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The application to pions (from heavy ion collisions) proposed by:

Anchishkin, Gavrilik, Iorgov,  Eur.J. Phys. A (2000);   Mod. Phys. Lett.A (2000)

Gavrilik, Nucl.Phys.B (2000); Anchishkin, Gavrilik,Panitkin, Ukr. J. Phys.(2004)

Some next steps in:

L. Adamska, A. Gavrilik, J. Phys. A (2004) 

A.Gavrilik,  SIGMA,  2,  paper 74   (2006) 

Q.Zhang, S.Padula, Phys. Rev. C (2004)                                    

A.Gavrilik, Yu.Mishchenko, Nucl. Phys. B (2014)

Some works on (& applics. of) deformed Bose gas models (DBGM):

Martin-Delgado, J. Phys. A (1991)                        

V.Manko et al.  Phys. Lett. A (1993)

Chaichian, Felipe, Montonen, J. Phys. A (1993) 

R-Monteiro, Rodrigues,Wulf, Phys.Rev.Lett.(1996)    [phonons in 4He] 

A. Lavagno, P.Narayana Swamy, Phys. Rev. E  (2002)

A.Algin, M.Arik, A.Arikan, Phys. Rev. E (2002); A.Algin,J.Stat.Mech. (2008)

Q,Zeng, Z.Cheng, J.Yuan, Eur. Phys. J. B (2011)          [exciton gas]

There exist applictn. of DBGM to physics of dark matter, of black holes ...



Our main goals:

obtain exact explic. expressions for (1st, 2nd & higher order) 

distributions and correlations in some DBGMs

direct application  --> for description of non-Bose like 

correl. properties of pions from relat. heavy ion collisions    

Study thermodynamic geometry of μ-Bose gas model and 

compare with infinite statistics model, then conclude about 

BE condensate, with potent. applic. for dark matter  



Some data on π+π+ - and π–π– -correlations

( B.I.Abelev et al.(STAR collab.)., Pion Interferometry in Au+Au and Cu+Cu

collisions at √sNN=62.4 and 200 GeV,  PR C80: 024905 (2009)

the regularities are seen:

1) Monoton. increasing with mT   (not constant =1) 

2) Concavity upwards; 

3) Saturation by constant  < 1 ( =1 if true bosons)

http://arxiv.org/find/nucl-ex/1/au:+Abelev_B/0/1/0/all/0/1


Why deform. oscillators and then def. Bose gas models?

• (a) finite proper volume of particles; [Avancini, Krein]      

• (b) substructure of particles (compositeness);

• (c) memory effects; 

• (d) particle-particle interactions (i.e, non-ideal pion or Bose gas);

• (e) non-Gaussian (effects of) sources; 

• (f)  effectively describe short-lived, non-equilibrium, complicated system.

2-param, deformed Bose gas model give richer possiblilities, 

flexibility, & 2 phys. factors can be jointly taken into account

Important in      

diverse contexts

MAIN  STEPS:

● use deformed oscillators(DOs)(=deformed bosons), develop corresp.

version of deformed Bose gas (DBG)– and try to model the above “trend”

● we examine a number of variants of DOs, and the corresponding 

DBGModels, from two very different classes -- Fibonacci & quasi-Fibonacci:



Importance of structure function of deformation  (DSF) 



Fibonacci or non-Fibonacci  Dos

with H=1/2(φ(N+1)+φ(N))

-- Fibonacci DOs,

with property of en.levels:

En+1= λ En + ρ En-1

-- quasi-Fibonacci DOs,

with property of en. levels:

Typical:   p,q-oscillators,

for which λ=p+q, ρ= -pq

Typical: μ-oscillator, STD-oscill.

for which λn=λ(n,μ), ρn=ρ(n,μ)

with definite

En+1= λn En + ρn En-1

A.G., I.K., A.R., J.Phys.A (2010)

W.S.Chung  et al, Phys. Lett. A (1993)

(3-param case);     I.Burban,  Phys. 

Lett. A  (2007) ,  (5-param.case)



Deformed oscillators of “Fibonacci class”
--- q,p-oscillator:                                         

(q,p-bracket)

--- q-oscillators: 1) if p=1 - AC (Arik-Coon) type,

2) if p=q.
-1- BM (Bied.-Macfarlane) type,

3) if p=q - TD (Tamm-Dancoff) type
(G., R., Mod. Phys. Lett. A 2008)

.Deform. Oscill. of “quasi-Fibonacci”  class 
[A.G., I.K., A.R., J. Phys. A (2010)]
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--- μ-oscillator: structure f-n

(μ-bracket)



n-Particle correlations in q,p-Bose gas model.
Ideal gas of q,p-bosons:  thermal averages, one-particle distribution:

(AC type q-Bose)(q,p-Bose) Bose

q,p-Bose→

AC type q-Bose

BM q-Bose



Chapman & Heinz,   Phys. Lett. B (1994) λ(2)



Intercepts of 2-particle correl. Functions

& their asymptotics

NB: Asymptotics (βω→∞) of intercepts is given                 

solely by the deformation parameter(s) q or q,p



Intercepts of 3-particle correl. functions & their 

asymptotics

NB: Asymptotics (βω→∞) of intercepts are given                 

solely by the deformation parameter(s) q or q,p



Intercept (maxim.value) of n-particle

correlation function for the p,q-Bose gas model
general formula: L.Adamska, A.G., J. Phys. A (2004)

Asymptotics (βω→∞) of intercept is given by q (or q & p):

q,p

(1) and (2)  are EXACT expressions!

(1)

(2)



( ),a a N   ( )
1

N
N

N







Structure 

function

μ-Bose gas model, EXACT results:

A. G., Yu. Mishchenko, Phys.  Lett. A  (2012)

Intercept λμ
(2):





Expression for  r-th order intercepts:

μ-Bose gas model,

A. G., Yu. Mishchenko,   Phys.  Lett.  A  (2012)

Intercept λμ(3):



0.8306 0.8332

0.7566

0.7680

Intercept λμ
(2) of 2-pion correl. function VS momentum KT ,

with   a s y m p t o t i c s:



Behaviour of      ,  μ-Bose gas

A. Gavrilik, A. Rebesh,  Eur. Phys. J. A 47:55 

(2011), 8pp.

(3)
Intercept λμ

(3)of 3-pion correl. function VS particle momentum KT:

μ=0.1

μ=0.15

3.6097

3.0083 Asymptotics is given as:

(Heinz, Zhang, PRC (1997)



The function r(3)(KT) made from λ(2)  & λ(3) :

μ-Bose gas

BM type q-Bose gas

π/30

π/4



(deformed) total number of particles:

Deformed partition function:

Thermodynamics:  μ-Bose gas

By this, all other thermodyn. 

functions can be obtained

Thermodynamics:     ,q-Bose gas:



(deformed) total number of particles:

deformed partition function:

Here the thermal wavelength and  μ-polylogarithm are:



Thermodynamics:  μ-Bose gas

• Partition function (μ-deformed):

• Critical temperature (μ-depend.):

Entropy-per-volume versus                    

deform. parameter μ

NB: For greater μ (stronger deform.)

→ higher Tc , and  lesser  entropy!





Thermodynamical geometry

Geometric approach to thermodynamics 

(“Ruppeiner geometry”) --

F. Weinhold (1975),  G. Ruppeiner (1985), 

H. Janyszek & R. Mrugala (1986-1990),  

Ubriaco (1997+) was probably the first to use in deformed context

Earlier - Fisher-Rao; 

L.Tisza, Generalized Thermodynamics (MIT, Cambridge,1966)

We apply that to μ-deformed Bose gas model & expect possible 

(Bose-like) condensation therein.



Thermodynamical geometry of μ-Bose gas model          

in 2-dim. space with coordinates  β, γ= - μ β

Recall that μ-polylogarithm  is: 





So, there is a condensate 

...



“infinite statistics” system  (for comparison) 

Ebadi, Mirza, Mohammadzadeh,  in J. Cosmol. Astroparticle Phys. (2013)

proposed Infinite statistics condensate as a model of dark matter

γ= - μ β

http://iopscience.iop.org/journal/1475-7516
http://iopscience.iop.org/volume/1475-7516/2013


Ebadi, Mirza, Mohammadzadeh, in J. Cosmol. Astroparticle Phys. (2013)

proposed Infinite statistics condensate as a model of dark matter

They conclude: “condensed state of a gas of very weakly interacting particles 

obeying infinite statistics can be considered as a consistent model of dark matter”

p – parameter of

infinite statistics

So, there is a condensate 

...

http://iopscience.iop.org/journal/1475-7516
http://iopscience.iop.org/volume/1475-7516/2013


(a)    QUASIBOSONS  VS deformed oscillators:

As known (e.g., Avancini & Krein, J.Ph.A 1995), the algebra of  

quasiboson (composite boson) operators, build from 

constituent’s fermionic operators a,a†,b,b† , indeed modifies:

If:                                                           ,      

then:

where

and  Δαβ is easily made using deformed oscillator! 

(b)         Account of interparticle interactions       by deformation,                    

then: non-ideal Bose gas         ideal deformed Bose gas 

(e.g., A. Scarfone, N. Swamy, J. Ph. A 2008);



[ struc. func. is derived in: 

A.G. & Y.Mishchenko, J. Phys. A (2011) ]



DBGM is able to (jointly) account for interactions of particles 

and their compositeness

1) Compositeness:

2) Interactions:

3) Both compositeness 

&  interactions 

φq(n) =

the matrix:

[ DSF: A.G., Kachurik, Mishchenko, J. Phys. A (2011) ]

[ A. Scarfone, N. Swamy, J. Phys. A (2008) ]

[ A.G.  &  Mishchenko, Ukr. J. Ph. (2013)]

Note that  1)  and also  3) are     

Tribonacci  oscillators: 



A.G.,  Y.Mishchenko, Phys. Lett. A (2012)  [entanglmnt.↔ deform.] 
A.G.,  Y.Mishchenko,  J. Phys. A (2012)      [entanglement. ↔ energy ]





Virial expansion of EOS & virial coefficients: ,q-Bose gas

Recall 

that:

NB:  it is possible to 

change the sign of V2   

(if      q > 1)



Distributions (1-, 2-particle) and intercept in    ,q-model

Recall:

Derived in:   Gavrilik & Mishchenko,       

Nucl. Phys. B (2015)



q and           
are not small!



Experim. data taken from:

Such nice agreement with data  uses  not  small

values of the deform. parameters q and     , so

we conclude  (on the experim. data  ↔ our model): 
both compositeness & interaction does matter!

(of pions)



THANK  YOU  FOR  YOUR  ATTENTION!



Tc
(p,q )/ Tc versus def. parameters p,q or r,θ

Thermodynamics:  pq-Bose gas

Other thermodyn. functions and relations for p,q-Bose gas 

model are obtainable  (as we possess the partition function).



Exp.points:  rq
(3) ≈ 1.85   (resp. ≈ 1.94)

. for KT = 230  (resp. 650) Mev/c

Data   vs.  Theory (differ. DBGMs)

rq
(3) as function of KT

( data: Alice collab., PR C89 (2), 024911 (2014) ) 

STD-type q-deformed Bose gas:

(q = eiθ )

(q = eiθ )

BM-type q-Bose gas:



r(3)-function, experim. fact:



To choose optimal model from many DBGMs,

more detailed experim. data is needed, e.g.

• More data on π±π± correl. inters. λ(2) (for high & low KT)

•  Data on π±π±π± correl. inters. λ(3) (for high & low KT)

•  Data  on  the  function r(3)(KT) (for high & low KT )



D.Anchishkin, A.G., S.Panitkin,  Ukr. Phys. J. (2004)

A.Gavrilik Nucl. Phys. B 102 (2001)
[data from: C.Adler et al., The STAR

collab.,PRL 87 (2001)]

Anchishkin,Gavrilik Panitkin, Ukr.J. Phys.

(2004)     [data from PRL 87 (2001)]

https://arxiv.org/find/hep-ph/1/au:+Gavrilik_A/0/1/0/all/0/1
https://arxiv.org/find/hep-ph/1/au:+Gavrilik_A/0/1/0/all/0/1


compare:  centrality (left)             temperature (right)

Different DGBMs confronted with exper.data


