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Entropic Distance and Divergence

Properties of metric distance:

ρ(P,Q) ≥ 0 for a pair of points P and Q.

ρ(P,Q) = 0⇔ P = Q (then and only then)

ρ(P,Q) = ρ(Q,P) symmetric measure

ρ(P,Q) ≤ ρ(P,R) + ρ(R,Q) triangle inequality in elliptic spaces

Entropic divergence:

ρ(P,Q) ≥ 0 for a pair of distributions Pn and Qn.

ρ(P,Q) = 0⇔ P = Q (then and only then)
d
dt ρ(P,Q) ≤ 0 if Qn is the stationary distribution
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Symmetrized Entropic Divergence
inherited properties

Entropic divergence ρ(P,Q) =
∑

n σ(ξn)Qn with ξn = Pn/Qn.

Symmetrized kernel function:

s(ξ) := σ(ξ) + ξ σ(1/ξ). (1)

Jensen inequality tells for σ′′ > 0:

∑
n

σ(ξn)Qn ≥ σ

(∑
n

ξnQn

)
= σ

(∑
n

Pn

)
= σ(1). (2)

For property 1 and 2 one sets: σ(1) = 0.
it follows s(1) = 0 and s′′ > 0.
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Symmetrized Entropic Divergence
emergent new properties

Derivatives:

s(ξ) = σ(ξ) + ξ σ(1/ξ)

s′(ξ) = σ′(ξ) + σ(1/ξ)− 1
ξ
σ′(1/ξ)

s′′(ξ) = σ′′(ξ)−
��

�
��1

ξ2σ
′(1/ξ) +

��
�
��1

ξ2σ
′(1/ξ) +

1
ξ3σ

′′(1/ξ). (3)

Consequences:
1 s(1) = 2σ(1) = 0
2 s′(1) = σ(1) = 0
3 s′′ > 0 ⇒ ξm = 1 is a minimum
4 s(ξ) ≥ 0.
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Entropic distance evolution
General P-Linear Discrete Markovian

Consider ρ(P,Q) =
∑
n

Qn s
(

Pn
Qn

)
and Ṗn =

∑
m

(wnmPm − wmnPn).

Using ξn = Pn/Qn we obtain

ρ̇ =
∑

n

s′(ξn) Ṗn =
∑
n,m

s′(ξn) (wnm ξmQm − wmn ξnQn) . (4)

Apply ξm = ξn + (ξm − ξn) to get

ρ̇ =
∑

n

s′(ξn) ξn

���
���

���
�∑

m

(wnm Qm − wmn Qn)

+
∑
n,m

s′(ξn)(ξm − ξn)wnm Qm. (5)
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Entropic distance evolution
Taylor series remainder theorem in Lagrange form

Recall the Taylor expansion of the kernel function s(ξ),

s(ξm) = s(ξn) + s′(ξn)(ξm − ξn) +
1
2
s′′(cmn)(ξn − ξm)2, (6)

with cmn ∈ [ξm, ξn].

It delivers

ρ̇ =

���
���

���
��∑

n,m

[s(ξm)− s(ξn)] wnmQm −
1
2

∑
n,m

s′′(cmn) (ξm − ξn)2 wnmQm. (7)

With positive transition rates, wnm > 0 the approach to stationary distribution,

ρ̇ ≤ 0 is hence proven for all s′′ > 0.
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Without detailed balance
Example: Kullback–Leibler divergence

In case of s(ξ) = − ln ξ, we have s′ = −1/ξ and s′′(ξ) = 1/ξ2 > 0.

The integrated entropic divergence formula (no symmetrization) in this case
is given as

Kullback–Leibler divergence ,

ρ(P,Q) =
∑

n

Qn ln
Qn

Pn
. (8)

For P(12)
n = P(1)

n P(2)
n also Q(12)

n = Q(1)
n Q(2)

n therefore we have ξ(12)
n = ξ

(1)
n ξ

(2)
n . Aiming at

s(ξ(12)) = s(ξ(1)) + s(ξ(2)), the solution is s(ξ) = α ln ξ. For s′′ > 0 it must be α < 0, so o.B.d.A. α = −1.
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Entropic divergence as entropy difference
Example: logarithm

Entropic divergence from the uniform distribution Un = 1/W , n = 1, 2, . . .W :

Kullback–Leibler divergence ,

ρ(U,Q) =
W∑

n=1

Qn ln(WQn) = ln W −
∑

n

Qn ln Qn = SBG[U]− SBG[Q] (9)

with SBG being the Boltzmann–Gibbs–Planck–Shannon entropy formula.

From the Jensen inequality it follows ρ(U,Q) ≥ 0 , so SBG[U] ≥ SBG[Q].
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Entropic evolution
More general dynamics: P-nonlinear Markovian

Dynamical equation

Ṗn =
∑

m

[wnm a(Pm)− wmn a(Pn)] . (10)

Stationarity condition

0 =
∑

m

[wnm a(Qm)− wmn a(Qn)] . (11)

Entropic distance formula

ρ(P,Q) =
∑

n

σ(Pn,Qn) (12)

the dependence on Qn can be fixed from ρ(Q,Q) = 0.
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Without detailed balance
Change of entropic distance

ρ̇ =
∑
m,n

∂σ

∂Pn
[wnm a(Qm)ξm − wmn a(Qn)ξn] (13)

with ξn := a(Pn)/a(Qn).

We put ξm = ξn + (ξm − ξn) in the first summand:

ρ̇ =
∑

n

∂σ

∂Pn
ξn

(((
((((

(((
((∑

m

[wnm a(Qm)− wmn a(Qn)] +
∑
n,m

∂σ

∂Pn
wnm a(Qm) (ξm − ξn)

(14)
In order to use the remainder theorem one has to identify ,

∂σ

∂Pn
= s′(ξn) = s′

(
a(Pn)

a(Qn)

)
. (15)

then ρ̇ < 0 for s′′ > 0 and P 6= Q.
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Without detailed balance
Example: q–Kullback–Leibler divergence

In case of s(ξ) = − ln ξ, we have s′′(ξ) = 1/ξ2 > 0.

Now having a fractal nonlinear stohastic dynamics, a(P) = Pλ.

The integrated entropic divergence formula (no symmetrization):

Tsallis divergence, ,

∂σ

∂Pn
= −Qλ

n

Pλ
n
, ρ(P,Q) =

∑∑∑
n

Qn lnλ
Qn

Pn
. (16)

with

lnλ(x) =
1− xλ−1

1− λ . (17)
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Without detailed balance
Example: q–Kullback–Leibler divergence

In case of s(x) = −lnν(x), we have s′(x) = −x−ν , s′′(x) = νx−ν−1 > 0.

Also having a fractal nonlinear stohastic dynamics, a(P) = Pλ.

The integrated entropic divergence formula (no symmetrization) becomes

Tsallis divergence, q = λν ,

ρ(P,Q) =
∑∑∑

n

Qn

1 − q

[
1 −

(
Pn

Qn

)1−q
]

=
∑∑∑

n

Qn lnq
Qn

Pn
. (18)
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Entropic divergence as entropy difference
Example: q-logarithm

Entropic divergence from the uniform distribution Un = 1/W , n = 1, 2, . . .W :

ρ(U,Q) =
W∑

n=1

Qn

1− q

[
1− (WQn)q−1

]
= W q−1 (ST [U]− ST [Q]) . (19)

with ST being the Tsallis entropy formula:

Tsallis entropy, q = λν ,

ST [Q] =
1

1 − q

∑∑∑
n

(Qq
n − Qn) = −

∑∑∑
n

Qn lnq(Qn). (20)

From the Jensen inequality it follows ρ(U,Q) ≥ 0 , so ST [U] ≥ ST [Q]. The
factor W q−1 signifies non-extensivity.
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Schemes of Master Equations
Balanced vs One-Sided Growth

Symmetric Short Jumps: Drift + Diffusion
wnm = λmδn+1,m + µmδn−1,m

Ṗn = [(λP)n+1 − (λP)n]

− [(µP)n − (µP)n−1] (21)

Unidirectional + Resetting
wnm = µmδn−1,m + γmδn,0

Ṗ0 = 〈γ〉 − (γ0 + µ0)P0 and ,

Ṗn = µn−1Pn−1 − (µn + γn) Pn
(22)

n

n+1

0

1

2

n-1P

P

P

P

P

P

<γ > γ0 P0

γ1 P1

γ2 P2
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Unidirectional
sources of step-up, µn rates

Propagation (hopping) on a chain: µn = const.
Rich gets richer: µn ∝ (n + b)

Cumulative effect: µn ∝
n∑

i=1
const ∝ n

Cancer growth: µn ∝ exp(n).

Biró Entropic Distance 15 / 35



Definition and Properties of Entropic Distance
Useful Master Equations

Applications

Resetting
sources of γn rates

Loosing all money when having n: γn = const.
Exponential dilution of sample space (cf. citations):

dNn

dt
= µn−1Nn−1 − µnNn;

with Pn(t) = Nn(t)/N(t), N =
∑

n Nn and γn = Ṅ/N =
const.
Independent decay rate of all units: γn ∝ n
Evolutionary resets in number of species due to
catastrophes: γ → 0+.
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Short step-up + long hops to zero:
stationary distribution

Stationary limit: Pn(t)→ Qn, from Q̇n = 0 one obtains

Q0 = 〈γ〉Q /(γ0 + µ0) and stationary ,

Qn =
µn−1

µn + γn
Qn−1 = · · · =

µ0Q0

µn

n∏∏∏
j=1

(
1 +

γj

µj

)−1

. (23)
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Constant rates
→ exponential distribution

Assume µj = σ, attachment rate independent of number of
links.

Qn = Q0

n∏
j=1

σ

σ + γ
= Q0 (1 + γ/σ)−n . (24)

Geometrical sum for normalization. We obtain

Boltzmann–Gibbs exponential ,

Qn =
1

1 + σ/γ
e−n·ln(1+γ/σ). (25)
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Linear preference, constant loss rate
→Waring distribution

Linear preference in attachment: µj = σ(j + b) (b > 0).

Qn = Q0

n∏
j=1

j − 1 + b
j + b + γ/σ

= Q0
(b)n

(c)n
. (26)

with c = b + 1 + γ/σ. Norm:∑
n Qn = Q0 (c − 1)/(c − 1− b) = 1.

Pochhammer ratio (Waring) ,

Qn =
c − 1− b

c − 1
(b)n

(c)n
(27)
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Matthias principle: tail of Waring
→ power-law!

The above result in the n→∞ limit:
Since

lim
n→∞

nc−b Γ(n + b)

Γ(n + c)
= 1, (28)

we obtain

Pochhammer in n→∞ limit: power-law! ,

Qn →
γ

γ + bσ
Γ(c)

Γ(b)
n−1−γ/σ. (29)
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Avalanche dynamics in the large n limit!
continuous variable: x = n ·∆x

Pn(t) = ∆x · P(n ·∆x , t) ensures
∞∑

n=0
Pn(t) =

∞∫
0

P(x , t)dx .

µn = 1
∆x · µ(n ·∆x) and γn = γ(n ·∆x) lead to

Continuum Master: ,

∂

∂t
P(x, t) = − ∂

∂x
(µ(x)P(x, t))− γ(x)P(x, t). (30)

with the stationary distribution

Q(x) =
K
µ(x)

e
−

x∫
0

γ(u)
µ(u)

du
. (31)
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Particular continuous stationary distributions
with constant γ(x) = γ.

For constant rate µ(x) = σ exponential:

Q(x) =
γ

σ
e−

γ
σ

x . (32)

For linear preference µ(x) = σ(x + b) Tsallis–Pareto:

Q(x) =
γ

σ b

(
1 +

x
b

)−1−γ/σ
. (33)

For exponential dispreference µ(x) = σe−ax Gompertz

Q(x) =
γ

σ
eax+ γ

aσ (1−eax ). (34)
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Fluctuation – Dissipation
Conituous

Knowing / observing Q(x) and γ(x) one obtains

µ(x) =
1

Q(x)

∞∫
x

γ(u)Q(u) du = 〈γ〉cut . (35)

Analogy: multiplicative noise
Langevin: ṗ + (γp − ξ) = 0; stochastic properties: 〈γp − ξ〉 = K1(p) and

〈
(γp − ξ)(γp − ξ)′

〉
= K2(p).

Then the Fokker-Planck, ∂f
∂t = ∂

∂p (K1f ) + ∂2

∂p2 (K2f ) = 0 has the detailed balance distribution

Q(p) =
K

K2(p)
e
−

p∫
0

K1(q)

K2(q)
dq
. (36)

The Fluctuation–dissipation theorem has the form

K2(p) =
1

Q(p)

∞∫
p

K1(q)Q(q) dq. (37)
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Fluctuation – Dissipation
Discrete

Summing up the recursion from n = m + 1 to∞ delivers

µn =
1

Qn

∞∑
m=n+1

γmQm. (38)

Kubo formula: apply the above to constant γ and
exponential distribution Qn = e−βωn/Z .

µn =
γ

eβω − 1
, µ(x) =

γ

βω
(39)
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Rate, Survival, Hazard
Connection to failure probability

Fluctuation-Dissipation vs. rate reconstruction vs. hazard

Cumulative hazard H(x)

hazard (rate) h(x) = H ′(x)

PDF Q(x) = h(x) e−H(x)

Survival (rate) R(x) =
∞∫
x

Q(u) du = e−H(x)

For γ(x) = γ constant ,

µ(x) = γ
R(x)

Q(x)
=

γ

h(x)
. (40)
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Networks: degree distribution
S.Thurner, F.Kyriakopoulos, C.Tsallis, PRE 76 (2007) 036111

µn = σ(n + b) or µ(x) = σ(x + b): Matthew principle for adding the next
connection to a node with n

γn = γ: attack success ratio against a node with n connections

Q(x) ∼ (1 + x/b)−γ/σ−1: stationary degree distribution (q-exponential)
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Networks: degree distribution 2
M.Sholz, J.DataMining & Digital Humanities, 2015

With γ(x) = γ ln(x/a), µ(x) = σx we get log normal

Q(x)dx = K e−
γ

2σ t2
dt with t = ln(x/a). (41)
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Citations
Total number and fraction dynamics
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Citations
Exponential growth
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Citations
Fraction of n times cited: Facebook and Web of Science
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Hadronization
From QGP to n hadrons: NBD PHENIX, PRC 78 (2008) 044902

γn = σ(n − kf ), µn = σf (n + k); Qn =
(n+k−1

n

)
f n(1 + f )−n−k .
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Economy
Income distribution KSH data

γ(x) = σ(ax − c), µ(x) = σx Q(x) = ac

Γ(c)
xc−1 e−ax .
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History
Medieval Servant Distribution G.Hegyi, Z.Néda, M.A.Santos, Physica A 380 (2007) 271
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Summary of Rates and PDF-s
µ(x) = γ/h(x) at constant aging γ

γn, γ(x) µn, µ(x) Qn, Q(x)

const const geometrical→ exponential
const linear Waring→ Tsallis/Pareto
const sublinear power Weibull
const quadratic polynomial Pearson
const exp Gompertz

ln(x/a) σx Log-Normal
linear const Gauss

σ(ax − c) σx Gamma

Deviation shrinks and moves as a soliton: ẋc = µ(xc) !
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