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1. Dissipative relativistic fluids

— Causality, stability, flow-frames and equilibrium
2. Flow-frames and dissipation

with T.S. Biré and R. Kovacs



Introduction

Fluid mechanics determine the spacetime
geometry (Bob Geroch)

Quantum field theories can be reformulted as
fluid mechanics (R. Jackiw)

Fluids and general relativity: easy quantum
approach*.

Dissipation: not a simple practical addition but
essential aspect.

Balances in spacetime.

*Biré, TS and VP, Foundations of Physics 45(11):1465—1482, 2015, ( arXiv:1312.1316)



Dissipative relativistic fluids
heavy ion collisions
cosmology

- (quark-)gluon plasma: only viscosity

- Kinetic theory
Do we need anything else? Dense matter?
Role of heterogenities?
- Causality
hyperbolic or parabolic?
- Stability - second law
What is equilibrium?
- Flow-frames

Is there a freedom? (Eckart, Landau-Lifshitz, ...

What is ideal?



Special relativistic hydrodynamics:
T =euu” +q“u” +q"u’ + P, energy-momentum density

N =nu®+ j°. particle number density
gy, "= k=100 Ve SIS )
u® - velocity field

Tab_ e NE = n e -energy density |
N @ pii |’ Y g° - momentum density
J or energy current??
a,be{0,12,3}; i, j€{1,2,3},; diag(1,-1,-1,-1) P - pressure
e n - particle number density
‘ j¢ - particle current

General, expressed by comoving splitting
u, 0, T"=é+e 0 u"+0, q"+u g +u,0,P’=0"  energy balance
0, N’=n+n 0 u’+d_j*=0 particle number balance
Dissipative or ideal?

pY—_ pAab+]7“b:(— p+H)Aab+7[“b pressure splitting



Constitutive theory:

Fields: Equations:
N 4 @ Wa=I0, 1
TR\ 10 JNEE=0¢, W 4
Dy

517

N - particle number vector
T — energy-momentum density

j 3 u® - velocity field
a
q i 3 j¢ - particle flux/current
1 6 q° - energy flux and
21 momentum density

IT** —viscous pressure

n, e, u® — basic fields

Flow-frames, non-equilibrium thermodynamics, second law



Entropy inequality:

0,8=5+s0,u"+0,J“=0

Eckart (1940), theory and flow-frame:

S“(T“b,N“)ZS(e, n)u“+?—

(Muller)-Israel-Stewart (1969-72) theory in Eckart flow-frame:

Po b b,
NG Tab’Na = ’ __HZ__ b bc a,
[ SR
+1F(q“+aoﬂqa+al7rabqb)
isotropic, Grad compatible



Concept of dissipation

constitutive theory - closure by linear relations
entropy balance constrained by the other balances

>=-j"0 a- B0, u +q"(d P+Pir, )>0

Closure: 3 y
j = A baba ’

M°=va,u A +nA“A™ (0,u,+0,u,)/2,
g'=hA"(0,B+B )

+ balances
Background:

ldeal fluid:  ¢“=0%, j*=0°, 1" =0"
Ja:Bqa’

Entropy flux and Gibbs relation: ds =P de-a.dn



Kinetic theory - hydrodynamics

6" problem of Hilbert, minimal version: unsolved

Only for rarefied gases. Dense matter: doubled hierarchy

Open problems: instabilities, systematic closure.
Causality

Causal if hyperbolic: Divergence type and linearized.

Hyperbolic (causal) is a kind of stability. Existence and uniqueness.
Stability - second law (fundamental requirement)

Stability of equilibrium: homogeneous in space (?).

Stability provides practical causality.

Dissipation leads stability

Linear stability is a necessary condition.

Nonlinear stability: entropy is Ljapunov functional (energy methods).
Flow-frames (and covariance)

Covariance: is that evident? Nonrel. kinetic theory: it is not.

Is there a freedom? (Eckart, Landau-Lifshitz, ...) What is ideal?



Convenient beliefs and hopes

(Muller)-Israel-Stewart theory:
It is not proved to be symmetric hyperbolic.
The linearized version is hyperbolic in Eckart frame with conditions.

Entropy inequality (normal, covariant):

0, N°=0, 0,T"=0"
0. S'+ad, N+p,0, T >0.

Divergence type theories - built in hyperbolicity.
GGNGZO, aaTab:Ob, aaAabC:Ibc
0,S°+C0 N°+C, 0, T+C, 8, A =0.
TR S



Stability conditions of the Israel-Stewart theory
(Hiscock-Lindblom 1983,1987)

1 Qe Ji

| le

|.= > (), .
etp0Op? 0p Conditons for the
{ (€+P)ae\ -n | — EOS
— IS coefficients
- I e op e _ both
*Jetpo(sim| o(s/m)|e — Eckart frame
B nT + usual
Q. =5,20, Q,=p,20, Q7: B, - 215 > (),
f \ 2
| | iR 2ol . OT
Q4=e+p—2'82+ﬂ1+2a1>0 Q. =p -0 o 2 >,
7 28,8, — : By, 3B, n'Td(s/n)|
2
=(e+ p) Zp _ﬁl _32 —g >0, X 1+0£0+2061 n oT >0
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Convenient beliefs and hopes

(Muller)-Israel-Stewart theory:
It is not proved to be symmetric hyperbolic.
The linearized version is hyperbolic in Eckart frame with conditions.

Entropy inequality (normal, covariant):

0, N°=0, 0,T"=0"
0. S'+ad, N+p,0, T >0.

Divergence type theories - built in hyperbolicity.
GGNGZO, aaTabZOb,aa Adbe — pbe
0,S°+C0 N°+C, 0, T+C, 8, A =0.
TR S



Velocity — flow-frames

What is a fluid? What is moving?

\ (s Na a__ a
Eckart (material) frame: = - N =nu
b
V-N°N,
A Ea A A A
Landau-Lifshitz (energy) frame: = . - Tab: ! b+Pab
V-E°E,
.. Na_ Ba a_A/\a
Juttner (thermometer) frame: u —\/ > = [3 —ﬁu
'B Bb

Do we have a choice?



Landau-Lifshitz: Eckart:

Ne=nu'+ " L W=
A A A W 2 b b b b b b
Tab eub a+Pab b a_pAab_l_Hab T Ta — oy ua+q ua_l_qau_pAa +Ha

Transformation: a. a
Ag_ U TW
What is ideal?
N(c)l:nua : Na_/h /&a+ .a
T% =eu’u' - pA* 4 < A
0 Tgb:/é/&b/l\/ta_l_qb/’}ta_l_qa/&b_pAab_l_nab
A .a A a N\ a ab
nzz, J Zn?, eZP—p, g =hw", II"= p

b
Ideal fluid is a class of N
Dissipation leads to homogenization? Equilibrium is a submanifold?



Thermodynamics in arbitrary frames:

S+ N - ,BbTab: Q" timelike part: Gibbs relation

ﬁa:ﬁ(ua+wa) temperature vector

Thermodynamics:

a) "= pp° matching  Si+aN.- B, Te=p"p,

b) ds+odn=p,dE“+p pw, du’
=B (u,+w,)d(eu'+q")+B pw,du’

=P (de+w,dg"+[(e+p)w,~ q.]du’)

Kinetic theory compatible frame: qa:(e+p)wa

w'=0 = ds+adn# fide  w'=0Aqg"=0 = ds+adn=pfde



Thermodynamics in arbitrary frames:

S+ aN“- /Bb Tab: 0% spacelike part: entropy flux

B=P(u’+w") temperature vector

Entropy flux: s“=Pg’-a j +pw I

Constrained entropy inequality:

0< 3 S*+ad N°-§,0 T"= ..

(100, " (8,5 w, 0,0 o~ )0,

Linearization is possible.
Correct equilibrium/ideality conditions
Compatible with kinetic equilibrium: qa:h w



Entropy production:

(M1”~¢"w")8,p,+(g"~hw)(d,p~Bw,d,u’)+(nw~ j*)d,a>0

Frames:
a
Kinetic (EOS): WGZQ_ Thermometer: w“=0
h
Eckart: j =0 Landau-Lifshitz: q‘=0
N* 4 d N =0, 1
de 10 abTabzoa’ 4
a a
u, w 6 N
220 25

Constitutive theory, solution of the entropy inequality??

a

ja,qa,Hab,w



Entropy production:
(Hab_qawb>ab ﬁa-l-(qa_hwa)(aﬁa_ﬁwb aa”b)"'(”wa_ja)aaa:

n”o,p,+q"0,p,-j'0,a+pw’d, p=0

Stability of the linear solution: not stable/conditional

Kinetic : q“:hwa Thermometer: w“=0
undetermined not stable
Eckart:  j“=0 Landau-Lifshitzz ¢g“ =0
not stable stable
Conseqguences:

- dissipation evolves toward a stable manifold,

- ideality and equilibrium (see, Gorban and Karlin, Geroch),
- one may develop higher order keeping the stable manifold,
- consistent with LF flow-frame and ideal hydro success.



Conclusions BY=p (u+w)

Temperature is not necessarily parallel to the flow.
Dissipation is spacelike.

Thermodynamics and kinetic theory distinguish a
a specific temperature/thermo-flow: w'=2

Generic stability is ok in first order.
Israel-Stewart theory is not necessary.

Solution method (preliminary):
Landau-Lifshitz flow-frame with thermo flow (w9)
then frame transformation if necessary.

: VP, Bir6, TS., EPJ-ST, 155:201-212, 2008, (arXiv:0704.2039v2).
Temperature!- VP, MMS, 3(6):1161-1169, 2008, (arXiv:07121437).
‘A Bir6, TS., VP. EPL, 89:30001, 2010.
VP, EPJ WoC, 13:07004, 2011, (arXiv:1102.0323).
VP, Bird, TS., PLB, 709(1-2):106—110, 2012, (arXiv:1109.0985).
VP-Pavelka-Grmela, JNET, 42/2, 133-142, 2017 (arXiv:1508.00121)
VP, CMT, 29/2, 133/151, 2017 (arXiv:1510.03900)



Thank you for the attention!



Improved continuum theories |.

Heat conduction in dense, heterogeneous media
Compatibility with kinetic theory.
Experiment: beyond Fourier, different materials

Back side temperature Back side temperature

1.2 1.2
1 R o e S 1
0.8 /‘M“‘ 4 0.8 /W/W’
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Time Time

1,0,q+q=A0,T+a0d;q

see R. Kovacs



Improved continuum theories Il.

Galilean-relativistic space-time: time is absolute
Transformation rules: kinetic energy
Flow-frames: extra mass flux, Brenner

’(3 — ,‘0' H"%
p = p +pv'

A ' V2
e = e+plvi+ p?a
Joo= v,
Pi = P4 pvivi+ V4 plvl,
G = g erit Py iyt (o pr)Y

2



0,T

Causality

- infinite speed of signal propagation
- second order time derivatives
- hyperbolic system of equations

Divergence type theories - finite speed is material
(Liu-Ruggeri-Muller, Geroch, Lindblom, Calzetta)

Physical:
Propagation speed of continuum limit.
Propagation speed of observable sianals.

Example:

:—KaiT axT<<A?T, atT<<¥

water at room temperature:

v = =14mls

~S
max %




Kinetic theory —» thermodynamics

pa aaf:C(f) Boltzmann equation P p,=

Boltzmann gas

Thermodynamic equilibrium = no dissipation:

d3
a=6aS“=6( JE<F s (ng- 1))

1 dp, d’p, &’ p  d’p,(fif1 B
T3 e R R V) fkfl'l)f"ffW”’“:O
S fh=rAe
alx)-p,(x)p’
fo(x’k):e (local) equilibrium

distribution




Thermodynamic relations - normalization

a(x)- B,(x)p" Ne=[ o f
fO(x’p)_e ag b Oa
Ty=|pprf
Juttner distribution AND Juttner flow-frame .
$ H=Uyp
_L g Y B
a—?—, ﬁa__]v"_ f0<x,p)—€

When calculated frame independently, one obtains:

O N B 7 i U

Ba:B(ua"'Wa) % _\/1—W2 :\/1—w2, ﬁ:\/l—w2’

i a_ﬁbpb i ~ T
folx, p)=e e =e



Energy-momentum density:

a a v v a a
NOZJ' p fo=nu =nu +nw

{2
T

n=n\1- w2=4nm27v’K2(—’;l)e

ab_ a b _Vvaa v ab
Iy —IPP fo=euwu+p/ Kl(%

m
o
q'q"
Tgb:eubua_l_qbua_l_ubqa_pAab_I_
€+p
c+pw’
D=l c'— . g'=(e+p)w’
Heat flux: - 1-w? 1 ( p)
e+
Ia:qa_ p]a:O



Balance transformations

Absolute
aazabc _ Zbc 4+ Zbcaaua 4+ aazﬁbc —0

Rest frame

atp =+ CF)IJ(! — O:
D:.p' + O Pk = 0,
Ore +0;q" = 0.
Inertial reference frame
p+poiv' + 09 = 0,
pl+ p OV + o P™ + v + jfOv = 0,
0.

Ore + ed;v' + 8,-qf + p" Vi + Pff@,-\,g —




The idea of Eckart:

u'0,T =e+ed u’+0,q9" +u q* +ud,P” =0

O N’ =n+no u*+06_j*=0

ds+odn=pde J =pg -aj

e=u‘0 e

0.8=s(e,n)+s0u“+0 J*>0

|
/A

-— [PV~ pélj)al-vj+qiai%2 0

O-S:_ jaaaa_ B(¥Pab_ péab)ab%a-l-qa(aaﬁ-l-

pu,

1> 0

ab

I1

Eckart term



Thermodynamics
S

— L'-—@

stability?




Thermodynamic relations - normalization

1% Ngl = .klufO
fo (x,k) = o CIRUINEDE :
p

T = [k'k* §,

p—u, k"
Jittner distribution? o= %, B, = ?V fo(x,k)=e 7

0,Nt =0, [k f, =[(fk"0,a~ fik"k"D,B,)=
o0, ,Ny =Ny;0,a-T70 D,
ng = (I—OC)N (;l S ,BVTOﬂ Y Legendre transformation

0,8y =—ad Ny +p,0,T"



@ﬂS 5‘ 48 a@u N} £ ﬂvﬁ T; g covariant Gibbs relation
(Israel,1963)

. H H uv
Remark: 0,8"+ad N* -0, T" =020
Lagrange multipliers — non-equilibrium

Rest frame quantities:

S = syl uut =1, N =6" —u'u";
Y =nu" + j* w,J" =0,u,j" =0;

" =u"E" +q"u” + P"" u,q" =0,u,P" =P"u,=0.

E'=eu" +q"

0,8"+ad,Ny - B,0, T =
S‘+0m—,B,UE“ +(S+0m—,BHE“)8VuV —
ad,j" + B,0,(¢"u +P*)=0




§+an—B,E" +(s+om—B,E* B’ — j 0,0 +(q"u’ +P*)3,p, =0

A) s+an—B,E* =0  s(n,E")

@ . M deviation from Jiittner
P

aS gu u# + W,U

e uw, =0

Velocity dependence?

[Tas + pin = B,dE” | (u, +w,)d(eu* +q*) = de+w,dg" +

B) (s+an—B,E" o,u’ — j*0,a+(g"u’ +P")d,B, =0

p=T5+pun-p,E" =nT ideal gas
Vu=0,V.T=0,Vw =0 rest frame/uniform intensives
\% > \% o v



7dS =(u +w_)dE® = - —

1+1 dimensions:

u=(y,w), w'=(yvw,w)

Y1(1 + Vlwl) ) yz(l 0 Vzwz)

T T, S
Y1(V1+W1)ZY2(V2+W2) I_Wl 1_W2
T T =

1 2 T T



Transformation of temperatures

vitw v tw, yl- \/ Four velocities: v,, v,, w,, W,

1+vw, 1+\/2w2 T,

i : Ve
Relative velocity — v=——
(Lorentz transformation) T2
v
v+w,
w, =
1+wvw,
1, 1—v°
1

= general Doppler-like form!
7, 1+vw,



A T
AR Ve o "
1, 1+ww,
K thermometer
Special:

w,=0 T=T,/y Planck-Einstein
w=20 r=yT, Ott
w,=1,v>0 T=T,ered Doppler
w,=1,v<0 T =T,eblue Doppler
w,+w=0 =T, Landsberg






Universal? =~

?".d._ - S 2

Simple, sound and exact formulation.
| THE |
Second Law

Thermodynamic equilibrium is stable.

This is a discipline related exact statement.

- There is entropy: statics. —74

- (It is concave: statics.) ] Stability
- Entropy is not decreasing: dynamics.

Necessary condition: generic stability - linear stability of
homogeneous thermodynamic equilibrium..

Objectivity is easier!

V.P. Thermodynamics of continua: the challenge of universality, in Proc. Of JETC13, arXiv: 1305.3582



Dissipative hydrodynamics

O N =n+nou’+0,j*=0,
u'0, T =e+(e+p)ou’+0,q° +q“u, —I1°0,u, =0,
Ao, T =(e+pu+q°Ou’+q°0,u’ +A(q°+0,I1") =0,

TR —/”LA"C(c’iCT HTu|+T q"j,
e

v? = _gAacgc %,

¢ =P'—p=—&u,

a

IT°, =-2n<o,u” >.

< > symmetric, traceless, spacelike

— Generic stability.
CONDITION: thermodynamic stability

(Van: J. Stat. Mech. (2009), 02054)



Fluid families:

Nonrelativistic Relativistic
Local equilibrium Fourier+Navier-Stokes M(l%O),
(1st order) sumura-Kunihiro (2008)
Beyond local equilibrium Cattaneo-Vernotte, Israel-Stewart (1969-72),
(2" order) generalized Navier-Stokes| Pavon-Jou-Casas-V. (1982),
rheology, etc... Liu-Muller-Ruggieri (1982),
Geroch, Ottinger, Carter, ...
conformal (2007-08),
our (2008),
Betz et. al. (2009)

Eckart — Israel—-Stewart — Pavon—-Jou—Casas-Vazquez:
a( mab a\_ ’BO 'Bl b '82 bc a
SUT N°)=|s(e, n)-—=IT*- g 0 = —— NG [ T
21 2T
1

2T
+_(qa+a an_l_a n_abq ) \
T 0 1 b (+ order estimates)
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