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Some works on (& applics. of) deformed Bose gas models (DBGM):
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V.Manko et al. Phys. Lett. A (1993)
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Q,Zeng, Z.Cheng, J.Yuan, Eur. Phys. J. B (2011) [exciton gas]

There exist applictn. of DBGM to physics of dark matter, of black holes ...

The application to pions (from heavy ion collisions) proposed by:
Anchishkin, Gavrilik, lorgov, Eur.J. Phys. A (2000); Mod. Phys. Lett.A (2000)

Gavrilik, Nucl.Phys.B (2000); Anchishkin, Gauvrilik,Panitkin, Ukr. J. Phys.(2004)
Some next steps in:
L. Adamska, A. Gavrilik, J. Phys. A (2004)
A.Gavrilik, SIGMA, 2, paper 74 (2006)
Q.Zhang, S.Padula, Phys. Rev. C (2004)
A.Gavrilik, Yu.Mishchenko, Nucl. Phys. B (2014)




Our main goals:

obtain exact explic. expressions for (1st, 2"d & higher order)
distributions and correlations in some DBGMSs

direct application --= for description of non-Bose like
correl. properties of pions from relat. heavy ion collisions

Study thermodynamic geometry of g-Bose gas model and
compare with infinite statistics model, then conclude about

\BE condensate, with potent. applic. for dark matter y




Some data on ' - and i -correlations

( B.ILAbelev et al.(STAR collab.)., Pion Interferometry in Au+Au and Cu+Cu

collisions at YsNN=62.4 and 200 Gev, PR C80: 024905 (2009)
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< theregularities are seen: >

1) Monoton. increasing with m, (not constam

2) Concavity upwards;

my constant <1 (=1 if true bosons)


http://arxiv.org/find/nucl-ex/1/au:+Abelev_B/0/1/0/all/0/1

Why deform. oscillators and then def. Bose gas models?

- (a) finite proper volume of particles; [Avancini, Krein] Important in

» (b) substructure of particles (compositeness); diverse contexts
* (C) memory effects;

- (d) particle-particle interactions (i.e, non-ideal pion or Bose gas);

* (e) non-Gaussian (effects of) sources;
* (f) effectively describe short-lived, non-equilibrium, complicated system.

2-param, deformed Bose gas model give richer possiblilities
flexibility, & 2 phys. factors can be jointly taken into account

MAIN STEPS:
e use deformed oscillators(DOs)(=deformed bosons), develop corresp.
version of deformed Bose gas (DBG)— and try to model the above “trend”

e We examine a number of variants of DOs, and the corresponding
DBGModels, from two very different classes -- Fibonacci & quasi-Fibonacci:



Importance of structure function of deformation (DSF)

Cala= (N> aal =¢(N +1)
For the ordinary quantum oscillator: aa’ =N+1. J

Commutation relation for operators a', a:

aa' —d'a = (N +1)—¢(N).

In the g-analog of Fock space:

al0) =0, n) =— Tl0>.- Nin) =nln).  ¢(N)n) = p(n)n)



Fibonacci or non-Fibonaccit Dos

with H=1/2(p(N+1)+¢p(N))

-- Fibonacci DOs,
with property of en.levels:: -- quasi-Fibonacci DOs,
with property of en. levels:

En+1:@En +@ E.1 En+1:@En + =

Typical: p,g-oscillators, Typical: y-oscillator, STD-oscill.

for Which®:p+q,®: -pg for WhiCh@tA(n, ), 'ﬁp(n,ﬂ)
with definl

W.S.Chung et al, Phys. Lett. A (1993)
(3-param case); |.Burban, Phys.
Lett. A (2007), (5-param.case) A.G., .K., A.R., J.Phys.A (2010)




Deformed oscillators of “Fibonacci class”

--- g,p-oscillator:
AAT— i AT =5 N0 [N, Al =6y A
qX o pX

AIAi = [Nillgp [Xgp =

(g,p-bracket)

--- g-oscillators: 1) if p=1 - AC (Arik-Coon) type,
2) if p=qg-t- BM (Bied.-Macfarlane) type,
3) 1If p=q - ITD (Tamm-Dancoff) type
(G., R., Mod. Phys. Lett. A 2008)

Deform. Oscill. of “guasi-Fibonacci” class
[A.G., LK., A.R., J. Phys. A (2010)]

N +1 — (u-bracket)
aa’—a'a =¢,(N +1)' 1+ u(N+1) @

--- g-oscillator: structure f-n




n-Particle correlations in ,p-Bose gas model.
ldeal gas of g,p-bosons: thermal averages, one-particle distribution:

7
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Two-particle momentum correlation function:
- Pa(k1, ko)
o ’}f y
P (k1) Py (k2)
can be rewritten in variables Q = k1 — ko, K = (k1 + ko) /2:
@0, K) "= c@(Q=0,K) =1+ 1\ (m.K).
A2) _ intercept of two-particle correlation function.

If assume that the particle are bosons then \(?) = 1.

0(2) (kl kQ)

L
Chapman & Heinz, Phys. Lett. B (1994) — [)\(2) = %_ﬂ,.r _— }

Ll




Intercepts of 2-particle correl. Functions
& their asymptotics
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NB: Asymptotics (Bw— =) of intercepts is given
solely by the deformation parameter(s) g or g,p




Intercepts of 3-particle correl. functions & their
asymptotics
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NB: Asymptotics (Bw— =) of intercepts are given

solely by the deformation parameter(s) g or g,p




Intercept (maxim.value) of n-particle

correlation function for the p,g-Bose gas model
general formula: L.Adamska, A.G., J. Phys. A (2004)

n-part.correl.intercept: [ Aip = - ﬂ:jﬁl
) D
A = Tallos! (2 —p(e®™—q» ]
Ad,p (P — 1)L g (P — qnhpk) T

\ y
[[m]]qp' [[1]]qp[[2]]qp [m — 1]]qp[[m]]qp :
Asymptotics (Bw— =) of intercept is given by g (0Or g & p):

[wﬂwmt—H%M —HIHZQ&U}@>
k=1 r=

(1) and (2) are EXACT expressions!




[]J—Bose gas model, EXACT results:}

a‘a = @u(N), »,(N)

N N
(@) =(INL) = (g3

N

. Structure
1+ ,UN function

(a*a*aa) = (a*[N],a) = (a*a[N = 1],) = (N[N - 1))

: "TT \ 'I?'I|.|T .“'I,.n'-_]_:l \
|:£|':| - — iﬁﬂl ﬂl ﬂl{! .':I o _ l:'. [J. :||“' [J. |“' ." B
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Here & is Lerch transcedent: & = Zﬂ_ o2 [In+a)

A. G., Yu. Mishchenko, Phys. Lett. A (2012)






| u-Bose gas model, | Intercept A, (3):

tatal
Intercept of three-particle correlation function: A (K) = L& ?ﬂfaﬁmj ~1

ALEZ':X_E{X_l—(l-I— 32 3 )‘bl:t“_'&, ,p_lj—(l—i)fb(f_'ﬁ,'l,p_l—'l]—

po 2y T
1 3 1 B, -1 o 1 T S 3
— (;— Epz +2P3){I}(t A —.1'}} : (}; — U b(e L )) -1

Here ® is Lerch transcedent: =) ™ 2" /(n+a)"

@for r-th order@
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A. G., Yu. Mishchenko, Phys. Lett. A (2012)



Intercept Ay® of 2-pion correl. function VS momentum K,
with asymptotics:
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Behaviour of A®), u-Bose gas

Intercept AEB) of 3-pion correl. function VS particle momentum K
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A. Gavrilik, A. Rebesh, Eur. Phys. J. A47:55

LA (K) = 33D (K)

the asymptotics of r-function
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[ (Heinz, Zhang, PRC (1997)
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For solid (dashed) lines T = 120 MeV (T = 180 MeV)

f value: 5z (A), 77 (B), £ (C),

The function r®)(K;) made from A®) & A®) :

BM type -Bose gas —
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Thermodynamics: u-Bose gas

(deformed) total number of particles:

N=NW = z‘Dzm" In Z = —zﬂz[#" E In(1 — ze 751),

-

Deformed partition function: By this, all other thermodyn.

g —1 functions can be obtained
In Z#) = (3—) N
dz

Thermodynamics: jt,q-Bose gas:

.:.ﬂ?' T =il+ ;f:jl‘ :% L‘ — J.[‘ :% ‘:‘




(deformed) total number of particles:

N=NW = z’ﬂi“-" In Z = —zﬂi“-" Z In(1 — ze~P=1),

v )¢

=Y 2) + g% (2

deformed partition function:

—1 -
o) _ (.9 i)V
In 2/ = (Ed:;:) NV — 3 .-’:,rl'g}’IIL,JI—Fi:,?l“}’I 2

Here the thermal wavelength and u-polylogarithm are:




Thermodynamics: u-Bose gas

« Partition function (u-deformed): f'-f"i'.:::.T_V}=exp(j:;gﬁ,2[ ]+g1 { ))

« Critical temperature (u-depend.):
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NB: For greater p (stronger deform.)

— higher T., and lesser entropy!




Fig. 4. Dependence of the functions g, gy, g5, and gt on
the fugacity = = exp(#ji)|at i = 0.4




Thermodynamical geometry

Geometric approach to thermodynamics
(“Ruppeiner geometry”) --

F. Weinhold (1975), G. Ruppeiner (1985),

H. Janyszek & R. Mrugala (1986-1990),

Ubriaco (1997+) was probably the first to use in deformed context
Earlier - Fisher-Rao;

L.Tisza, Generalized Thermodynamics (MIT, Cambridge,1966)

We apply that to y-deformed Bose gas model & expect possible
(Bose-like) condensation therein.



Thermodynamical geometry of y-Bose gas model
In 2-dim. space with coordinates [,6’, V="-U ,8]
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The Riemann tensor component
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So, there Is a condensate
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“infinite statistics” system (for comparison)

Ebadi, Mirza, Mohammadzadeh, in J. Cosmol. Astroparticle Phys. (2013)
proposed Infinite statistics condensate as a model of dark matter

B 1?)%_ ;rll p20(p°2’ d/2+1.1/2) d
AL'(d/2) {1][ ,e‘.?—l,(}:j,: (O-\-Z—> {IJ[Z 8,0
N = [)35?4;)3{11 n’-/? 1/2) dz
ON AL'(d/2) ) 5
" _ - 0\
o (O‘ ); g Pz 2= L)

A n n 1
e =~ (3 c1)sea (€515

-——— % —

=

[pz:@ z=e 7, y:-pﬁ}



http://iopscience.iop.org/journal/1475-7516
http://iopscience.iop.org/volume/1475-7516/2013

Ebadi, Mirza, Mohammadzadeh, in J. Cosmol. Astroparticle Phys. (2013)
proposed Infinite statistics condensate as a model of dark matter
They conclude: “condensed state of a gas of very weakly interacting particles
obeying infinite statistics can be considered as a consistent model of dark matter
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So, there Is a condensate - J
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http://iopscience.iop.org/journal/1475-7516
http://iopscience.iop.org/volume/1475-7516/2013

(a)==>|QUASIBOSONS VS deformed oscillators:

As known (e.g., Avancini & Krein, J.Ph.A 1995), the algebra of
guasiboson (composite boson) operators, build from
constituent’s fermionic operators a,at,b,bt, indeed modifies:

i AL =D _@albl, A=) T ba,.

T3 [T

then: [Aa, —1T_.r] = 0ag
Wh ere déf Z {_I}iy (Z {I}f‘;’jyﬁ;ru o + Z iIJ'..}-'_;yI blr I!Jy)

JL/ '

and is easily made using deformed oscillator!

(b) ==> Account of interparticle interactions — by deformation,
then: non-ideal Bose gas <« ideal deformed Bose gas
(e.g., A. Scarfone, N. Swamy, J. Ph. A 2008);




[ struc. func. is derived In:
A.G. & Y.Mishchenko, J. Phys. A (2011) |



DBGM is able to (jointly) account for interactions of particles
and their compositeness

1) Compositeness:

o deformation structure function ¢;(N) = (14 ¢fi)N — ¢fiN? with
e deformation paramete m € N (m is positive integer);
the matrix: @@\ 0q = (f/2)0, [/2=1-0(2)/2

[ DSF: A.G., Kachurik, Mishchenko, J. Phys. A (2011) ]

. N
2) Interactions: (n) — [i\’lq = 9

[ A. Scarfone, N. Swamy, J. Phys. A (2008) ]

3) Both compositeness i i e 12
& interactions = ﬁlq(f"):*Fﬁ([ﬁ’_]q):(14‘}1)[3"’]@_;{1[3‘:];

[ A.G. & Mishchenko, Ukr. J. Ph. (2013)]

Note that 1) and also 3) are

Tribonacci oscillators:

Ent1 = MgEn+ pgEn-1+ 0gEn2, A=1[3], po=—0a[3]. 0g=¢




» Entanglement entropy

-Sentang - Zk{)\i’t}z ln(}‘i-:)z :

» Schmidt number (and the purity P of subsystem)

K = [Zk()ag}“] TP

For composite bosons realized by DOs (def.bosons) the measures
of entanglement are linked with the deform.parameter f = 2/ m.
The results are found for (multi-)quasiboson states viewed as
bipartite system: Fock states, coherent states. More physical
implications of the found relation: entanglement — deformation,
for those (systems of) composite particles where DOs provide
realization (e.g. pions, excitons, etc.) are to be found.

A.G., Y.Mishchenko, Phys. Lett. A (2012) [entanglmnt.«~ deform.]
A.G., Y.Mishchenko, J. Phys. A (2012) [entanglement. <~ energy ]
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Figure 1. Dependence of the entanglement entropy Sap on the energy Ey for a single composite

bson in the case of fermionic components, e at e = +1.

Figure X. Dependence of the entanglement entropy Sap on the energy Ey Tor a single composite
hoson in the case of bosonic components, ie. at « = —|.




Virial expansion of EOS & virial coefficients: ji,g-Bose gas

k‘z; = {iﬁ{ﬁ:q}(h—?)kﬁ} = {1 —@‘}f +

(ke 20y (A (_Maa Rl

95 37/2 1 A47/2 95/293/2
_5[?]§,q)(£)3 N (_4[5]ﬁ,-:; L 2agl4aa
217 /2 1 57/2 211/2
3 -4
Ay Pk Ty 00y
35 9333/2 910 . e
Here, Vi(ji). kK = 1.2....., are the virial coefficients N], = o
—t?

recal(g; () = (1+ D)l = An)?

that:

and the respective (jI,q)-extension of the
derivative

NB: itis possibleto
change the sign of V,

(f fLg >1)




Distributions (1-, 2-particle) and intercept in jt,g-mode

| et (M — 13 N
{HT{J} - T F"‘““'-"I:'E':I - ]‘? Derived in: Gavrilik & Mishchenko,
| (z—glz— g°) Nucl. Phys. B (2015)
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(2= Bly + 9.2z —¢°)z—g%
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Recall: Eﬁ}hq(ﬁ’*) = Yl ([N_]q) =(1 ‘Hﬂ Ng _ﬁ[*’ﬂﬂ
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Experim. data taken from:

J. Adams, et al., STAR Collaboration, Phys. Rev. C 71 (2003)
B.L. Abelev, et al,, STAR Collaboration, Phys. Rev. C 80 (2009)

Such nice agreement with data uses not small
values of the deform. parameters g and ji , SO

we conclude (on the experim. data <~ our model):
both compositeness & interaction does matter!

N/

(of pions)




THANK YOU FOR YOUR ATTENTION!



Thermodynamics: pg-Bose gas

T.P9)/ T _versus def. parameters p.g or .6

0.2

Fig. 3. Left: The ratio ToF'? /T: of the critical temperatures given by Eq. (31) as a function of

the deformation parameters p,q such that 0 < p < 1 and 0 < ¢ < 1. Right: The ratio T.ET'E];*Tc
versus the deformation parameters r and 8, 0 < + < 1, 0 < 8 < 2.

Other thermodyn. functions and relations for p,g-Bose gas
model are obtainable (as we possess the partition function).



Data vs. Theory (differ. DBGMS)

—_— _——

R =

- r,¥ as function of Ky

',_/. \
RETE Exp.points: rg(3) ~1.85 (resp.=~1.94)

for K; =230 (resp. 650) Mev/c
( data: Alice collab., PR C89 (2), 024911 (2014) )
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r®-function, experim. fact:

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

&

e

CERN-FH-EP-2013-201
March 12, 2014

Two- and Three-Pion Quantum Statistics Correlations in Pb-Pb Collisions
at /5y, = 2.76 TeV at the CERN Large Hadron Collider
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To choose optimal model from many DBGMs,
more detailed experim. data Is needed, e.q.

* More data on 71T correl. inters. A® (for high & low K-)

« Data on 71717 correl. inters. A®) (for high & low K+)

e Data on the function r®®(K;) (for high & low K-)
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Different DGBMs confronted with exper.data

200 GV Cu+Cu | 1@ ]
rt 0.6 ]
(n" +m) 030 1
B ™ . 10.5 0,45—:
— EI ) — 0.4 = p=2¢/(1+q2)
- ' 0407 q=0.61
a ] N~ —
B = 0.3 05
~02 0.3 04 0.5 :
| . I'I-'IT [GE'iI-Ir.I'-I_':Q] 0,30 — I=160 McV
O 0-10% T=199 McV
10 - 20% o
L 1“ _m EEIIEI 3|:I||:I 4J:I||:| 5|:I||:| rﬁEIIEI TEIIEI LT EEIII:I

m 40 - 50%
&« 50 - 60%

compare: centrality (left) <<= temperature (right)




