants. 

• RBC/UKQCD, PRL116, 232002 (2016).  First disconnected 
diagrams. 

• HPQCD, 1601.03071; PR D89, 114501 (2014). Moments 
method.

12
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Hadronic vacuum polarization:  Blum’s formula

13

The four-dimensional integral yielding the hadronic vacuum 
polarization depends dynamically only on q2. 
The angular dependence of the kinematics factors may be 
integrated out with four-dimensional angular coordinates. 
Result: f is given by: 6

FIG. 1: f(Q2) Π̂I=1(Q2) versus Q2 in the low-Q2 region
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f(Q
2 ) Π̂

I=
1 (

Q
2 )

a function of the upper limit of integration, Q2
max. We display this accumulation,

normalized to the integral over all Q2, âLO,HVP
µ , in the model, in Fig. 2. We note

that over 80% of the contribution is accumulated below 0.1 GeV2 and over 90% below
0.2 GeV2. It follows that the accuracy required for contributions above 0.1 or 0.2 GeV2

is much less than that required for the low-Q2 region. It thus becomes of interest to
investigate the accuracy one might achieve for the higher-Q2 contributions were one to
avoid altogether fitting and/or modelling, and the associated systematic uncertainty
that accompanies it, and instead perform a direct numerical integration over the lattice
data. We investigate this question in the next subsection.

C. Direct numerical integration: how low can you go?

In this section, we argue that existing lattice data, even those without twisted bound-
ary conditions, are already sufficiently accurate that direct numerical integration of the
lattice data can be relied on to produce a value âLO,HVP

µ [Q2
min, 2 GeV2] accurate to well

below 1% of âLO,HVP
µ for Q2

min down to about 0.1 GeV2. The situation will be even
better once the results of new data with reduced errors on Π(Q2) due to all-mode av-

Golterman, Maltman, and Peris, PhysRevD. 90.074508, arXiv:1405.2389.

Combined support of dynamical and 
kinematical factors maxes around mµ2, 
as expected.

2

boundary conditions’ produces noisy results. E↵orts are
underway to improve both of these approaches [12, 13].
See also [14–16].

Here we sidestep this issue by expressing the g�2 HVP
contribution in terms of a small number of derivatives of
the hadronic vacuum polarization function evaluated at
q

2 = 0. In e↵ect, we work upwards from q

2 = 0 into
the region of important, but still very small, q2 values.
The advantage of this method is that the derivatives are
readily and accurately computed from time-moments of
the current-current correlator at zero spatial momentum.

We can approximate the hadronic vacuum polariza-
tion function by its Taylor expansion when q

2 is of or-
der m

2
µ

, but the series diverges when q is of order or
larger than the threshold energy for real hadron produc-
tion (2m

⇡

for u/d quarks). Contributions from high mo-
menta, say q � 1GeV, are suppressed by (m

µ

/q)2 but
remain important if one desires better than 1% precision.
To deal with high momenta, we replace the Taylor expan-
sion by its Padé approximants [17]. Successive orders of
Padé approximant converge to the exact vacuum polar-
ization function for all positive (Euclidean) q

2 [18, 19].
This follows from the dispersion relation for the vacuum
polarization [13]. As we will show, only a few orders
are needed to achieve 1% accuracy or better. The Padé
approximants capture the entire contribution for all q2,
through analytic continuation from low q

2 to high q

2, and
so, unlike in some other approaches to HVP, we need not
calculate high-q2 contributions using perturbation theory
(since this would constitute double-counting).

A further advantage of our approach is that it works
with both local lattice approximations to the vector cur-
rent, and exactly conserved but nonlocal approximations.
Local approximations are easy to code and less noisy
than nonlocal approximations, and so are widely used
in lattice simulations. The fact that they are not exactly
conserved leads to nonzero contributions to the vacuum
polarization function ⇧µ⌫(q2) at q

2 = 0, but such con-
tributions are discarded automatically when we express
g � 2 in terms of derivatives of ⇧µ⌫ .

In this paper we illustrate our method by applying
it to correlators made of s quarks, using well-tuned s

quark masses on gluon field configurations that include
up, down, strange and charm quarks in the sea. The sea
up and down quarks have physical values, so no chiral
extrapolation to the physical point is needed. We have
three values of the lattice spacing, allowing good control
of the extrapolation to zero lattice spacing. A study on
three di↵erent volumes at one value of the lattice spacing
allows us also to control finite volume e↵ects.

We also give a result for the much smaller charm
contribution, using moments determined previously by
us [20, 21] on configurations covering a large range of lat-
tice spacing values and including up, down and strange
quarks in the sea.

The next section gives details of the lattice calculation
and tests of our approach; we then discuss our results
and give our conclusions.

II. LATTICE CALCULATION

For the strange quark contribution to a

µ

we use the
Highly Improved Staggered Quark (HISQ) action [27] for
all quarks. This has small discretization errors [27–29]
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propagators on gluon field configurations generated by
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s

/27.5 [30]). The tuning of the
valence masses is more critical than that of the sea, so
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the valence s mass accurately using the mass of the ⌘

s

,
a pseudoscalar pure ss meson which does not occur in
the real world. In lattice QCD, where the ⌘

s

can be
prevented from mixing with other mesons, its proper-
ties can be very accurately determined [31]. Its mass
(688.5(2.2)MeV [24]) is very sensitive to the s quark
mass, making it useful for tuning. At a third value of
the u/d quark mass, one tenth of the s quark mass, we
have three di↵erent volumes to test for finite volume ef-
fects. These are sets 4, 5 and 7 and correspond to a lattice
length in units of the ⇡ meson mass [24] of M

⇡

L = 3.2,
4.3 and 5.4. In addition we de-tuned the valence s quark
mass there by 5% (set 6) to test for tuning e↵ects.
The s quark propagators are combined into a correlator

with a local vector current at either end. The end point
is summed over spatial sites on a timeslice to set the spa-
tial momentum to zero. The source is created from a set
of U(1) random numbers over a timeslice for improved
statistics. The local current is not the conserved vector
current for this quark action and must be normalised. We
do this completely nonperturbatively by demanding that
the vector form factor for this current be 1 between two
equal mass mesons at rest (q2 = 0) [26]. The Z factors
are given in Table I. They di↵er from 1 by at most 1% (on
the 0.15 fm lattices) and vary from one lattice spacing to
another by less than 0.5%. We therefore only calculate
them for the m

l

/m

s

=0.2 ensembles at each lattice spac-
ing. At large time separations between source and sink
these correlators give the mass and decay constant of the
� meson [26]. Here we are concerned with the properties
of the correlation function at the shorter times that feed
into the theoretical determination of a

µ,HVP.
The contribution to the muon anomalous magnetic

moment from the HVP associated with a given quark
flavour, f, is obtained by inserting the quark vacuum po-
larization into the photon propagator [6]:

a

(f)
µ,HVP =

↵

⇡

Z 1

0

dq

2
f(q2)(4⇡↵Q2

f )⇧̂f(q
2) (1)

where ↵ ⌘ ↵QED and Qf is the electric charge of quark f
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TABLE I: The lattice QCD gluon field configurations used here come from the MILC collaboration [22, 23]. � = 10/g2 is
the QCD gauge coupling, and w0/a [24] gives the lattice spacing, a, in terms of the Wilson flow parameter, w0 [25]. We take
w0=0.1715(9) fm fixed from f⇡ [24]. L and T give the length in the space and time directions for each lattice. am

sea
` , am

sea
s

and am

sea
c are the light (m` ⌘ mu = md), strange, and charm sea quark masses in lattice units and am

val
s , the valence

strange quark mass, tuned from the mass of the ⌘s, aM⌘s . ZV,ss gives the vector current renormalization factor obtained
nonperturbatively [26]. The lattice spacings are approximately 0.15 fm for sets 1–2, 0.12 fm for sets 3–8, and 0.09 fm for sets 9–
10. Light sea-quark masses range from ms/5 to the physical value and lattice volumes ranging from 2.5 fm to 5.8 fm. The
number of configurations is given in the final column. We used 16 time sources on each (12 on sets 1 and 2).

Set � w0/a am

sea
` am

sea
s am

sea
c am

val
s aM⌘s ZV,ss L/a⇥ T/a ncfg

1 5.80 1.1119(10) 0.01300 0.0650 0.838 0.0705 0.54024(15) 0.9887(20) 16⇥48 1020
2 5.80 1.13670(50) 0.00235 0.0647 0.831 0.0678 0.526799(81) 0.9887(20) 32⇥48 1000
3 6.00 1.3826(11) 0.01020 0.0509 0.635 0.0541 0.43138(12) 0.9938(17) 24⇥64 526
4 6.00 1.4029(9) 0.00507 0.0507 0.628 0.0533 0.42664(9) 0.9938(17) 24⇥64 1019
5 6.00 1.4029(9) 0.00507 0.0507 0.628 0.0533 0.42637(6) 0.9938(17) 32⇥64 988
6 6.00 1.4029(9) 0.00507 0.0507 0.628 0.0507 0.41572(14) 0.9938(17) 32⇥64 300
7 6.00 1.4029(9) 0.00507 0.0507 0.628 0.0533 0.42617(9) 0.9938(17) 40⇥64 313
8 6.00 1.4149(6) 0.00184 0.0507 0.628 0.0527 0.423099(34) 0.9938(17) 48⇥64 1000
9 6.30 1.8869(39) 0.00740 0.0370 0.440 0.0376 0.31384(9) 0.9944(10) 32⇥96 504
10 6.30 1.9525(20) 0.00120 0.0363 0.432 0.0360 0.30480(4) 0.9944(10) 64⇥96 621

in units of e. Here
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where
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q
q

4 + 4m2
µ

q

2 � q

2

2m2
µ

q

2
. (3)

Note that in our calculation we have ignored quark-line-
disconnected contributions to the HVP. These are sup-
pressed by quark mass factors since they would vanish
for equal mass u, d and s quarks since

P
u,d,s

Qf = 0 [6].
The quark polarization tensor is the Fourier transform

of the vector current-current correlator. For spatial cur-
rents at zero spatial momentum

⇧ii(q2) = q

2⇧(q2) = a

4
X

t

e

iqt

X

~x

hji(~x, t)ji(0)i (4)

with q the Euclidean energy. We need the renormalized
vacuum polarization function, ⇧̂(q2) ⌘ ⇧(q2) � ⇧(0).
Time-moments of the correlator give the derivatives at
q

2 = 0 of ⇧̂ [32] (see, for example, [33, 34]):

G2n ⌘ a

4
X

t

X

~x

t

2n
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2
V

hji(~x, t)ji(0)i

= (�1)n
@

2n

@q

2n
q

2⇧̂(q2)

����
q

2=0

. (5)

Here we have allowed for a renormalization factor Z
V

for
the lattice vector current. Note that time-moments re-
move any contact terms between the two currents1. G2n

1
The vector current need not be exactly conserved, provided that

is easily calculated from the correlators calculated in lat-
tice QCD, remembering that time runs from 0 at the
origin in both positive and negative directions to a max-
imum value of T/2 in the centre of the lattice.
Defining

⇧̂(q2) =
1X

j=1

q

2j⇧
j

(6)

then

⇧
j

= (�1)j+1 G2j+2

(2j + 2)!
. (7)

To evaluate the contribution to a

µ

we will replace ⇧̂(q2)
with its [n, n] and [n, n � 1] Padé approximants derived
from the ⇧

j

[17]. We perform the q2 integral numerically.
Eq. (5) is, of course, approximate when the the tem-

poral extent T of the lattice is finite. This error is ex-
ponentially suppressed, and usually negligible, because
G(t) falls to zero quickly with increasing |t| ( T/2) and
has e↵ectively vanished well before |t| gets to edge of the
lattice at T/2. At large |t| the correlator is dominated
by the lowest-energy vector state in the simulation—

G(t) ! a0

⇣
e�E0|t| + e�E0(T�|t|)

⌘
(8)

— so that terms containing T are suppressed by a factor
of exp(�E0T/2). Such terms become important for high
order moments, since t

n

G(t) peaks at t ⇡ n/E0 for large
n, but they are negligible for the moments of interest

it is renormalized correctly with ZV because: a) there are no

contributions from contact terms in the moments, and b) the

only lattice operators that can mix with the vector current have

higher dimension and so are suppressed by powers of a2
.

3
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T. Blum, Phys. Rev. Lett. 91, 052001 (2003), hep-lat/0212018. 
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aµHVP, summer 2016
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Hartmut	Wittig Hadronic	contributions	to	(g–2) 43

Summary	on aµ
hvp

a(s) hvp
µ · 1010

a(c) hvp
µ · 1010

light	(u,d) ≈	90%
strange	(s) 	≈		8%
charm	(c) 	≈		2%

Individual	flavour	contribu6ons:

ahvp
µ · 1010

Wittig, Lattice 2016

• The most precise lattice 
calculations claim 
uncertainties of ~2%. 

• e+e- experiment is x3 more 
precise. 

• To match expected g-2 
experiment uncertainties, 
we’d like precision of 0.2 
%. 

• What are the 
prospects?
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R. Van de Water HVP contribution to muon g-2  with (2+1+1) HISQ quarks

Preliminary error budget

30

Data-driven phenomenological analyses & model calculations suggest that contributions 
from QED & mu ≠ md are are at or below ~1% [Cirigliano et al., JHEP 0208 (2002) 
002, Hagiwara et al., PRD69, 093003 (2004),Wolfe & Maltman, Phys.Rev. D83 
(2011) 077301] � take 1% for each and add in quadrature

*Need to 
update table

aud,HVP
µ (%)

2017 preliminary 1601.03071

QED corrections 1.0 1.0

Isospin-breaking corrections 1.0 1.0

Statistics + 2pt fit 0.5 0.4

Finite-volume & discretization corrections 0.4 0.7

Continuum (a ! 0) extrapolation 0.3 0.2

Noise reduction (t⇤) 0.3 0.5

Chiral (ml) extrapolation/interpolation 0.2 0.4

Current renormalization (ZV ) 0.2 0.2

Sea (ms) adjustment 0.0 0.2

Padé approximants 0.0 0.4

Lattice-spacing (a�1
) uncertainty 0.0 < 0.05

Total 1.6 1.8

VP uncertainty future

15

Uncertainty dominated by 
isospin breaking, EM. 
These effects have not been 
included at all yet. 
Including them should reduce 
these dramatically. 
Now in progress.

PRD 93, no. 7, 074509  
 from a half dozen effects, 
must be ground down by 
numerical brute force 
— no magic bullet.

Disconnected diagrams also needed. 
Uncertainty currently estimated at 1.2%. 
More study is underway.

Connected diagrams
HPQCD/Fermilab/MILC. 
Ruth Van de Water at 
Lattice 2017 and  
Muon g-2 Theory Initiative. 3-6 June,2017.
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HLbL: estimation from hadronic models

Hadronic light-by-light contribution cannot be expressed in terms of experimental 
quantities and must be obtained from theory  
[cf. Jegerlehner and Nyffeler, Phys.Rept. 477 (2009) 1-110 and Refs. therein] 

All recent calculations compatible with constraints from large-Nc and chiral limits 

All normalize dominant π0-exchange contribution to measured π0→ữữ decay 
width 

Differ for form factor shape due to different QCD-model assumptions such as vector-
meson dominance, chiral perturbation theory, and the large Nc limit

16

Neutral Meson 
Exchange⇡0, ⌘, ⌘0, . . .

µµ

Charged Meson 
Loops

µµ

⇡±, K±, . . .
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Hadronic light by light scattering: The “Glasgow consensus’’

• Quoted error for aµHLbL is based on model estimates, but does not 
cover spread of values. 

• π0-exchange contribution estimated to be ~10 times larger than others. 

• Largest contribution to uncertainty (±1.9×10-10) attributed to charged 
pion and kaon loop contributions.  
 
 
 
 

➡ Error could easily be underestimated (and comparable to that from 
HVP!), 
and is not systematically improvable.
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UG-FT-253/09

Theory of the Hadronic Light-by-Light Contribution to
Muon g-21

Joaquim Prades

CAFPE and Departamento de F́ısica Teórica y del Cosmos, Universidad de
Granada, Campus de Fuente Nueva, E-18002 Granada, Spain.

Abstract

I report on the theory, recent calculations and present status of the hadronic
light-by-light contribution to muon g − 2. In particular, I report on work
done together with Eduardo de Rafael and Arkady Vainshtein where we
get a

HLbL = (10.5 ± 2.6) × 10−10 as our present result for this quantity.

September 2009

1Invited talk at “Sixth International Workshop on Chiral Dynamics”, July 6-10 2009, Bern,
Switzerland.

Need 1.7x10-10 to match planned experimental precision.

Prades, de Rafael, Vainshtein, 0901.0306,  
:0909.0953v1.

Neutral 
⇡0, ⌘, ⌘0, . . .

µµ

Charged 
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Notable lattice work on light-by-light scattering

• Hayakawa et al., PoS LAT2005 (2006) 353; Blum et al., PoS 
LATTICE2012 (2012) 022; ...  Propose dynamical photons 
method. 

• Cohen et al., PoS LATTICE2008 (2008) 159. 

• Feng et al., Phys.Rev.Lett. 109 (2012) 182001. 

• Rakow, Lattice 2008. 

• Blum et al., PRD93, 014503 (2016); L. Jin, Lattice 2016. 

• J. Green et al. (Mainz) Phys. Rev. Lek 115, 222003 (2015).
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Hadronic LbL by brute force?
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given. In Sec. 6 we study the behavior of the Feynman
integrals in the limit where p= (4N./4N„)2 tends to zero.
The method of numerical integration used to evaluate
the integrals as well as the results of computation are
discussed in Sec. 7. Some properties of the functions A;
and 8;, are described in Appendix A. In Appendix B
we give the unsimplified output of REDUCE for graph
IV. Some formulas needed in Sec. 6 are given in Appen-
dix C.

2. EXTRACTION OF MAGNETIC-MOMENT TERM

According to the Feynman-Dyson rules, we can
write the contribution of the graphs of Fig. 1 in the
form"

&p'
I
~

I p,» = 2(2~)'~—'(p' p »——
(24r)'"

divergent for large p8, but the sum of all six terms is
convergent and well defined if it is properly regularized.
In the integral (2.2), each term may again diverge be-
cause of the photon-photon scattering subdiagrams. In
addition, each term may diverge logarithmically when
all three momenta Pl, P8, and P8 go to infinity simul-
taneously. Nevertheless, it is expected that cancella-
tion of ultraviolet divergences takes place, as in photon-
photon scattering, and that there will be no real diver-
gence problem as far as the magnetic-moment term of
(2.2) is concerned.
Although it is not difficult to show by direct calcula-

tion that this is in fact the case, it would be convenient
if the formula (2.2) could be rewritten so that the can-
cellation of ultraviolet divergences is manifestly evident
from the beginning. This can be achieved by making use
of the identity

where

2

a
II.,-(-p, p., p., -», (2.4)

gQp,

8Zp +zpap( Pl) P2y P8p»
X eM, (2.1)
(2~8popo') '"

3II=
(22r) 8

d4p d4p p
—2p —2p —2 which is easily obtained by differentiating the condition

of gauge invariance

X"Il....(—Pi, P, P8, -»u(P') V"(P —~,)-' ~"II~n~~( p4 p» p»»=o (2 5)

and II„„„is the polarization tensor of fourth rank
representing the photon-photon scattering

M= 4"6"u(p')M„„u(p), (2.6)II...„(—p, , p„p„—Z) where
g2

Xy&(p8 448„)—'y' u(p), (2.2) with respect to 6I", regarding, e.g., 6, pl, and p8 as
independent variables.
Substituting (2.4) into (2.3), we obtain

d'P8 Trf&„(P8 448,) 'P„—(P& m,)—,

(24r) 4

Xp.(P,—m.)-'p„(P,—m,)-'
+(five other terms) —(regularization terms) 7. (2.3)

~pe — d pld p8 pl p2 p8
(22r)'

X ll.p..(—pi) p2, p8, —&)
X~'(P m.)-'v'(P— m.)-'v —(2.7).

As usual, all momenta are restricted by the energy-
momentum conservation law at each vertex. As is well Now, when the differentiation with respect to A~ is
known, individual terms of II„„„arelogarithmically carried out explicitly in (2.7), 3I can be regarded as a

Pe

Fro. 1. Feynman diagrams containing sub-
diagrams of photon-photon scattering type.
The heavy, thin, and dotted lines represent
the muon, electron, and photon, respectively.
There are three more diagrams obtained by
reversing the direction of the electron loop.
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2' Qur metric and conventions are the same as that of Ref. 2. The Born current corresponds to M=I(P')c&y„u(P), P'=P+rl.
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Replace with LQCD calculation.

Five exterior photon momenta to integrate. 
At each point, ~64 terms (e.g., photon 
gamma matrices).

Aldins, Brodsky, Durfner, & Kinoshita

To do LbL with ordinary methods naively 
takes orders of magnitude more CPU time 
than simpler calculations.
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Dynamical photon method

• Method introduced by Blum and collaborators in which one 
computes the full hadronic amplitude, including the muon and 
photons, nonperturbatively. 

• Treat photon field in parallel with gluon field and include in gauge 
link, so the simulation and analysis follows a conventional lattice-
QCD calculation. 

• In practice, must insert a single valence photon connecting the 
muon line to the quark loop “by hand” into the correlation 
function, then perform correlated nonperturbative subtraction to 
remove the dominant O(α2) contamination. 

• Three RBC papers in the last two years have developed this 
method into a practical tool: 

• arXiv:1510.07100, Phys.Rev. D93 (2016) no.1, 014503. 

• arXiv:1610.04603, Phys.Rev.Lett. 118 (2017) no.2, 022005. 

• arXiv:1705.01067. 

20

Hayakawa et al., PoS LAT2005 (2006) 353
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Mixed dynamical and analytic photons…

New method combines dynamical QCD gauge-field configurations with 
exact analytic formulae for photon propagators. 

Exploits stochastic methods for position-space sums to control 
computational cost. 

Obtain ≲10% statistical errors at the physical pion mass in 
ballpark of Glasgow consensus value aμHLbL,GC × 1010 = 10.5(2.6). 
 
 
 

Full study of systematic errors including lattice-spacing and finite-volume 
effects was still needed — dynamical photons have power-law volume 
corrections instead of exponential in the pion mass (the usual case).  
Initial results encouraging!

21

L. Jin, Lattice 2016; preliminary update of Blum et al.

aHLbL
µ ⇥ 10

10
=

(
11.60(0.96)stat. connected

�6.25(0.80)stat. disconnected

Statistical errors at 
least are in the 
ballpark required.

Blum et al., PRD93, 014503 (2016);  
Phys.Rev.Lett. 118 (2017) no.2, 022005.
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… yield a great improvement in statistics

22

Figure 9. A comparison of the results for F2(q2)/(α/π)3 obtained in the original lattice QCD

cHLbL calculation [17] (diamonds) with those obtained on the same gauge field ensemble using the

moment method presented here (circles). The points from the original subtraction method with

q2 = (2π/24)2 = (457MeV)2 were obtained from 100 configurations and the evaluation of 81,000

point-source quark propagators for each value of the source-sink separation tsep. In contrast, the

much more statistically precise results from the moment method required a combined 26,568 quark

propagator inversions for both values of tsep and correspond to q2 = 0. The moment method value

for tsep = 32 is listed in Tab. IX.

make use of the most effective of the numerical strategies discussed above: the use of exact

photon propagators and the position-space moment method to determine F2 evaluated at

q2 = 0. Since these calculations are less computationally costly than those for QCD we

can evaluate a number of volumes and lattice spacings (all specified with reference to the

muon mass) and examine the continuum and infinite volume limits. We can then compare

our results, extrapolated to vanishing lattice spacing and infinite volume, with the known

result calculated in standard QED perturbation theory [33, 34]. This QED calculation both

serves as a demonstration of the capability of lattice methods to determine such light-by-light

scattering amplitudes and as a first look at the size of the finite-volume and non-zero-lattice-

spacing errors.

In Fig. 10 we show results for F2(0) computed for three different lattice spacings, i.e.

39

Statistical precision of new method (red) is an order 
of magnitude better than the previous method 
(black).
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Dynamical photon method: finite volume errors

• Last year’s results had no full uncertainty budget 
- only statistical errors. 

• They noted that finite volume errors could be 
large since they fall as a power of the lattice size 
rather than exponentially. 

• This year, in arXiv:1705.01067, they improved 
their method by formulating the photons in 
infinite volume before folding into the lattice 
calculation. 

• Their conclusion:  light by light is now feasible.

23

Coordinate Space 
 

• In arXiv:1510.07100 & arXiv:
1610.04603, compute whole 
diagram (top) in finite-volume 
lattice QCD-QED. 

• Sum x, y randomly but wisely; 
sum xop, z completely. 

• In arXiv:1705.01067 work out 
the lower, QED part in coor-
dinate space, attach QCD 
blob to it.

23

xsrc xsnkα, ρ η,κ β,σ

xop, ν

z,κ

x, ρ y,σ

tsrc tsnkα, ρ η,κ β,σ

z

x y
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Quark flavor physics:  tensions
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|Vcb|:

Exclusive |Vcb| from B→Dlν over 

full kinematic range agrees with 

inclusive value

Lattice-QCD calculation of B→D*lν 
at nonzero recoil in progress ... 
perhaps “puzzle” will resolve itself?

• 2× smaller error on |Vub| 
from B→πlν  

• Determinations from 
inclusive & exclusive 
semileptonic B  decays 
continue to differ by >2σ … 

• Exclusive |Vcb| from B→Dlν 
over full kinematic range 
agrees with exclusive value 

• Lattice-QCD calculation of 
B→D*lν at nonzero recoil in 
progress ... perhaps 
“puzzle” will resolve itself? 

See Van de Water, ICHEP 2016 and FPCP 2016

Vub
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Fit from Kronfed.
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ρ-η plane
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Quark flavor physics

• 14:30 Semileptonic B-meson decays to light pseudoscalar mesons on the HISQ ensembles - 
Kronfeld 

• 14:50 $B \rightarrow \pi\ell\nu$ with M\"{o}bius Domain Wall Fermions - Colquhoun 

• 15:10 $B_s \to K \ell\nu$ form factors with 2+1 flavors - Gottlieb 

• 15:30 Nonperturbative determination of form factors for semileptonic Bs meson decays - Witzel 

• 15:50 HQET form factors for $B_s→K\ell\nu$ decays beyond leading order - Koren 

• 16:40 The $B_s \rightarrow D_s$ decay with highly improved staggered quarks and NRQCD - 
Mclean 

• 17:00 $\bar{B}\rightarrow D^\star \ell \bar{\nu}$ at non-zero recoil - Aviles-Casco 

• 17:20 Calculation of $\bar{B} \rightarrow D^\ast \ell \bar{\nu}$ form factor at zero-recoil using 
the Oktay-Kronfeld action - Park 

• 17:40 Decay constant and semileptonic form factors of Bc meson - Mathur

26

Not that many papers in the last year, but a lot is happening.

> 30 flavor talks scheduled at Lattice 2017, June 18-24 Granada.
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• 15:00 Semileptonic $B_c$ decays from highly improved staggered quarks and NRQCD - Lytle 

• 15:20 $\Lambda_b \to \Lambda(1520) \ell^+\ell^-$ form factors with moving NRQCD - Rendon 

• 15:40 Charmed and bottom pseudoscalar meson decay constants and quark masses $m_b$ and $m_c$ 
from HISQ simulations - Komijani 

• 16:00 Improving the theoretical prediction for the $B_s-\bar{B}_s$ width difference: matrix elements of next-
to-leading order $\Delta B = 2$ operators - Wingate 

• 16:20 Neutral D-meson mixing matrix elements in three-flavor lattice QCD - El-Khadra 

• 17:10 $D$ meson semileptonic form factors in Nf=3 QCD with Moebius domain-wall quarks - Kaneko 

• 17:30 Charm baryon semileptonic decays with lattice QCD - Meinel 

• 17:50 Scalar and vector form factors for the $D \to \pi(K) \ell\nu$ and towards $B \to \pi(K) \ell\nu$ 
semileptonic decays with Nf=2+1+1 Twisted femions - Salerno 

• 18:10 Tensor form factor for the $D \to \pi(K)$ transitions with Twisted Mass fermions. - Riggio 

• 18:30 $D \rightarrow Kl\nu$ semileptonic decay in lattice QCD with HISQ - Chakraborty 

• 18:50 Charm Physics with Domain Wall Fermions - Tsang

More talks at Lattice 2017
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• 09:00 On the Ds* and charmonia leptonic decays - Blossier 

• 09:20 Leptonic decay constants for D-mesons from 3-flavour CLS ensembles - Eckert 

• 09:40 Total decay and transition rates from LQCD: (I) The method and a numerical test - Robaina 

• 10:00 Total decay and transition rates from LQCD: (II) Applications and extensions - Hansen 

• 10:20 Inclusive B decay calculations with analytic continuation - Hashimoto 

• 10:40 Electromagnetic Corrections to Decay Amplitudes - Martinelli 

• 11:30 BSM Kaon Mixing at the Physical Point - Kettle 

• 11:50 Non-leptonic kaon decays at large $N_c$ - Donini 

• 12:10 Including electromagnetism in K->pipi decay calculations - Christ 

• 12:30 The $K_L$-$K_S$ Mass Difference - Sachrajda 

• 12:50 Rare kaon decays K -> pi l+ l- with 3 flavours - Lawson 

• 13:10 Progress in the improved lattice calculation of direct CP-violation in the Standard Model - Kelly

Still more talks at Lattice 2017
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Work in progress: fB, fBs, mq

29

Javad Komijani at Lattice 2017  
for Fermilab/MILC

The quark masses are in MeV and the MS scale is set to µ = 2GeV.

Central Alt.1 Alt.2 Alt.3 FV EM1 EM2 EM3 ↵S f⇡PDG

ms(µ) 92.32(49) -0.039 -0.009 +0.072 +0.077 -0.005 -0.15 -0.001 ± 0.53 ± 0.36
md(µ) 4.649(26) +0.012 +0.008 -0.001 +0.007 +0.037 +0.001 -4.2e-05 ± 0.027 ± 0.018
mu(µ) 2.133(17) -0.0023 -0.0015 +0.0029 +0.0049 -0.035 +0.001 -1.9e-05 ± 0.012 ± 0.0084
mc

mp4s
29.44(3) +0.003 -0.0035 -0.023 -0.015 +0.003 +0.054 -0.026 ± 0.001 ± 0.031

mc
ms

11.777(12) +0.001 -0.0014 -0.0092 -0.0059 +0.0013 +0.022 -0.01 ± 0.0002 ± 0.012

mc 1271(5) -0.3 -0.19 -0.0056 +0.3 +0.047 +0.17 -0.8 ± 9.6 ± 0.94
mb

mp4s
134.74(22) +0.036 +0 -0.1 -0.093 +0.01 +0.23 +0.014 ± 0.006 ± 0.22

mb
ms

53.90(09) +0.014 +0 -0.042 -0.037 +0.004 +0.092 +0.0056 ± 0.002 ± 0.088

mb 4192(14) -0.56 -0.34 +0.011 +0.5 +0.064 +0.21 +0.33 ± 7.8 ± 5.8

The work is in progress.

(TUM) Heavy-light HISQ simulations MILC Summer Workshop 15 / 15

Results for f

fD+ = 212.71± 0.27stat ± 0.26sys ± 0.21f
⇡+,PDG

MeV

fDs = 249.96± 0.26stat ± 0.23sys ± 0.19f
⇡+,PDG

MeV

fB+ = 189.79± 0.77stat ± 0.34sys ± 0.24f
⇡+,PDG

MeV

fBs = 231.16± 0.69stat ± 0.28sys ± 0.24f
⇡+,PDG

MeV

fDs/fD+ = 1.1752± 0.0007stat ± 0.0007sys ± 0.0003f
⇡+,PDG

fBs/fB+ = 1.2180± 0.0032stat ± 0.0014sys ± 0.0003f
⇡+,PDG

fBs/fB0 = 1.2105± 0.0028stat ± 0.0010sys ± 0.0003f
⇡+,PDG

fBs/fDs = 0.9248± 0.0022stat ± 0.0003sys ± 0.0002f
⇡+,PDG

(TUM) Heavy-light HISQ simulations MILC Summer Workshop 10 / 15

Rivals HPQCD’s correlation function moments method in precision.

Follows HPQCD approach with 
highly improved staggered 
quarks with mc<mq<mb.
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Aside:  Lattice QCD is everywhere.

• Everyone knows that lattice has a critical role in flavor, g-2, but 

• Virtually any kind of physics will need nonperturbative corrections 
when the precision goals get high enough. 

• Neutrino physics, high energy e+e- scattering, .. 

• Example:  searching for BSM physics in Higgs partial widths at a 
high luminosity ILC. 

• Goal is to measure partial widths to 0.5% accuracy. 

• ⇒ Need standard model prediction to 0.5%. 

• ⇒ Need mb to 0.5%.

30
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Work in progress:  short-distance D-Dbar mixing

• Agree with ETM 
2015 results.

31

I. INTRODUCTION33

The mixing between neutral K, D, B, and Bs mesons and their antiparticles is loop34

suppressed in the Standard Model and therefore provides a window into new physics. Both35

indirect CP -violation in neutral kaon system (✏K) and the B0
d and B0

s -meson oscillation36

frequencies (�Md and �Ms) have been measured to the sub-percent level [1, 2]. Although37

still not as precise as experiment, the Standard-Model theory for kaon and B(s)-meson38

mixing is also under good control, owing to recent lattice-QCD calculations of the relevant39

hadronic matrix elements for kaons [3–5] and for neutral B(s) mesons [6]. Neutral D0-meson40

mixing remains the least understood of the four mixing processes, both theoretically and41

experimentally, but progress is being made on both sides.42

In the Standard Model, neutral D-meson mixing is mediated at leading order in the elec-43

troweak interactions by intermediate down-type quarks, as illustrated in Fig. 1. Hence, it4445

provides unique information on new-physics contributions to the down-quark sector that is46

complementary to that provided by kaons and B(s) mesons, in which mixing is mediated47

by up-type quarks. In particular, D-meson mixing does not receive any top-quark enhance-48

ments at leading order. Further, mixing via the bottom quark is Cabibbo suppressed by49

|VubV
⇤
cb|2/|Vu(d,s)V

⇤
c(d,s)|2 ⇡ 0.28 ⇠ few 10�6 relative to mixing via down and strange quarks.50

D-meson oscillations are thus, to a good approximation, facilitated by only two generations51

of quarks, and any observation of CP violation in D-meson mixing would be evidence of52

physics beyond the Standard Model (BSM).53

At energies below the bottom quark mass, the electroweak box diagrams in Fig. 1 give rise54

to short-distance contributions from �C = 2 interactions and long-distance contributions55

from two�C = 1 interactions. The hadronic matrix elements of the former can be calculated56

within lattice QCD using standard methods and are the focus of this work. QCD calculations57

of hadronic matrix elements of the latter must wait for the development of better tools; we58

comment on the prospects for such calculations in Sec. X. Even though these long-distance59

e↵ects are a dominant contribution to neutral D-meson mixing in the Standard Model,60

knowledge of the matrix elements of all short-distance �C = 2 operators that arise in the61

Standard Model and beyond can provide useful BSM discrimination [7], as described in more62

detail in Sec. II.63

In this paper, we provide a new calculation of the �C = 2 D-mixing matrix elements on64

the MILC Collaboration’s Nf = 2 + 1 gauge-field ensembles, which employ the a2 tadpole-65

improved (asqtad) staggered action for the light quarks. We analyze the same set of en-66

sembles as in our previous calculation of the B-mixing matrix elements [6], and also fol-67

low an almost identical analysis procedure. Our results agree with previous Nf = 2 and68

Nf = 2 + 1 + 1 lattice-QCD calculations from the European Twisted Mass (ETM) Col-69
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FIG. 1. Feynman diagrams for the leading electroweak contributions to neutral D-meson mixing.

3

FIG. 16. Comparison of the three-flavor D-mixing matrix elements obtained in this work (filled
symbols) with the two- and four-flavor results from the ETM Collaboration [5, 8] (unfilled symbols).
For the ETM results, we have converted their quoted bag parameters to matrix elements using their
two- and four-flavor quark masses and decay constants from Refs. [71–74]. On the ETM points,
the larger red error bars include the uncertainties from fD and mq in quadrature, while the smaller
blue error bars omit those uncertainties. ETM’s two-flavor results do not include an estimate of
the error due to quenching the strange sea quark.

43

D-Dbar mixing has long distance effects more 
important than K-Kbar mixing. 
We’re looking at short-distance part only. 

Jason Chang, Lattice 2017 
for Fermilab MILC
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I. INTRODUCTION33
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suppressed in the Standard Model and therefore provides a window into new physics. Both35

indirect CP -violation in neutral kaon system (✏K) and the B0
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of quarks, and any observation of CP violation in D-meson mixing would be evidence of52

physics beyond the Standard Model (BSM).53

At energies below the bottom quark mass, the electroweak box diagrams in Fig. 1 give rise54

to short-distance contributions from �C = 2 interactions and long-distance contributions55

from two�C = 1 interactions. The hadronic matrix elements of the former can be calculated56

within lattice QCD using standard methods and are the focus of this work. QCD calculations57

of hadronic matrix elements of the latter must wait for the development of better tools; we58

comment on the prospects for such calculations in Sec. X. Even though these long-distance59

e↵ects are a dominant contribution to neutral D-meson mixing in the Standard Model,60

knowledge of the matrix elements of all short-distance �C = 2 operators that arise in the61

Standard Model and beyond can provide useful BSM discrimination [7], as described in more62

detail in Sec. II.63

In this paper, we provide a new calculation of the �C = 2 D-mixing matrix elements on64

the MILC Collaboration’s Nf = 2 + 1 gauge-field ensembles, which employ the a2 tadpole-65

improved (asqtad) staggered action for the light quarks. We analyze the same set of en-66

sembles as in our previous calculation of the B-mixing matrix elements [6], and also fol-67

low an almost identical analysis procedure. Our results agree with previous Nf = 2 and68

Nf = 2 + 1 + 1 lattice-QCD calculations from the European Twisted Mass (ETM) Col-69

u

c̄

d̄, s̄, b̄

d, s, b

W⌥

W±

c

ū
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ū

FIG. 1. Feynman diagrams for the leading electroweak contributions to neutral D-meson mixing.

3
D-Dbar mixing has long distance effects more 
important than K-Kbar mixing. 
We’re looking at short-distance part only. 

SM contributions, both long- and short-distance, are 
highly Cabibbo suppressed. 
BSM effects need not be, so calculation of the BSM 
mixing operators enable bounds on new physics 
assuming no Cabibbo suppression.
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FIG. 17. |x12|ei�12 plotted as a complex number. With no new physics, the Standard-Model
estimate (gray bar) is compatible with the experimental best-fit contours (blue regions). The other
two bars show predictions for the complex x12 in two specific new-physics scenarios, corresponding
to the simple “O5-only” model described in the text. The gold bar shows the SM+NP region with
model parameter ⇤NP = 40 000 TeV, while the red bar shows the choice ⇤NP = 18 000 TeV. The
former value is compatible with current experimental bounds, while the latter is ruled out.

.

⇤5,NP & (ImF5L5)
1/2 ⇥ 26 900 TeV, (9.16)

Note that these bounds are from the imaginary part of x12 only; for new physics with937

ImFiLi ⇡ 0, the constraint on ⇤NP from the Rex12 will dominate.938

Our bounds in Eqs. (9.12)–(9.16) are stronger than those quoted by the ETM Collabora-939

tion [8], in part because we use more recent, tighter experimental bounds. For operators O3940

and O5 in particular, our constraints on ⇤NP are much higher (by factors of roughly 7 and941

3, respectively). These two operators mix strongly with O2 and O4, respectively, such that942

their bounds stem principally from C2(3 GeV)O2(3 GeV) and C4(3 GeV)O4(3 GeV). If we943

artificially set C2(3 GeV) = 0, then we obtain much weaker bounds of ⇤3,NP & 3 350 TeV944

and ⇤5,NP & 9 740 TeV, respectively, which are close to the values quoted by ETM in Ref. [8].945

To further illustrate the use of our results in constraining new physics, we examine a946

specific model in which the Standard-Model Higgs boson has flavor-violating couplings to947

quarks and leptons [83]. A Higgs coupling of the form YuchūLcR + Ycuhc̄LuR will induce948

�C = 2 four-fermion interactions at low energy. After integrating out the Higgs boson h,949

46
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and ⇤5,NP & 9 740 TeV, respectively, which are close to the values quoted by ETM in Ref. [8].945

To further illustrate the use of our results in constraining new physics, we examine a946

specific model in which the Standard-Model Higgs boson has flavor-violating couplings to947

quarks and leptons [83]. A Higgs coupling of the form YuchūLcR + Ycuhc̄LuR will induce948

�C = 2 four-fermion interactions at low energy. After integrating out the Higgs boson h,949
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Summary

• The needs for lattice-QCD calculations are broader 
and deeper than ever before. 

• Lattice QCD is everywhere.

33
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Backup

34
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Results for f

fD+ = 212.71± 0.27stat ± 0.26sys ± 0.21f
⇡+,PDG

MeV

fDs = 249.96± 0.26stat ± 0.23sys ± 0.19f
⇡+,PDG

MeV

fB+ = 189.79± 0.77stat ± 0.34sys ± 0.24f
⇡+,PDG

MeV

fBs = 231.16± 0.69stat ± 0.28sys ± 0.24f
⇡+,PDG

MeV

fDs/fD+ = 1.1752± 0.0007stat ± 0.0007sys ± 0.0003f
⇡+,PDG

fBs/fB+ = 1.2180± 0.0032stat ± 0.0014sys ± 0.0003f
⇡+,PDG

fBs/fB0 = 1.2105± 0.0028stat ± 0.0010sys ± 0.0003f
⇡+,PDG

fBs/fDs = 0.9248± 0.0022stat ± 0.0003sys ± 0.0002f
⇡+,PDG

(TUM) Heavy-light HISQ simulations MILC Summer Workshop 10 / 15
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BNL-E821

36

Error [20] [21] Future
�a

SM
µ 49 50 35

�a

HLO
µ 42 43 26

�a

HLbL
µ 26 26 25

�(aEXP
µ � a

SM
µ ) 80 80 40

Figure 9: Estimated uncertainties �aµ in units of 10�11 according to Refs. [20, 21] and (last
column) prospects for improved precision in the e+e� hadronic cross-section measurements.
The final row projects the uncertainty on the di↵erence with the Standard Model, �aµ. The
figure give the comparison between a

SM
µ and a

EXP
µ . DHMZ is Ref. [20], HLMNT is Ref. [21];

“SMXX” is the same central value with a reduced error as expected by the improvement
on the hadronic cross section measurement (see text); “BNL-E821 04 ave.” is the current
experimental value of aµ; “New (g-2) exp.” is the same central value with a fourfold improved
precision as planned by the future (g-2) experiments at Fermilab and J-PARC.
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SM Exp.

Standard-model theory 
disagrees with the results of g-2 
of the muon experiment BNL 
E821 by several σ. 

Could be experimental or 
theoretical error, or it could be 
new physics.
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➜ Move to Fermilab; continue with more muons.

37

The magnet moves up the Mississippi

The magnet arrives at Fermilab


