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1915 Einstein: general theory of relativity 
 10 metric functions replacing the Newtonian potential 
 (gravitational dynamics = geometrodynamics) 
1918 Einstein: perturbative gravitational wave propagating  
               with the speed of light  
      

2015 Advanced LIGO: direct detection of gravitational waves 
 
  Remarks: 
1923 No spherically symmetric gravitational waves: 

Birkhoff-theorem (outside the event horizon): 
gravity is static in spherically symmetric vacuum 
(Schwarzschild)  

  
1937 Exact gravitational waves exist: 
 Cylindrical Einstein-Rosen vacuum 

Gravitational waves

Spherically and cylindrically symmetric space-times exhibit 2+1+1 structure! 



        1933 - Fritz Zwicky: Coma galactic cluster           1970 - Vera Rubin: Galactic rotation curves

The need to explain dark matter

N-body simulations and gravitational lensing ! spherically symmetric dark matter halos

Direct detection unsuccessful: 
2000 - MACHO dark matter (microlensing) 
2014, 2016 - WIMP dark matter particles (LUX, PandaX-II, Xenon100) 
2015 - Axion dark matter (Axion Dark Matter Experiment, Center for Experimental                  
 Nuclear Physics and Astrophysics (CENPA), University of Washington) 
2016 - Sterile neutrinos (IceCube) 
2016 - Extra dimensions (LHC)  
2016 - Supersymmetric particles (LHC) 

! dark matter interacts only gravitationally  

! worth investigating modified (scalar-tensor) gravitational theories  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        Arnowitt – Deser – Misner (ADM) formalism 
           (R. Arnowitt, S. Deser, C. W. Misner, Gravitation: An Introduction to Current Research,  
         Chapter 7th, Wiley, New York, (1962)) 
  
  
 reason:       time is preferred 

 method:                    foliation by 3D hypersurfaces  
        (with constant time) 
 replace 4D metric:    induced metric on 3D hypersurfaces (6) 
                     extrinsic curvature (6) 
 geometrodynamics:   induced metric ~ generalised coordinates 
        extrinsic curvature ~ generalised momenta 
         ! Hamiltonian evolution 
 applications: Cauchy-problem, numerical relativity  
   cylindrically symmetric gravitational waves,  
 (K. Kuchař, Canonical Quantization of Cylindrical Gravitational Waves, Phys. Rev. D4, 955 (1971)) 

   generalised f(R) gravitational theory  
 (B. Mongwane, On the Hyperbolicity and Stability of 3+1 Formulations of Metric f(R) Gravity, [1610.07224] , (2016)) 
 

          3+1 decomposition of space-times - Why?



 reason:  time + one spatial dimension preferred (e.g. symmetries) 
 method:                multiple:  
   A) 2+1 decomposition of kinematical quantities  
 applications:  spherically symmetric space-time  
 (C. A. Clarkson, R. K. Barrett, Covariant perturbations of Schwarzschild  
 black holes, Class. Quant. Grav. 20, 3855 (2003)) 

   Kantowski-Sacks space-time  
 (Z. Keresztes, M. Forsberg, M. Bradley, P.K.S. Dunsby, L. Á. Gergely,  
 Gravitational, shear and matter waves in Kantowski-Sachs cosmologies 
 J. Cosm. Astrop. Phys. 11, 042, (2015)) 
   B) metric (Arnowitt-Deser-Misner, ADM-like) quantities 
   two foliations by families of 3D hypersurfaces 

  (first has constant time, second constant spatial parameter) 
   2+1 decomposition of induced metric and extrinsic curvature  

of 3D hypersurfaces 
 applied for:  orthogonal double foliation  
 (L. Á. Gergely, Z. Kovács, Phys. Rev. D 72, 064015 (2005), Z. Kovács, L. Á. Gergely, Phys. Rev. D 77, 024003 (2008)) 
   non-orthogonal double foliation: this talk 

2+1+1 decomposition of space-times

       Expansion                  Shear              Vorticity



 two 3D hypersurfaces: St (constant time parameter: t)  
          Mχ (constant spatial parameter: χ)  
	 intersection 2D surface: Σtχ  with induced metric: 
	 2+1+1 decomposition of 4D metric:  
	 evolution vectors: 
	  	   
  

 due to co-dimensions 2, the embedding of Σtχ is complicated: 

 extrinsic curvatures:  
 normal fundamental forms: 
 normal fundamental scalars: 
 accelerations: 
  
  

2+1+1 decomposition of space-time 

along orthogonal double foliations



 4D line-element in ADM-like variables (adapted to the 2+1+1 decomposition):  
	  
	  	   
  

  
 gravitational variables:                     ( 3+2+1 = 6 metric variables)  
 generalised velocities:  
 (extrinsic curvature, normal fundamental form, normal fundamental scalar) 
 non-dynamical metric variables:    ( 1+2 = 3 metric variables) 
 (lapse, shift – Lagrange-multipliers in the action)  
 (      – coordinate system choice / diffeomorphism / gauge freedom) 
 ! only 9 metric variables 
     one of the gauge degrees of freedom was consumed by orthogonality! 
    Is this a problem? If so, why?

Gravitational dynamics with orthogonal double foliations



  
 Vectors decomposed with the Helmholtz-theorem / tensors with similar theorems into 

 divergence-free / odd and vorticity-free / even sectors 

general theory of relativity  
Regge-Wheeler equation                                          Zerilli equation 

scalar-tensor gravitational theory  

   odd sector    even sector 
 R. Kase, L. Á. Gergely, S. Tsujikawa, Effective field theory of  
 modified gravity on the spherically symmetric background:    
 Leading order dynamics and the odd-type perturbations  
 Phys. Rev. D 90, 124019 (2014)  
  
 orthogonality of foliations consumed one gauge degree of freedom   
 ! after remaining gauge-fixing the even sector perturbations contains one arbitrary  
                   function of time 
 ! physical interpretation of perturbations is obstructed! 
  ! need to drop the orthogonality of the foliations! 
    

Consequence of the consumed gauge degree of freedom 
Perturbation of spherically symmetric gravity

?
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2+1+1 decomposition of space-time 

along non-orthogonal double foliations



Relation between the coordinate basis and the basis 
adapted to the spatial hypersurface

the 10th metric variable!
   Lie-brackets of the fA basis          na vorticity-free, orthogonal to St  (Frobenius-theorem) 

  

                                         ma has vorticity

from the duality relations:



the 10th metric variable!

Relation between the coordinate basis and the basis 
adapted to the temporal hypersurface

    Lie-brackets of the gA basis                     la vorticity-free, orthogonal to Mχ 

         
                                                  ka has vorticity

from the duality relations:



Relation between the bases adapted to the 

temporal and spatial hypersurfaces

from the duality relations:

Lorentz-rotation  
between the bases adapted to the Mχ and St hypersurfaces



Vorticity of the basis vectors



    Decomposition of the covariant derivatives: 

   
     Geometrical quantities involved: 
  

The geometrical quantities of normals



Summary of the geometrical quantities



Relation between the starred and non-starred geometrical quantities: 

Furthermore:   ; 

(spatial rotation with angle: ψ=arccos(coshφ)-1) 

In the orthogonal limit the starred quantities reduce to the corresponding  
non-starred ones.

Identification of the independent variables



           Relation between time- and spatial derivatives of the dynamical variables and  
           the geometrical quantities: 

         Methods: L. Á. Gergely, Z. Kovács, Appendix C, Phys. Rev. D 72, 064015 (2005), Lie-derivative 

           
 

Dynamical role of the geometrical quantities



Generalised coordinates:  

Generalised velocities: 

   
                  time derivatives! 
Variables expressing gauge freedom:  

Non-dynamical geometrical quantities:

Consequences



Gauss and twice contracted Gauss identities

Dynamical considerations select the (na,ma) basis for the decomposition! 
Gauss identity:  
(Σtχ projection of the Riemann-tensor): 

Twice contracted Gauss identity: 
(with projections of  Ricci and Riemann-tensors): 

2+1+1 decomposition of the curvature scalar: 

                D-derivatives 
                χ-derivatives 
           R+time-derivatives 



2+1+1 decomposed form of the gravitational dynamics
Einstein-Hilbert action: 

2+1+1 decomposition of the metric determinant: 

2+1+1 decomposition of the Einstein-Hilbert action: 



Lagrangian density:  
Boundary terms: 

Hamiltonian density: 
Hamiltonian and momentum constraints: 

Legendre transformation



The momenta are expressed in terms of                       as :  

Boundary terms: 
  (in terms of  
    momenta) 

Hamiltonian and momentum constraints (in terms of momenta): 

Hamiltonian dynamics



The Poisson bracket of any 2 functions:  

where:  

Poisson brackets of the canonical variables: 

Smeared Hamiltonian density:                          Canonical equations: 

Poisson brackets



Dynamical equations of the canonical coordinates:  

Dynamical equations of the canonical momenta: 

Dynamical equations
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• We reestablished the full gauge invariance, by exploring a non-orthogonal double 
foliation. Generic discussion of perturbations is now possible.  
  

• We geometrically interpreted the 10th metric variable as  
(1) the angle of the Lorentz-rotation of the basis vectors,  
(2) the measure of the vorticity of the basis vectors.  

• We identified those geometrical quantities characterising the embedding, which 
bear dynamical role (they contain time-derivatives).  

• Non-dynamical geometrical quantities appear in the (na,ma) system, which we 
employed for the 2+1+1 decomposition of the Einstein-Hilbert action. 

• We have identified the 2+1+1 decomposed gravitational Hamiltonian, the 
Hamiltonian and momentum constraints in terms of canonical coordinates and 
momenta. 

• With the help of the smeared Hamiltonian density and Poisson-brackets, we have 
derived the canonical evolutions.     

Summary



 Short-term:

• Publishing a paper, summarising the results.  

 Long-term: 

• Work out the even sector perturbations of the spherically symmetric 
scalar-tensor gravity 

• Stability of dark matter halo models in scalar-tensor gravity 

• 2+1+1 decomposition of the Weyl-tensor ! applications in 
characterising gravitational waves  

• Cylindrically symmetric gravitational waves in scalar-tensor gravity 

Prospects



http://physicsworld.com/cws/article/news/2014/oct/17/tabletop-
experiment-could-detect-gravitational-waves 

Do spherically symmetric 
gravitational waves exist in scalar-
tensor gravitational theories? 

Outlook

https://www.emis.de/journals/LRG/Articles/lrr-2014-  
4/articlese7.html 

Study of additional polarisations 
(beyond + and x) in scalar-
tensor gravitational theories. 

http://physicsworld.com/cws/article/news/2014/oct/17/tabletop-experiment-could-detect-gravitational-waves
http://physicsworld.com/cws/article/news/2014/oct/17/tabletop-experiment-could-detect-gravitational-waves
http://physicsworld.com/cws/article/news/2014/oct/17/tabletop-experiment-could-detect-gravitational-waves
https://www.emis.de/journals/LRG/Articles/lrr-2014-4/articlese7.html
https://www.emis.de/journals/LRG/Articles/lrr-2014-4/articlese7.html
https://www.emis.de/journals/LRG/Articles/lrr-2014-4/articlese7.html
https://www.emis.de/journals/LRG/Articles/lrr-2014-4/articlese7.html
https://www.emis.de/journals/LRG/Articles/lrr-2014-4/articlese7.html


Thank you for  
your attention! 


