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Abstract 1

On maximal homogeneous 3-geometries and their 

visualization

Dedicated to the Memory of István LOVAS

The motivation of this talk is related with the classification of the

homogeneous simply connected maximal 3-geometries (so-called

Thurston geometries, E3, S3, H3, S2×R, H2×R, ~SL2R, Nil, Sol). The

author found in [1] (see also the more popular [2], [3] with co-author

colleagues, also some more details as well) a unified projective

interpretation for them – in the sense of Felix Klein’s Erlangen
Program: Namely, each S of the above space geometries and its

isometry group IsomS can be considered as a subspace of the

projective 3-sphere: S  PS3, where a special maximal group G =

IsomS ≤ CollPS3 of collineations acts, leaving the above subspace S

invariant.
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Abstract 2

Vice-versa, we can start with projective geometry, namely with the
classification of CollPS3 through linear transforms of dual pairs of real 4-vector

spaces (V4, V4, R, ~) = PS3 (up to positive real multiplicative equivalence ~) by

the Jordan normal forms.

Our intention is to investigate and visualize the other possible projective

transforms, not considered yet earlier, for 3-parameter transitive

translations, the possible invariant projective polarities, the possible

invariant Riemann metrics, etc. Bolyai-Lobachevsky hyperbolic geometry

H3 is also a particular example. We hope that we get further geometries,

or new interesting problems will arise, in this manner. Crystallographic

applications can also be foreseen.
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Abstract 3
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Projective sphere
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This group is simply transitive on points and fixed point free on the affine 3-subspace A3 = P3 \

e0, where P3 is obtained from PS3 by the identification of opposite points, as usual, e0 is the 

ideal plane described by the linear form e0  of the dual basis (e0, e1, e2, e3) in V4 to the vector 

basis (e0, e1, e2, e3) in V4, i.e. ei ej = i
j  (the Kronecker symbol). That means, we get the Cartesian 

coordinate tetrahedron (simplex), where e0 describes the origin E0, incident to the side planes 

e1, e2, e3 by the corresponding forms. The ideal plane e0 is opposite to the origin, and contains 

the ideal points E1, E2, E3 of the x, y, z axes, respectively. Then we extend this translation group 

with all projective collineations, leaving invariant a projective polarity (or scalar product) of 

signature (+, +, +, 0), with unimodular linear transforms, as usual. Now think of the “optimal” 

generalizations of this, as made in the papers [1] – [6] for the above Thurston geometries.

Then come above other three Thurston geometries, as examples. The second one is Nil in 2 

equivalent interpretations. The other variant of them is the classical Heisenberg group in our 

projective sense. Indeed, with our translation matrix we get 

(1   a   b   c) (T2 ) = (1 x + a   y + b   z + bx + c)
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As the (non-commutative) translated of an arbitrary point (a  b  c), in affine sense. The third 

component shows some “twist” effect as characteristic property of Nil.

The first translation matrix of Nil is our initiative:

(1   a   b   c) (T1 ) = (1   x + a   y + b   z + ½(-ay + bx) + c). 

Here the commutator of the first two (e1 and e2) translations will just be the third (e3) 

translation.

The 4th Sol geometry above is also an affine metric space in A3 with strange metrics [4], 

[5], we indicate another Sol interpretation as well. 

But ~SL2R (in our interpretation) needs the projective embedding into PS3 indeed, 

similarly as S3, H3, S2×R, H2×R [1], [5], [6] not detailed here.
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Our intention is to investigate the other possible projective transforms, not considered yet 

earlier, for 3-parameter transitive translations, the possible invariant projective polarities, 

the possible invariant Riemann metrics, etc. We hope that we get further geometries, or 

new interesting problems will arise. First, to be modest, we can restrict ourselves on 

collineations, commuting with typical one parameter groups. See cases i) – ii) and some 

others as follows.

We have some seemingly new candidate groups, in similar notations as above, not 
pretending completeness yet:
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Then the Levi-Civita connection with Christoffel symbols Гij
k below leads to the differential 

equation system (of second order, (´) derivatives by the arc length s) of geodesic curve (u1 = x,

u2 = y, u3 = z, Einstein-Schouten index convention!):

Гij
k = [½(∂gjl/∂u

i + ∂gil/∂u
j - ∂gij/∂u

l)]glk  űk + Гij
kúiúj = 0, 

with given initial values of the place (the origin (1  0  0  0)) and the speed (unit velocity).
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At the same time in both cases (denote by ( T ) the given matrix), our geodesics are 

so-called translation curves, i.e. the solutions of the first order differential equation 

system (dynamical system with  u2 + v2 + w2 = 1)

( 0  u   v   w ) ( T ) = ( 0   x´ y´ z´ ).

Our “translations” in the above commutative cases i) –ii) seemingly are 

diffeomorphically    equivariant with some Euclidean translations. It would be nice to 

find a method (if there exists) for recognizing well-known geometries to the above 

unknown matrices.
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Hyperbolic plane and  H²×R space
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Twofold covering for M, a dodecahedron manifold
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Volume of the complete orthoscheme

by the ideas of N. I. Lobachevsky
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Densities for ball packings and coverings

Case 1.s.i.a
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Construction of cobweb manifolds -1

10th BGL Conference, Gyöngyös 2017

2017.08.25.



Construction of cobweb manifolds-2
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On ~SL2R  geometry
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The one-sheeted hyperboloid model of ~SL2R 
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The unparted hyperboloid model of this space

of skew line fibres growing in points of  hyperbolic base plane.

Gum-fibre model of 

Hans Havlicek and Rolf Riesinger, used also by 

Hellmuth Stachel (Vienna UT) with other respects.
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Hyperboloid parametrization of ~SL2R 

Divjak, B., Erjavec, Z., Szabolcs, B., Szilágyi, B. (2009)  Geodesics and geodesic spheres in  geometry. 

Math. Communications, 14/2, (2009) 413-424.
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~SL2R  geodesic curve, Type I. 

2017.08.25.



10th BGL Conference, Gyöngyös 2017

~SL2R  geodesic curve, Type I.
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~SL2R  geodesic curve, Type II.
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~SL2R  geodesic curve, Type III.
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~SL2R  geodesic half sphere with „cone”

R=0.5
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~SL2R  geodesic sphere

R=1,5
R=0--1,5
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Translation curves in ~SL2R 
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~SL2R  translation half sphere

R=1,5
R=0..1,5
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Nil translations and invaruant 

Riemann metric 
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Helix-like geodesic curve in Nil space

The parameters: α=Pi/6, θ:=Pi/4

Maple geodesic
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Geodesic curves in Nil space,

animation
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Geodesic curve in Nil space,

horizontal in the origin

Geodesic curve
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Nil rotation

Rotation
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Geodesic ball

Maple ball

R=4
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Geodesic spheres in Nil

R=0.2 R=1 R=6
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Geodesic ball

R=4
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The densest lattice-like geodesic ball packing in Nil

Packing
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Sol translations
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Sol  infinitezimal arc-length square
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Geodesic curves and spheres in Sol

Péter Mátyás

R=3R=2R=0.05
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Translation curves in Sol –1
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Translation curves in Sol –2

• Translation curve φ=Pi/6, θ:=Pi/4

2017.08.25.
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Translation sphere and ball in Sol –1
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Translation sphere and ball in Sol –2

r=1 r=3

Sphere, r=3
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Translation sphere and ball in Sol –3

Horizontal

Vertical

N=400
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Fundamental  lattices in Sol
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Lattice-like translation 

ball packing in Sol space

Ball packingd=0.56405083

R=0.65847894
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I thank my son, Zsolt Molnár 

for preparing this presentation.

Thank You 
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