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Gravitational waves

1915 Einstein: general theory of relativity
10 metric functions replacing the Newtonian potential
(gravitational dynamics = geometrodynamics)

1918 Einstein: perturbative gravitational wave propagating
with the speed of light

2015  Advanced LIGO: direct detection of gravitational waves

Remarks:

1923 No spherically symmetric gravitational waves:
Birkhoff-theorem (outside the event horizon):

gravity is static in spherically symmetric vacuum
(Schwarzschild)

1937 Exact gravitational waves exist:
Cylindrical Einstein-Rosen vacuum
Spherically and cylindrically symmetric space-times exhibit 2+1+1 structure!



The need to explain dark matter
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1933 - Fritz Zwicky: Coma galactic cluster 1970 - Vera Rubin: Galactic rotation curves

N-body simulations and gravitational lensing = spherically symmetric dark matter halos

Direct detection unsuccessful:

2000 - MACHO dark matter (microlensing)

2014, 2016 - WIMP dark matter particles (LUX, PandaX-Il, Xenon100)

2015 - Axion dark matter (Axion Dark Matter Experiment, Center for Experimental
Nuclear Physics and Astrophysics (CENPA), University of Washington)

2016 - Sterile neutrinos (IlceCube)

2016 - Extra dimensions (LHC)

2016 - Supersymmetric particles (LHC)

-> dark matter interacts only gravitationally

—> worth investigating modified (scalar-tensor) gravitational theories
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3+1 decomposition of space-times - Why?

Arnowitt — Deser — Misner (ADM) formalism
(R. Arnowitt, S. Deser, C. W. Misner, Gravitation: An Introduction to Current Research,

Chapter 7th, Wiley, New York, (1962)) %=
\’ \-\\'..
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induced metric on 3D hypersurfaces (6) N\ &\
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replace 4D metric:
extrinsic curvature (6)
induced metric ~ generalised coordinates
3+1 Formalism in

extrinsic curvature ~ generalised momenta
General Relativity
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geometrodynamics:
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Cauchy-problem, numerical relativity

applications:
cylindrically symmetric gravitational waves,
(K. Kuchaf, Canonical Quantization of Cylindrical Gravitational Waves, Phys. Rev. D4, 955 (1971))

generalised f(R) gravitational theory
(B. Mongwane, On the Hyperbolicity and Stability of 3+1 Formulations of Metric f(R) Gravity, [1610.07224] , (2016))

- Hamiltonian evolution
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2+1+1 decomposition of space-times

reason: time + one spatial dimension preferred (e.g. symmetries)
method: multiple:
A) 2+1 decomposition of kinematical quant/t/es
applications: spherically symmetric space-time T o .
(C. A. Clarkson, R. K. Barrett, Covariant perturbations of Schwarzschild "\_\_ e 2 ‘ fﬁ -’.‘ ‘ l
black holes, Class. Quant. Grav. 20, 3855 (2003)) 5.2, 8 &
Kantowski-Sacks space-time M Kzl -;;., LA

(Z. Keresztes, M. Forsberg, M. Bradley, PK.S. Dunsby, L. A. Gergely, |

Gravitational, shear and matter waves in Kantowski-Sachs cosmologies 2L it il
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J. Cosm. Astrop. Phys. 11, 042, (2015)) OV N
Expansion Shear Vorticity
B) metric (Arnowitt-Deser-Misner, ADM-like) quantities
two foliations by families of 3D hypersurfaces
(first has constant time, second constant spatial parameter)
2+1 decomposition of induced metric and extrinsic curvature
of 3D hypersurfaces
applied for: orthogonal double foliation
(L. A. Gergely, Z. Kovécs, Phys. Rev. D 72, 064015 (2005), Z. Kovéacs, L. A. Gergely, Phys. Rev. D 77, 024003 (2008))

non-orthogonal double foliation: this talk



2+1+1 decomposition of space-time
along orthogonal double follatlons < Nofor”

two 3D hypersurfaces: S_(constant time parameter: 1)

‘M, (constant spatial parameter: ) /
intersection 2D surface: X, with induced metric: /i, /Sy ?ﬁ
Lt 3
2+1+1 decomposition of 4D metric: g,p = Fop — ng7tp + Lalp =L
evolution vectors: B
a\“
(a) = Nn"+ N® n*n, — -1
‘:.) “ a
e - A:[Za + ."Ia l' la == 1
ax

due to co-dimensions 2, the embedding of %, is complicated:

o - - e AT
extrinsic curvatures: K. = fz"/zd'\_'c-r'z,d Lap = hghyVely
» A
normal fundamental forms: K, = h“ldvcnd Lo=—hen"Val. =K,
e deT
normal fundamental scalars: KK = 1619V iy L =n"n"Vyl.

accelerations: a, = héntVyn, b, = hel?V 4l,



Gravitational dynamics with orthogonal double foliations

4D line-element in ADM-like variables (adapted to the 2+1+1 decomposition):

—N2 4+ N,N¢ N, M€ N, dt
ds? — ( dt dy dy*) N, M® M? 4 MM M, dx
N, M, R dy®
gravitational variables: {hap, M“ M} (3+2+1 = 6 metric variables)
generalised velocities: {Ka, K* K}

(extrinsic curvature, normal fundamental form, normal fundamental scalar)

non-dynamical metric variables: {/N, N™} ( 1+2 = 3 metric variables)
(lapse, shift — Lagrange-multipliers in the action)
( — coordinate system choice / diffeomorphism / gauge freedom)

- only 9 metric variables
one of the gauge degrees of freedom was consumed by orthogonality!

Is this a}omﬁfem? CJf S0, wﬁ_y?




Consequence of the consumed gauge degree of freedom
Perturbation of spherically symmetric gravity

Vectors decomposed with the Helmholtz-theorem / tensors with similar theorems into
divergence-free / odd and vorticity-free / even sectors

general theory of relativity
Regge-Wheeler equation Zerilll equation
scalar-tensor gravitational theory

odd sector even sector
R. Kase, L. A. Gergely, S. Tsujikawa, Effective field theory of
modified gravity on the spherically symmetric background:
Leading order dynamics and the odd-type perturbations ™

Phys. Rev. D 90, 124019 (2014)

orthogonality of foliations consumed one gauge degree of freedom

—> after remaining gauge-fixing the even sector perturbations contains one arbitrary
function of time

—> physical interpretation of perturbations is obstructed!

- need to drop the orthogonality of the foliations!
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2+1+1 decomposition of space-time
along non-orthogonal double foliations




Relation between the coordinate basis and the basis
adapted to the spatial hypersurface
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Relation between the coordinate basis and the basis

adapted to the temporal hypersurface
en — {0/, D/0x, F;} 1 P — {dl,, dx. F,'j}

ga = {kL,Gi} g = {k (G}
from the duality relations:
AN N .
(a) = T}La + N 'Gf \
d\" 038 1 ooy 1 Afirva
(a) M (—sk® + ¢l*) + MG
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the 10th metric variable!

Lie-brackets of the g, basis ¢* vorticity-free, orthogonal to M,
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Relation between the bases adapted to the
temporal and spatial hypersurfaces

from the duality relations:

(ka) ('c 5\) (n“) N = Nrtanh ¢

] = o g = sinh ¢

[ S m ¢ — coshao
Lorentz-rotation

between the bases adapted to the MX and S, hypersurfaces
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Vorticity of the basis vectors
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The geometrical quantities of normals

Decomposition of the covariant derivatives:
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Summary of the geometrical quantities




Identification of the independent variables

Relation between the starred and non-starred geometrical quantities:

I{«Tb =t f : I {'.?b | SI "ru'))

[" >

. J_ f } o N
"zh N ¢ \, 7"!‘.'}1 5 ]\ (li} ‘,-.

K = Ko+ 2 (a,+ ba) Ly =Lo+3(@+b) =K + Dug
= %(}C sL) | 3 (I°—sn®)V,0 | L = (K L L) | 5 (sl* | n*)V,0
a: a()_ + % ::.K:”' TS L‘l(’. " a/‘[ —r %[)"1‘(;‘:} t’; b,‘v 0 B .f '::L:“- b K:,'.r :: l.‘” + %I)”()

¥ -
Furthermore: Ln_ = )\f,q
- 75 |
‘[\ ah — ¢
..'{v: o _{)
(th

£

il

5
;
1
c

=K.+ Duo

K1
L'a.!;-

(spatial rotation with angle: \yp=arccos(cosh¢)1)

In the orthogonal limit the starred quantities reduce to the corresponding

non-starred ones.




Dynamical role of the geometrical quantities

Relation between time- and spatial derivatives of the dynamical variables and

the geometrical quantities:
Methods: L. A. Gergely, Z. Kovacs, Appendix C, Phys. Rev. D 72, 064015 (2005), Lie-derivative
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Consequences

Generalised coordinates: { gnp, M®, M }

Generalised velocities: {f{ub, K“, 1\:}

1 [1 s [1
Iflu — _? ab — D ni.\'r) o _8 ab D ﬂ*"{)
TN [2“9 0T e ”] M [2 o = ”]
1 M N
" = HM® — O N® — NP DM + MPD,N*) — “ -
K" = gary (2= 0 DM+ MIDoN") = 5 (u)
1 NV
K=+ [0M — 0N — N°D,M + M*D,N]

t

time derivatives!
Variables expressing gauge freedom: N, 1\/“, @

Non-dynamical geometrical quantities:
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Gauss and twice contracted Gauss identities

Dynamical considerations select the (n“,m“) basis for the decomposition!
N\

Gauss identity:
(th projection of the Riemann-tensor):

Rebea = 9ugs9n guRijue + 2 (L Liy — KapeKap)

Twice contracted Gauss identity:

(with projections of Ricci and Riemann-tensors): /
B = R+2(n'n' —mim") R; — 2n'm?n"m'R; v
() 5 8, [ | s JGPO

2+1+1 decomposition of the curvature scalar:
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R = R| K| KK 2KPK, | 2K(K K) | 28, (K | K)
(L*)?  LrL* 20~ (r*  L*) 28, (0" L)

’

D, D*N N D, D*M  D*MD,N |@mD_derivatives

N M T NM x-derivatives
R+time-derivatives

2
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2+1+1 decomposed form of the gravitational dynamics

Einstein-Hilbert action:

SEH = / d*z/—gR

-

2+1+1 decomposition of the metric determinant:  y/—§ — NM /3

2+1+1 decomposition of the Einstein-Hilbert action:

Sen = Sen [{gep, M MY {K K* K} {L,, L7} {N.N* N}

= / di / dx f d’«NM/g{R
Mex

+ K% + KK +2K°K, + 2K (K — K) + 28, (K + K)
(L*)®  Li,L™® 20*(L* L*) 28.(L* L)
—2 [N‘l D.DN + M~'D,D*M + (NM)™' D*MD, N] }



Legendre transformation
Lagrangian density: £¢ = x"g,, + p,M* + pM — H” + L + LS + LG,
Boundary terms: LE = 20, [gM (K + K)]
LS =20, [\g(NL = N,K* = NK)]
LG = —2/gD, [MD*N + NM°L* + N* (MK® — M°K,)
FN (MKS — MOK)]

Hamiltonian density: HY = NH$ + N*HE + NHS
Hamiltonian and momentum constraints:

= Vg {—M (R+3L""L:, — L*?) + 29" (0, — £m) L},
+2D°DyM + M [Ky K™ + 2K,K — K* — 2KK| }

HE = =2/ {Dy [K°,M — Mgt (K + K)] + (8, — £m) K.
+K ML+ KD M}

HY=—2yg{M [L'K — L}, K*] — (8, — £m) K

l f2¢a
+-7Da (M?K )}



Hamiltonian dynamics

The momenta are expressed in terms of { K,;,, K* K} as:

7 = Mg [K® — ¢"" (K + K)]

p* = 2\/gK"
p=—2/gKk
Boundary terms: £ = —, (;r+ ‘\;[p )
(in terms of T YN
momenta) ﬁ\ = 0, [2\/5;\"6' — N+ N '\r\% -5 }
(7 ‘M TALO S* rh a ' 1\][! a 2
LY5==Dg<2/g(MD*N + NM°L*) + N° | 227, — ('Ia + = )Y~ My,
[ f..a Ja T . I_) |
+N | Mp® + M (V 2)}
Hamiltonian and momentum constraints (in terms of momenta):
HS = /g [-M (R+3L*®L;, — L**) +2¢® (8, — £m) L}, + 2D D, M]
MI[1 ( p T 1 1, @p
— |53 e — ) ¥ " 4 =P — —
" [M? [~ 3 ) P LTV

HE = —2Dyx% + pD. M — (0, — £:) Pa
HS — 2L%, 7% —2p°D,M — MD,p°® — (8, — £m) P



Poisson brackets

The Poisson bracket of any 2 functions:
. of OfDoy) 0h(X,Y) of (x,y)  OR(x',y')
Y,y), h(x', /d,’”/dt’(- — — — — : il -~
U 0o9), RO 90 X T\ 64 (X", y") émo (X", ") dma (X", y")69% (X", y")
where:  f(x.¥) = Ff(xwg® (0w) 75 (6y) ¢ = {gu. M*, M)}
hiocy) =h (w9 (xy) me(x.v) ta = {7 pa,p}
y={y".v’}

Poisson brackets of the canonical variables: {g* (x,3) , 75 (X, %)} = 050 (x, w1 X' ¥')

Smeared Hamiltonian density: Canonical equations:
HE [N]=HT [N+ HS [N +HG N p . . SHE [N]
g = {_(] (X,U),H' [".\]}= (5,,1_1(9( y)
C [\' ¥, :
HT / X/dql\’ ()( H (X U) SHE (V]

TaA = {71'_4 (x,y) ,HG [.:\-'J} —_
3 Va -a‘ v 5 A ) ,(
Hy [N?] = / dx / dyN" (x,¥) HS (x,v) g2 (x,y)

HE [N] = / dx f dyN (x, y) Hyr (X, v)



Dynamical equations

Dynamical equations of the canonical coordinates:

dHE [N N1, 1 .
Ted = — = O ed = Ged™) = =Geap | + 2D Ngy + 2N L7
Jed St (x,y) g [M( d = Jed™) 2!} d[’} + 2l (e Ngy + d
. YHE [N M .
M = (_)H N N—p"+ (0, — Lm) N = ND°M + MDN
dpe (X, Y) g |
. §HY[N] N [1 )
M = — = “Mp — EnM + (0, — Ln) N
op(x:y) 249 (2 g ﬂr) AN (O = Ew)

Dynamical equations of the canonical momenta:

vy G N
,’;rrd OH [ ]

= known terms with (N, N?) + new terms with N

0gca (X ¥)
, SHE [N , o , .
De = ——= V] = known terms with (N, N%) + new terms with N
oMe (x,y)
. dHY [N : . . .
P = V] = known terms with (N, N%) + new terms with N

oM (x,vy)
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Summary

We reestablished the full gauge invariance, by exploring a non-orthogonal double
foliation. Generic discussion of perturbations is now possible.

We geometrically interpreted the 10th metric variable as
(1) the angle of the Lorentz-rotation of the basis vectors,
(2) the measure of the vorticity of the basis vectors.

We identified those geometrical quantities characterising the embedding, which
bear dynamical role (they contain time-derivatives).

Non-dynamical geometrical quantities appear in the (n?,m?) system, which we
employed for the 2+1+1 decomposition of the Einstein-Hilbert action.

We have identified the 2+1+1 decomposed gravitational Hamiltonian, the
Hamiltonian and momentum constraints in terms of canonical coordinates and
momenta.

With the help of the smeared Hamiltonian density and Poisson-brackets, we have
derived the canonical evolutions.



Prospects

Short-term:

Publishing a paper, summarising the results.

Long-term:

Work out the even sector perturbations of the spherically symmetric
scalar-tensor gravity

Stability of dark matter halo models in scalar-tensor gravity

2+1+1 decomposition of the Weyl-tensor - applications in
characterising gravitational waves

Cylindrically symmetric gravitational waves in scalar-tensor gravity



Outlook

Gravitational-Wave Polarization
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http://physicsworld.com/cws/article/news/2014/oct/17/tabletop-

https://www.emis.de/journals/l RG/Articles/Irr-2014-
4/articlese? .html

experiment-could-detect-gravitational-waves

Study of additional polarisations D0 spherically symmetric
(beyond + and x) in scalar- gravitational waves exist in scalar-

tensor gravitational theories. tensor gravitational theories?
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Thank you for
your attention!




