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Relativistic hydrodynamics

Time evolution of the sQGP
Known solutions
Equations

Time evolution of the sQGP

@ Strongly interacting QGP discovered at RHIC, created at LHC
@ A hot, expanding, strongly interacting, perfect QG fluid
@ Hadrons created at the freeze-out

@ Leptons, photons "shine through”

Bilint Kurgyis, Maté Csanad Perturbative solutions of relativistic hydrodynamics 3/24



Relativistic hydrodynamics

Time evolution of the sSQGP
Known solutions
Equations

Known solutions of relativistic hydrodynamics

@ Many numerical solutions
e Exact, analytic solutions important: connect initial/final state

@ Famous 141D solutions:
Landau-Khalatnikov and Hwa-Bjorken

L. D. Landa, lzv. Akad. Nauk Ser. Fiz. 17, 51 (1953)
I.M. Khalatnikov, Zhur. Eksp. Teor. Fiz. 27, 529 (1954)
R. C. Hwa, Phys. Rev. D 10, 2260 (1974)

J. D. Bjorken, Phys. Rev. D 27, 140 (1983)
@ Many new solutions: mostly 141D, few 143D
o First truly 3D relativistic solution: Hubble-flow

Csorgd, Csernai, Hama, Kodama, Heavy lon Phys. A21, 73 (2004), nucl-th/0306004
@ Multipole solutions also known

Csanad, Szabd , Phys. Rev. C 90, 054911 (2014)
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Relativistic hydrodynamics

Time lution of the sQGP
Known solutions
Equations

Equations of relativistic hydrodynamics

Looking for (u*, p, €, n or o) fields Continuity equation of the
Assumptions: energy-momentum tensor
@ zero viscosity
0T =0

T = (e + p)utu” — pg”

@ zero heat conductivity

@ local energy-momentum

conservation — .
Continuity equation

| \

Properties:
o uut =1 Ou(nu*) =0

° u,d,u’ =0

N

Equation of State (EoS)

Continuity of entropy density o
can also be considered

€ = Kp
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Relativistic hydrodynamics
Time lution of the sQGP
Known solutions
Equations

Decomposition of energy-momentum conservation

Two equations:
@ Lorentz-perpendicular to u*

@ Lorentz-paralell to u*

Euler equation

(k+1)pu”0,u" = (g"" — utu”)0up

<

Energy equation

ku"dup + (k + 1)po,ut =0
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Perturbative handling of relativistic hydrodynamics
Equations of perturbed quantities
Perturbations of standing fluid

Perturbative handling

Perturbed fields: Perturbed equations:
@ Start from a known °
solution (u*, p, n or o)

o ut — ut 4+ SuH
ep—>p+dp
e n—n-+on

substitute perturbations into equations
substract 0t order equations
neglect 2" or higher order perturbations

remainder: perturbed equation

solution yields perturbations du*,dn,dp
@orc—o+do
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Perturbative handling of relativistic hydrodynamics

Equations of perturbed quantities
Perturbations of standing fluid

Orthogonality for four-velocity perturbation

Constraints for four-velocity:
o vtu,=1
o (u*+du)(uy+ou,)=1
e neglect 2" order perturbation

Orthogonality requirement

udu, =0 (1)
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Perturbative handling of relativistic hydrodynamics
Equations of perturbed quantities
Perturbations of standing fluid

Perturbative equations

Euler equation

(r +1)6pu”o u” + (k + 1)podutO,u” + (k + 1)put0,0u” =
(&" — u"u”)0,6p — outu”Oup — utou”o,p

Energy equation

kOutOup + ku*d,0p + (k + 1)dpd,ut + (k + 1)pd,dout =0 (3)

Continuity equation

u"d,0n + énd,ut 4 outOyn + nddut =0 (4)
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Perturbative handling of relativistic hydrodynamics

Equations of perturbed quantities
Perturbations of standing fluid

Perturbations on a standing fluid: waves

Known solution: Standing fluid

e u*=(1,0,0,0) Perturbed Energy equation
@ p = const. kO0op + (K + 1)podut =0
@ n = const.
Exploit these fields: Perturbed Euler equation
° duut =0 (k +1)pOodu” — Q" 9,6p =0
® Jyp=0 _
o U9, = B Wave solution for pressure

o Q"d, =(0,V)
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Equations for the perturbations of Hubble-flow solution

Known solution: Hubble-flow

Hubble-flow:
Csorgd, Csernai, Hama, Kodama , Heavy lon Phys. A21, 73 (2004), nucl-th/0306004
uo— xt
o ut ==
3
o n=ny(2) " N(S)
342
°p=p(P) "
V4
("] scallng variable S (?, ) ?) or 5 (;, T ;)
@ scaling variable can be arbitrary function of r” - t™.77"=™m
@ Describes well hadronic data and photons

Csanad, Vargyas, Eur. Phys. J. A 44, 473 (2010)
Csandd, Mdjer, Central Eur. J. Phys. 10 (2012)

Multipole solutions also possible

Csanad, Szabd , Phys. Rev. C 90, 054911 (2014)
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Equations for the perturbations of Hubble-flow solution

Perturbative equations for Hubble-flow solution

Euler equation

8:“6'0 Nz W, vl k—3 v m v
(m+1)p[g uhu’] = - ou” + u"d,0u (5)
3 1
Kku"0,0p + Mép = —(k + 1)pdou" (6)

Continuity equation

N'(S) 36n

Sutn OpS + U980 + = + nd,ou* =0 7)

TN(S)
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Solving the energy
ing the Eul

A family of solutions for the pertubations

Looking for scaling variables

Choosing pressure perturbation field

Pressure perturbation

P - w)\3+3 3
ressure: P = po () sp=5-pon(5) ()" @

Test function for pressure substituted to (5) and (6) yields:

Energy equation

0uout =0 (9)

Euler equation

K—3 1
ou’ + uto, 00" = ———
KT u" + u'0,0u (k+1)0

7(S)9”'S (10)
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Solving the energy equation
Solving the Euler equation
Solving the inui

A family of solutions for the pertubations

Solving the energy equation

Test function for four-velocity perturbation

Velocity: ut = *=
=

Sut = § - F(1)9"S - x(S) (11)

e Satisfies orthogonality (du,u* = 0)

@ Energy equation:

5 Fluyd"S - x(S)+ 8- FO,0"S - x(S)+6- FO'S - X (5)9,S =0

The final energy equation Right side must be a function of S
@ restriction for scaling variable

e ordinary diff. eq. for x(5)
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A family of solutions for the pertubations

Looking for scaling variables

Solving the Euler equation

The Euler equation (substituting (11) into (10)):

/1;3/-_(:)5 x(8)0"S + 8- utd,(F(1) - x(5)9"S) = /46_1'_15 -7'(5)0”'S
ww):<“3F“)—Ff”+ﬁu0(m+n.ﬁ5)

K T

e 7(S) and x(S) functions of S
o first term on the right: cannot depend on 7
e F'(7) is constant and 0 arbitrary scalar — F(7) =7

The final equation from Euler equation

(5 +1)(k—3)

(S) = x(S) (13)
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Solving the energy

Solving the Eul 3

Solving the continuity equation
The found solution

Looking for scaling variables

A family of solutions for the pertubations

Solving the continuity equation

Test function for particle density perturbation

Particle density:

T0 3
n= o (2)> N (S) Sn—5- o (g)%(x,y,z, Hu(S)  (14)

Substitute this into continuity (7):

The final equation from continuity equation

_X(SN'(S) L

= 9, h 1
V(S) Tausa‘usu 8# (X’y72’ t) ( 5)

Both sides must be functions of the scaling variable:

e restriction for h(x,y,z,t) and S
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The general form of solution

o x"
R Sut =5 - F(1)0"S - x(S) (16)
70 3+% 3+%
P = Pro (7) op =0 - por(S) (g) (17)
n="o<ﬁ>3N(5) sn=5-n(2)h S) (18
= n=38-m(2) h(xy.z t)(S) (18)
Relationship between N(S), x(S), v(S), n(S), h(x,y, z, t),S
X(S)  8.0"S
X(S) ~ 9,505 (19)
. +1) (k-3
w(s)= EXEZI) () (20)
v(§) _ 19,50"S (21)
X(SN'(S) — urduh(x,y,z,t)




ity equation
The found solution

A family of solutions for the pertubations

Looking for sc variables

Choosing the h(x,y, z, t) function

As we will see, a reasonable choice for h is:

h(x,y,z,t) = In () (22)
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The solution we are looking for

o= Subt = §-79*S - x(S) (23)
T
20 . 0 3+3
p—m () op=06-po(2) " m(S) (24)
3
n= no (?)3/\/(5) dn=4"ng (?) In <;> v(S) (25)
Equations for v(S), x(S),7(S), S
X(5) _ _ 0,0"S
NORE S (26)
1) (k-3
w(s) = LFDEZI) ) (27)
V(S) _ 2 o
SN = T 2uS0S (28)




A family of solutions for the pertubations

Looking for scalmg variables

The requirements for the scaling variable

The scaling variable must obey the following:
° u,0'S =0

° 88 saauss must be a function of the scaling variable

° 7-28“58“5 also a function of the scaling variable

The scaling variables found so far:

m

_r
°5_1:mn
rm
Tm
xm m zm
05:?,,5:{715:777
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Scaling variable : S = t—m

Scaling variable S=t/r

A concrete solution

Scaling variable S =

5p=06-po (2)*"% n(S)
du” =6 -79"Sx(S)

dn=10-n (2 ) /n(0>u(5)

The solution using this scaling variable:

_m+l
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_ m
Scaling variable : § = I
Scaling variable S=t/r

A concrete solution

A concrete solution for S = t/r, N(S) = exp(—S72)

. m
Special case of 7, m= —1

The perturbations
dp=10-po(2)*" " n(8)
ou” =9 -19"Sx(S)

Let us choose a particular N(S) Sn=234"no (%)3 In (%) v(S)

The scaling variable

5:% (33)

r2 —
NS)=e @ =e5"
The v, x, 7 functions:

X(S) =1 (34)
ﬂ@:“*?f‘as (35)
v(S) =253 (1 - S%)2N(S) (36)

Bilint Kurgyis, Maté Csanad Perturbative solutions of relativistic hydrodynamics 22 /24



Scaling variable : S

m
Scaling variable S=t/r ‘
A concrete solution

The pressure and velocity perturbations for S = t/r

. . m
The original velocity: u# = *-
The perturbation:

out =06 -1TO"S

3
The original pressure: p = pg (%)3+g
The perturbation:
5p = 5 po=3) g (x

tau=1.0

SN A
RNV
SR
=), G
s A PN
P L S NN
PR
PIRIVSIN
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bl flow

ut = % ot =4§-19*S - x(S)
(@ | ()
010 (2)° A(S) on =50 (2)"n (L) u(s)

Accomplishments
@ New relativistic perturbative solutions
@ Broad family, new particular interesting solutions possible
@ Many possibilities for scaling variables
@ Single perturbation scale §
Outlook
@ Other scaling variable S
@ Apply the same method for other known solutions
Thank you for your attention!
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Scaling variable —m and R
Appendix Non relativistic-equations

Perturbative solution

Scaling variable $ = % and § =

. . m
Scaling variable S = =

_m+l

X(8) = ——— (37)

w(S) = W {—m\/l +5m (38)
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_ . .m _m
Scaling variable L7 and e

Appendix Non relativistic-equations
Perturbative solution

Equations of non-relativistic hydrodynamics

Euler-equation

% + (uV)u = —%Vp

Looking for (u, p, p) fields
Assumptions:

Continuity equation

% +V(pu) =0

@ zero viscosity

@ zero heat conductivity

Equation of state

p — p relation
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Appendix
Perturbative solution

Perturbative equations

Perturbed fields
e u—u+du
e p—p+dp
e p—p+dp

Perturbed equations
o first order perturbation

@ using another solution
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Appendix

Perturbatlve solutlon

Wave solution

Perturbed Euler-equation

Qdu . 1
Dt =, Vop

Known solution: Standing fluid

e u=0

@ p = const.

o Perturbed continuity equation
@ p = const.

Sound speed from equation of C%p +pVou=0
state:
o _
op p _ 2
8t2 =c“Ap
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