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Abstract 1
On maximal homogeneous 3-geometries and their
visualization
Dedicated to the Memory of Istvan LOVAS

The motivation of this talk is related with the classification of the
homogeneous simply connected maximal 3-geometries (so-called
Thurston geometries, E3, S3, H3, S°xR, H?xR, ~SL,R, Nil, Sol). The
author found in [1] (see also the more popular [2], [3] with co-author
colleagues, also some more details as well) a unified projective
Interpretation for them — Iin the sense of Felix Klein’'s Erlangen
Program: Namely, each § of the above space geometries and its
Isometry group Isoms$ can be considered as a subspace of the
projective 3-sphere: § < @58, where a special maximal group G =
Isoms < Colles® of collineations acts, leaving the above subspace §
Invariant.
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Abstract 2

Vice-versa, we can start with projective geometry, namely with the
classification of Coll®s® through linear transforms of dual pairs of real 4-vector

spaces (V4, V,, R, ~) = @58 (up to positive real multiplicative equivalence ~) by
the Jordan normal forms.

Our intention is to investigate and visualize the other possible projective
transforms, not considered yet earlier, for 3-parameter transitive
translations, the possible invariant projective polarities, the possible
Invariant Riemann metrics, etc. Bolyai-Lobachevsky hyperbolic geometry
H3 is also a particular example. We hope that we get further geometries,
or new interesting problems will arise, in this manner. Crystallographic
applications can also be foreseen.
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Abstract 3
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-geomeries

Table for the eight

homogeneous 3

2017.0

o

25.

(Thurston geometries)

Signature of

The group G = Isom X as

Space polarity I1(4) Domain of proper points a special collineation
X or scalar prod- of X in PS? (VA(R), V1) group of PS3
uct (, )in Vg
S? (++ ++) PS? Coll PS? preserving IT(4)
H3 (—+++) {(x) e P? : (x,x) < 0} Coll P3 preserving IT(,)
(——++) Universal covering of H := Coll PS* preserving IT(,)
E‘:E{f{ with skew = {[x] € PS? : (x,x) < 0} | and fibres with 4 parameters.
line fibering by fibering transformations
E3 (0 + ++) A% = P3\ {w>} where Coll P2 preserving I1(,),
w>® = (bD), bg =0 generated by plane reflections
(0 + ++) G is generated by plane reflec-
SZxR. with O-line A3\ {0} tions and sphere inversions,
bundle O is a fixed origin leaving invariant the O-
fibering concentric 2-spheres of I7(4)
(0 — ++) G is generated by plane reflec-
with O-line ct={XcA3: tions and hyperboloid inver-
H2xR bundle (5}? O—)_it) < 0, half cone} sions, leaving invariant the
fibering by fibering O-concentric half-hyperboloids
in the half-cone C™ by IT(4)
(0 — ++) AP =P3\ ¢ Coll. of A3 preserving
Sol and parallel I (4) and the
plane fibering fibering with 3 parameters
with an ideal plane ¢
Null-polarity IT(4) A3 =P3\ ¢ Coll. of A3 preserving
Nil with parallel 11(4) with

line bundle fibering
F with its polar

ideal plane ¢

4 parameters
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First we look for a 3-parameter fixed point free group of translations, simply transitive on a
3-subspace. For instance, think of the classical Euclidean geometry E3 where the 4x4 matrix
group (firstin the E3 column)

1 x y Z] 1 x Y Z 1 x vy z| 1 x YV Z
/0 1 0 0 o0 1 0 =1/2yl o 1 0 O] _|lo 1 z Yy
‘10 0 1 O 10 0 1 1/2x 0 0 1 x 0 0 1 «x
0 0 0 1 0 0 0 1 0 0 0 1) Lo 0 0 1

[ x0 x1 x%2  x3 1 x vy z] [1 u vw

~ A=xt x0 x3 —x2 10 2 0 O 0 chw shw 0
SLaR: x2 x3 x0 1 sl 0 0 e 0 0 shw chw 0
3 —x? —x1 5 0 0 0 1] 0 0 0 1

describes first the translation that carries the origin (1 0 0 0)into (1 x y z)inthe classical
Cartesian homogeneous coordinate system £, E4, E,, Es.
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This group is simply transitive on points and fixed point free on the affine 3-subspace (= 93\
e%, where $3is obtained from 282 by the identification of opposite points, as usual, e%is the
ideal plane described by the linear form e° of the dual basis (€9, e?, €2, e3) in V, to the vector
basis (e,, e, ,, ;) in V4, i.e. e; e/ = 5/ (the Kronecker symbol). That means, we get the Cartesian
coordinate tetrahedron (simplex), where e, describes the origin E,, incident to the side planes
el, e?, e3 by the corresponding forms. The ideal plane €° is opposite to the origin, and contains
the ideal points E,, E,, E; of the x, y, z axes, respectively. Then we extend this translation group
with all projective collineations, leaving invariant a projective polarity (or scalar product) of
signature (+, +, +, 0), with unimodular linear transforms, as usual. Now think of the “optimal”
generalizations of this, as made in the papers [1] — [6] for the above Thurston geometries.

Then come above other three Thurston geometries, as examples. The second one is Nil in 2
equivalent interpretations. The other variant of them is the classical Heisenberg group in our
projective sense. Indeed, with our translation matrix we get

(1 a b c)(T2)=(1 X+a y+b z+bx+c)
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As the (non-commutative) translated of an arbitrary point (a b c¢), in affine sense. The third
component shows some “twist” effect as characteristic property of Nil.
The first translation matrix of Nil is our initiative:

(1 a b ¢ (7-1 ) =(1 x+a y+b z+%(-ay+bx)+c).
Here the commutator of the first two (e, and e,) translations will just be the third (e;)
translation.

The 4t Sol geometry above is also an affine metric space in (@3 with strange metrics [4],
[5], we indicate another Sol interpretation as well.

But ~SL,R (in our interpretation) needs the projective embedding into £S° indeed,
similarly as S3, H3, S>xR, H2xR [1], [5], [6] not detailed here.
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Our intention is to investigate the other possible projective transforms, not considered yet
earlier, for 3-parameter transitive translations, the possible invariant projective polarities,
the possible invariant Riemann metrics, etc. We hope that we get further geometries, or
new interesting problems will arise. First, to be modest, we can restrict ourselves on
collineations, commuting with typical one parameter groups. See cases i) — ii) and some
others as follows.

We have some seemingly new candidate groups, in similar notations as above, not
pretending completeness yet:

1 x y z 1 x Y 2 1 x y z
i)O 1 x 0 i) o 1 x Yy ii) 0 1 x O
0O 01 O 0 0 1 «x 0 0 1 «x
0 0 0 1] 0 0 0 1 0 0 0 1]
(1 x Yy Z] (1 x Yy Z]
. 0 1 x O 0 1 z O
Mo o1yl Vo o1y
0 0 0 1] 0 0 0 1]
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[ cost

[ cost

sint u v sint u v
Vi) —sint  cost v u vii) —sint  cost v u
0 O cost —sint u -v cost —sint
0 O sint  cost | vV o u sint  cost |
cht sht u v ]
viii) sht cht —v -—u
u v cht sht
| —v —u sht cht

Cases vii) and viii) will probably be equivalent to ~SL,R geometry, as above. The following
matrix groups may deserve attention:

(cht sht
ix) sh% [c)ht
0O O
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cht sht u v
xii) sht cht 0 O
0O O cost sint
0 O —sint cost|
[ cost sint u U] ‘cht sht u V] [ cost sint u v
... |—sint cost O O] . .|sht cht 0 O —sint  cost 0 0
Xi) | " o 1 ™70 0 1 u™| o0 o chu shu
0O O 0 1 0O 0 0 1] 0 O shu chu]
cht sht u v
. Isht cht 0 O
xvi) 0 O cosu sinu |
0 O —sinu  cosu,

As usual in each case, we form the inverse matrix, and pull back the arc element, e.g.
(0 dx dy dz)from (1 x y z) totheorigin(1 O O 0). Here we choose the standard positive
definite Riemann metrics, so we get the arc-length-square in each point.
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Then the Levi-Civita connection with Christoffel symbols I',-jk below leads to the differential
equation system (of second order, (") derivatives by the arc length s) of geodesic curve (u! = x,
u?=y, u3 =z, Einstein-Schouten index convention!):

Ik =[%(0g,/0u' + 0g,/0u  ® dg,/0u)]g* —> i+ rjkiivi =0,

with given initial values of the place (the origin (1 0 0 0)) and the speed (unit velocity).

i) These (commutative group of) transforms commute with the matrix of Jordan normal form

(ds)? = (dx)*+ [(dx)(-x) + (dy)]*+ (dz)? = (dx)?(1 + x*) 2(dx)(dy)x + (dy)? + (dz)?;
leads to
x"=0,y"-xx"=0,2"=0,sowithx’(0)=u,y(0)=v, z(0) =w, u?+ v?+ w?=1, to
X=US,y=%U*s*+Vvs,z=ws;

parabolas as geodesics for this geometry.
2017.08.25.
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ii.) These (commutative group of) transforms commute with the matrix of Jordan normal form

1 1 0 O]
0 1 1 0]
0 0 1 1/
0 0 0 1

(ds)? = (dx)?+ [(dx)(-x) + (dy)]*+ [(dx)(x*—y) + (dy)(-x) + (dz)]*=
= (dx)?(1+x2+x*—=2x2y+y?) — 2(dx)(dy) (x+x3—xy) + 2(dx)(dz)(x*>—y) + (dy)?(1+x)?— 2(dy)(dz)x + (dz)?;
leads to
X“=0,y"-xxx"=0,2"+xxx-2x"y =0, sowithx(0)=u,y(0)=v, 2’(0) =w, u?+ v*+ w?=1, to
X=USs,y=%u?s?+vs,z=u3/6 -5+ uvs*+ ws,

we get cubics as geodesics for this geometry.
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At the same time in both cases (denote by ( T) the given matrix), our geodesics are
so-called translation curves, i.e. the solutions of the first order differential equation
system (dynamical system with u?+ v?+ w?=1)

(Ou v w)(T)=(O Xy z').

Our “translations” in the above commutative cases i) —ii) seemingly are
diffeomorphically equivariant with some Euclidean translations. It would be nice to
find a method (if there exists) for recognizing well-known geometries to the above
unknown matrices.
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Hyperbolic plane and H* <R space
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M=H'/G football manifold

2017.08.25.

Figure 5: The hyperbolic football manifold for the Archimedean solid {3. 6, 6}.



Twofold covering for M, a dodecahedron manifold
F ~H7D=M;

D<G
M1""M
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TVolume of the complete orthoscheme
by the ideas of N. 1. LobachevsKy

Theorem 2.2 (R. Kellerhals) The volume of a three-dimensional hyperbolic
mmpiete ﬂrﬂwqcheme 0= H"'m C H? is expressed with the essential angles

ag =X, o= a3 =, (0 < ay; < 5) (Fig. La, b) in the following
form

VO[( ) —{E(O_"Dl -+ 9) — E(ﬂ"m — 9) + JC( -+ (¥19 — 9)—|—

4 L5 — 01— 6) + L{oas + ) — Lo — ) + 21:(5 _).

where § € [0, %) 18 defined by:

cos® oy — sin® oy sin o
tan(6) = \/ 12 01 23.

COS iy COS (ag

and where L(z) 1= — f log |2sint|dt denotes the Lobachevsky function.
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(Densities for ball packings and coverings
Case 1.s.1.a

Table 1.s.i.a, Packing, O = A5, % —I—% > % %-I— % > %

(u, v, w) ropt Vol(Wypw) Vol(B(r°")) §opt
(5,3,5) 0.95142 (0.09333 4.31088 0.77147
(3,5,3) 0.60120 0.03905 1.52220 0.64967

Table 1.s.i.a, Covering, O = As, % + % > % % + % = %

(u, v, w) RoPt Vol (Wypw) Vol B( RPY)) Acpt
(5,3,5) 1.12454 0.09333 7.66539 1.36893
(3,5,3) (.80558 (.030905 3.53002 1.50661
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Construction of cobweb manifolds @0 1

/

2017.08.25. ) IS
10th BGL Conference, Gyongyods 2017



Construction of cobweb manifolds @0 2
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On ~SL:R. geometry

Now we concentrate on SL,R geometry. In classical sense the 2x2 matrices,
Say 10W
(d b

| I with unit determmant ad — be =1 (4.7)
\c a)

have some application, e.g. as special linear group acting on real 2-dimensional plane,
preserving orientation and area (equiaffine transforms).

To have a more geometrical interpretation on projective 3-sphere &5°, we

- ) 1.2 .3 - i
introduce new coordinates [rﬂ RS Sl s J for (4.7), say by
a=x"+x, b=x+x, c==x'+x?, d=x"-47,
with positive equivalence as projective freedom. Then (4.9)

. i 2.2 . .3.3
0> be-ad =—x"v? —vixl 1 ¢7¢?f 1%y

describe the same 3-dimensional set, namely the interior of the above unparted (one
sheeted) hyperboloid (Fig.3). Indeed, for x? %0,

2017.08.25.
10th BGL Conference, Gyongyos 2017



The one-sheeted hyperboloid model of ~SL.R.

The unparted hyperboloid model of this space

of skew line fibres growing in points of hyperbolic base plane.
Gum-fibre model of

Hans HavliceR and Rolf Riesinger, used also by
Hellmuth Stachel (Vienna UT) with other respects.
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Hyperboloid parametrization of ~SL.R.

We introduce also a so-called hyperboloid parametrization by [M97] as follows

|

X (:ra =chrcosp, x* =chrsing, x? =shr cos(@-(p:}, 3 =sh rsin(ze-cp]}

(ds{}z = (clr]2 + [fd-‘i}]';3 ch?®rsh?r+ ld(p +(de)sh’ r‘]ﬂ

= sh(2r o —% [sh(47)-sh(2r) 68 .
N TV
0= ] [[L%ch[Zi -1+ Z(p],

© =27 th(r {2511 )6+cpl

Divjak, B., Erjavec, Z., Szabolcs, B., Szilagyi, B. (2009) Geodesics and geodesic spheres in geometry.
Math. Communications, 14/2, (2009) 413-424.
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~SL.R, geodesic curve, Type I.
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~SL.R, geodesic curve, Type I.
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~SL.R. geodesic curve, Type I1.
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~SL.R. geodesic curve, Type I11.
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~SL.R geodesic half sphere with ,cone”

R=0.5
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ALY

R=0--1,5

2 3 4 5 B 7

1

a

~SL.R. geodesic sphere
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Translation curves in ~SL.R.

Choose the origin (x{j =1, .r:‘r =0, .‘C2 =0, .r:3 = OJ of SEER = % in our

hyperboloid model, and a starting unit velocity vector with coordinates
W= (0, u=sing, v=-cose cosB, w=cos @ sine).
The roles of ¢ and 6 are consequent with above denotations in (4.11) and (4.18).
In general, a curve (.r:(j (s) x’(s), x?(s) x° (a)) with arc-length parameter s is called
a translation curve, iff by (4.15) it holds
) ) x2(s) )
I 0 3 2

(g u, v, w) .:2 ((:)) :? E:; : ) E:; ‘:j, (Eﬁ)) = (.t"ﬂ (s), &7 (s), 2 (s) &7 (3)) (4.21)
) -x2(s) -x(s) xO(s)

(upper dot means derivative by s),
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~SL.R, translation half sphere
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Nil translations

1 =z 2 1 a c l a+x e4+ab+2
01 yl(01b]=(0 1 b+ (1.1)
00 1 00 1 0 0 1

) =
space Nil = {(a,b,c) 1 a, b, c € R}. The&e ttanshtmus are not commutative 1m
general. The matrices K(M) < L of the form

defines “translations” L(R) = {(x,y,2) : z, y, 2 € R} on the points of the
a,

K(z) 3

—_ = =
_ =

2
0+ (0,0,2) (1.2)
1

constitute the one parametric centre, 1.e. each of its elements commutes with all
elements of L. The elements of K are called fibre translations. Nil geometry
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Nil translations and invaruant
Riemann metric

1l = y =z
01 0 0

(L;a,b,¢) — (1;a,b,c) 001 2 =(Lz+ay+bz+br+ec) (13)
00 0 1

Hence we get the symmetric metric tensor field g on Nil by components, further-
more its 1mverse:

1 0 0 1 0 0
gi=10 1+2* —x g9 =10 1 =z . (1.5)
0 -z 1 0z 1+a?
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Helix-like geodesic curve in Nil space

The parameters: a=Pi/6, 0:=Pi/4

\ WEN/
J

2wt wt | 2. wt  qwt EEIE -
a(t) = —51112(05(2 —I-G) y()_zsmzsm(?—l—a), ]
{l—l——[(l—sm ZM-I_;? sin2a')_|_ 15; — |

w 7

5111(2 t) sin(wt 4 2a) — sin 2a ] -
+(1 )-(1- i=
2wt ]
c sin(wt) 1 — cos(2uwt) .
= - —_— — in(wt 2 . 5
wt {1 + S Kl = ) + ( o )sm(ut + a)” .

Maple geodesic

2017.08.25.
10th BGL Conference, Gyongyos 2017


../Emil%20Szerbia%202014/geodetikus.mw

Geodesic curves in Nil space,
animation
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Geodesic curve in Nil space,
horizontal in the origin

Geodesic curve
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Rotation
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Nil rotation
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Geodesic

ball
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Maple ball
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Geodesic spheres in Nil
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Geodesic ball
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The densest lattice-like geodesic ball packing in Nil

Q’acéing

— VollBr(Fop) T corsostsol Y
Vol(Fo) ’
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NIL-GEOMETRY

The left (row-column) multiplication of Heisenberg matrices

1 x z 1 a c 1 a4+x c+xb+z
01 vy 01 b6 )=10 1 b+y
0 0 1 0 0 1 0 0 1

defines "translations” L(R) = {(x,y.z) : x, v,z € R} on the
points of the space Nil = {(a,b,c) : a,b,c € R}. These
translations are not commutative in general. The matrices

K(z) <« L(R) of the form

1 0
0 1 — (0,0,2)
0 0

—_ I

constitute the one parametric centre, ie. each of its elements
commute with all elements of L. The elements of K are called
fibre translations. e =

2017.08.25.
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NEW LINEAR MODEL

Introduce the quadratic mapping M:

1
M= (Lix,y,z) — (Lix;y;z — Exy).

and it's inverse:

1
M7 (Lixy.z) — (Lixgy;z + EI‘H)'

Theorem
Let the Nil-geometry be given with discussed model and metric

tensor g. The M diffeomorphism gives a new model of Nil with the
following metric tensor:

2
o1 y
l+7 3%y 3
8 = —%.le 1+% —3 (3)
Y _Xx 1
2 2 = - =» T

2017.08.25.
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THE NEW TRANSLATION FORMULA

Using the quadratic mapping on the old translation formula of
Nil, we get the new formula of the linear model:

1 x vy z
010 —1y
: : 1 2
(1:a,b,¢) — (1;a,b,c) 00 1 I
0 0 0 1

2017.08.25.
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ROTATION IN THE NEW MODEL

In the new model of Nil, the Nil-rotation about the z-axis is
given by the following matrix:

1 0 0 0
0 cos3 —sinp 0
(Lia,b,¢) = (1;a,b¢) 0 sinfg cosfg 0
0 0 0 1

2017.08.25.
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(GEODESICS IN THE NEW MODEL
Let us use cylindrical coordinates (7,0, z):

x =rcosfl,y=rsinf.z

The invariant Riemann arc-length square is:

2
(ds)? = (dx)* + (dy)* + E(dx Yy —dy-x) + n‘::] —

2
= (dr)? + (d8)** + {dz - %%{9] —

1 0 0 dr | |
= (dr,df. dz 0 2414 12 df | = du'¢;did
4 2 alll
0 —3% 1 dz
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DIFFERENTIAL EQUATION OF THE GEODESICS

We know, that:

i 0e out o ot

For il* + fi;-z'iii'ij =0, ie.:

. 1 .1°
1 =rr+rrof + [:'z — E}'rﬁ}

unit velocity is assumed.
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DIFFERENTIAL EQUATION OF THE GEODESICS

The ditferential equation of the geodesic line:

0=7r— (r + %1‘3> 00 + ro?

i} 1 2\ .. 2
0=606+ (—r + —) re — —rz
2 ¥ r
1. . 1
0=7%24 21300 — Zyiz
4 2

with initial conditions:

r(0) =0,6(0) = u,z(0) =0
#(0) = cos v, #(0) = 0,2(0)

SIN v

=]
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THE SOLUTION OF THE EQUATION

1
r(s) = 2cotv - sin (Ea - sin v

| 1
d(s) = 55 sinv + u

)

z(s) =s-

%
L
[y
=
i~
|

t'"}
o
]
i~
ekt

where —m <u <7and -5 <7

2 2°
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(GEODESICS IN THE NEW MODEL

X(t) = cos(u + Ef:-:in v)-2cotv- sin(if:-:in 0),
Y(t) = sin(u + Efsinw) - 2cotov - sin(ifsinzi).

1
Z(t) =tsinv + 5 cot’ v(t sinv — sin(t sinv)).

where —m <u <rmand —5 <0 < 5.
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GEODESIC LINE
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GEODESIC SPHERES
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OPTIMAL BALL PACKING
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OPTIMAL BALL PACKING
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Sol translations

The Sol is defined as a split extension of R? by R. In the Lie group R @ R?
of Sol 2 € R\ {0} acts on R* by (807 EO If we identify Sol with R* so that

the normal subgroup R? maps to the z, y plane. The multiplication can be given
by
(a,b,c)(z,y,2) = (x+ae™" y+be*, 2+ ). (1.1)

We note that the conjugation by (0, 0, ) acts on the z, y plane:
(0,0, —2)(x,y,0)(0,0,2) = (ze™",ye*, 0). (1.2)

Sol geometry can be also projectively (affinely) interpreted by the “right trans-
lations” on points as the following matrix formula shows according to (1.1):

T
e

0
0

= =

(L;a,b,¢) — (1;a,b,c) =(x+ae™ y+be’.z+0¢). (13)

a

e

o OO O
[am]
— O O 2

This defines "translations” L(R) = {(z,¥, 2) : 2, y, 2 € R} on the points
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Sol infinitezimal arc-length square

E. Molnéar m [4] have derived the well-known infinitezimal arc-length square
at any pomt of Sol as follows

(ds)* := ¥ (dz)* + e (dy)* + (d2). (1.4)

Hence we get the symmetric metric tensor field g on Sol by components.
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Geodesic curves and spheres in Sol

Remark 2.1 The geodesic curves in Sol geometry can be determined by a second
order differential equation system whose solution with elliptic integral cannot be
expressed in terms of elementary functions, in general (see [3]).

Péter Mdtyds

0os. .

oh L L o = o ow
z Pl

-

R=0.05 R=2 R=3
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Translation curves in Sol —1

We consider Sol curves (1, z(t),y(t), z(¢)) with a given starting tangent vector at
the origin O(1,0,0,0)

u=x(0), v=7(0), w=2(0). (2.1)

The tangent vector of these curves at the point (1, z(t), y(¢), 2(t)) is defined by
the matrix (1.3) with the following equation:

st ) <l
0 e* 0 0 i

(U,u-,t-,'lt-) 0 0 Eﬂ:tj,o _(U,:L(t),y(t),z(t)). (2.2)
0 0 0 1
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Translation curves in Sol =2

o Transla tion curve @=Pi/f6, 0:=Pi/4

' 3.5
20 %3.0
=Y
é’l.l:l
?_EI.E

0.0 Elﬂj:'

0.5
1.0 05
1.4
1.0
2017.08.25.
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B150E/uj/transcurve.mw

Translation sphere and ball in Sol —1

Definition 2.1 The translation distance d'( Py, P,) between the points Py and P,
is defined by the arc length of the translation curve from P to P,

Definition 2.2 The sphere of radius v > 0 with centre at the origin, (denoted
by S5 (r)) of usual longitude and altitude parameters ¢ and 8 is specified by the
following parametric equations (2.5):

2(r,0,0) = — cotfcos p(e™5m% — 1),
y(r, ¢, 6) = cotBsinp(e"™™" — 1), (2.5)
2(r,¢,0) = rsiné.

Definition 2.3 The body of the translation sphere of centre O and of radius r in
the Sol space is called transiation ball, denoted by B, (r), ie. ) € Bh(r) iff

0<d(0,Q)<r
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Translation sphere and ball in Sol -2

Sphere, =3
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Translation sphere and ball in Sol -3

theta = -1.5708
7.5

- Horizontal

I
[
=]

I
m

k(? ) ¥ k(z )
1 2
k= (—cotfe™ ™% —1)%, k2 = (cotf(e"™ —1)%

75 50 25 0 =1 where

TTTTTTTTTTTT I TTTTTI
[
401
m
o
e |
m

ph”:D Tll"5__IIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
E
£ Vertical
1? =
D; o |2I | I flll o lla Y U: T T T [ T 1 1 T T T T [ T T 1
= r= % log(%(N + VN2 —4)), j 2 4 :
N=400
39 n
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Fundamental lattices in Sol

0.0+

0.25

|:|.5—_

0.75

T _ _ L 5240 35 42 345 41 _u2 g 43 5
N=p+s=3andti=J5=t,t; =20 =30 =13 =0, } = log 3
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Lattice-like translation
ball packing in Sol space

=05 0.0 0.5 1.0 1.5 2.0

4=0.56405083 Ball packing

R=0.65847894
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I thank my son, Zsolt Molndr

for preparing this presentation.
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