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Introduction

Introduction: Thermodynamic mean-field

(b(an) = €(n7T) - Ts(an)a (b(ﬂ,T) = n“(an) - p(an)

_9¢ s _99
= on" 9T

where ¢(n, T) is the energy density, p(n, T) is the pressure.
We adopt the system of units k, =¢c =h=1.
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Introduction: Thermodynamic mean-field

a sum of free and interacting contributions:

o(n, T) = ¢o(N, T) + ine(n, T)

_ a¢int _ %
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pO(an) = nNO(nﬂT) - d)O(nﬂT)

pp in the Grand Canonical Ensemble:
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Introduction: Thermodynamic mean-field

9¢ine(n, T)

n 0hine(n, T)
on ’

Un,T) = on

P¥(n,T) = — Gint(n, T)

The

condition of thermodynamic self-consistency
N ou(n,T) OP*(n,T)
on on

Transition to the Grand Canonical Ensemble

p = po(T,mo) + P*(n, T) —
— p(TaM) = pO[T7/1'0(n7T)] + Pex[n(T7/~L)’T]
with  po(T, ) = p— Un(T,u),T]
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Thermodynamic mean-field. The Grand Canonical Ensemble

Pressure

a’
_ 9/ 2+k2f(k;T,u)+Pe"(n,T)
m

-1
+a}

with a = +1 for fermions, a = —1 for bosons and a = 0 for the Boltzmann statistics.

; Spex
Particle density. We use: n (’U,((,':{T = ”P(,‘L"T)

fk;T,p) =

{exp lvm2 + k2 —;U(n,T)
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Single Particle Representation of Interacting Classical Gas

Partition function
- d’k d’k 1
X(T,pmV) = ZVNQN/TI"'ﬁeXP o ZEO(kJ)—NN

1 3 2 ui
XW/d r---d°ry exp[f Tt] ,

where (k) is the free dispersion law; eo(k) = k?/2m in the nonrelativistic
case, go(k) = Vk? + m2 in the relativistic one,

N

Uhe = Y _u(lri — 1))

i<j




Introduction

Thermodynamic mean-field. Classical gas with two-particle interaction

InX =V

n+ iBi(T)ni] ,

i=2

3 2 2 _
where 2 :g/ d°k exp(:/k +m u)y
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Classical gas with two-particle interaction. Thermodynamic consistency

Thermodynamic consistency:

L 9Ua(n,T) _ 9Pa(n,T)
on a on

Thermodynamic quantities

-
P(T,4) = 7 INE = Tn(T,4) + Pa(n,T)

vk2+m? —pu + Ua(n,T)
(2m)? P |~ T

D.V. Anchishkin, Sov. Phys. JETP 75, 195 (1992) [Zh. Eksp. Teor. Fiz. 102, 369 (1992)].
D. Anchishkin, E. Suhonen, Generalization of mean-field models to account for effects of

excluded-volume, Nucl. Phys. A586, 734 (1995).



Introduction

Many-particle systems: Dynamical description

The state of N-particle system W(t,rq,...,ry) is determined by the
Schrodinger equation (we adopt =1 and ¢ = 1)

8\V(t,r1,. ., IN

i It ’ ):H\U(t,rl,...,rN) = \U(t,l'l,...,I'N):e_iH(t_tO)\Uo(l'1,...,I’N)7

where H = Hp + Hint is the total Hamiltonian of the system which consists
of N identical particles (U(r) is an external field)

2 N
Ho = Z[_hv +U(ri )]7 mt*% Z W(|ri*rj|)-
i=1 hi=1(

We define field operators at initial time moment t = to:

W) = o S akad), ) = o S ak)ei)
k

k

where for the single-particle Hamiltonian ho = —%Vz it is valid

hogi (1) = e(k)ex(r)
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Many-particle system: Occupation number representation. Homogeneous system

Hamiltonian at t = to:
H = HO + Hi.nt7

Ho = /dsrzp*(r) (—Zh—mvz) W(r),
Hiw = 5 [ drnd®na s (1) o (2 W(Irs =2 o(r2) w(ra)

For homogeneous system one can accept the Hartree approximation:

Pr(r) () — <w+(r1)w(r1)>:n,

where

or

PI(r2)v(ra) = (F(r2)(rz)) = n.

2
Hoe [are [f;—mVZJan/dsrzW(lr*rzl) () —

- /d?’r uﬁ(r)n/d%zwur — 1)) (r).
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Homogeneous system: Statistics

Next step
PO w(r) = @T()w(@r)) =n
H ~ /d3r¢+(r) (—%VZ + 2an) Y(r) — an®V,

where
Hine ~ —an*V,  and az/d3rW(|r|).

3
- [ 4k (\/m2+k2 + 2an) ajac — an’V,
(2m)?

The thermodynamic potential 2 is obtained with making use of the
statistical operator:

p=exp(—BH), where B=1/T,

Q= —% In (Tre*BH) .
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Homogeneous system: Statistics

QB) = _779_5 > I {1 + 7 exp [—ﬁ(\/k2+m2+2an)]} —an’v,

where 1 = 1 for fermions, n = —1 for bosons and 1 — 0 in case of the
Boltzmann approximation.
The pressure is related to the thermodynamic potential by p = —Q/V and
is given by
o) = L [ o Ttk +ar
k2 +m2

with distribution function
-1
f(k,8) = {exp [B (\/k2 +m2 4 2an)] + 77}
So, one indicates that

U(n) =2an and P% = an®.

LOU(n) _ 9P™(n)
on  on



Thermodynamic mean-field. Applications

Thermodynamic mean-field. Applications I

r]é)U(n,T) 0P

p — nT + Pex(n’T)’ ()n an

"1 9PN, T)

UaT) = U =oT) + [ LT

1. Virial expansion for hard-sphere potential, vg = 4 477' r

P(n,T) = Tyon? — U(n,T) = 2T ven
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Thermodynamic mean-field. Applications I

3. The Carnahan-Starling equation of state (the Boltzmann statistics)
2
von — (von)</8
)
(1 — von/4)3

P&(n, T) = Tn

1—vpn/12

ch(n,T) S —3T l—m
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Puc.: the dependence of the quantity P®/nT on the packing fraction n =vgn/4 for four different
models: the 2nd order virial expansion (dashed green line), the model of directly excluded-volume
(dotted blue line), the van der Waals equation of state (dash-dotted red line), and the
Carnahan-Starling equation of state (solid black line). Monte Carlo data is depicted by open triangles.



Thermodynamic mean-field. Applications

Thermodynamic mean field: Excluded volume

U(n,T) = TU(n) & P™(n,T) = TP™(n)

[\/WTU(n)+u
T

3
n(T,u) =g / (27:;3 exp

3 2 2
() :g/ d%k r+k2exp[ vm +k —TU() +

)

(27)

For the Boltzmann statistics:

N(T, ) = e YOV (T 1), E(T,pn) =e YOV 9T, ).
N(T,p) =V 4T, pm), E(T,u)=Vei(T,u).

—~ - - V —~
VoV =vel® ve™=v_Ni - V=g (17 e*U(”>)



Thermodynamic mean-field. Applications

Thermodynamic mean field: Self-consistent equations

The van der Waals equation of state (the Boltzmann statistics). Self-consistent equation for n

(i) n=(1-bn)exp|— n'd(T, u)

. 1
nd(T,u) = get/T ﬁszKz(m/T)

) (T, ") _ . bn
(i) n= 15 bna(T. ) with p*=pu—-T

The van der Waals equation of state (the Boltzmann statistics). Self-consistent equation for p

p = pua(T,p*) —an?
with p* = pu — bp — ban? + 2an,
nid(T,‘u*)
1+ bnid(T, p*)
If a=0 = p=pa(T,x") with pu* =p — bp




Thermodynamic mean-field. Applications

Phase Diagram for the VAW Gas

nT 2 N
p(T,n) = — an®, n=—,
1 — bn \%
8a 1 a _ 8Th o
Te=—, ne=—, Pe = ——. p = — — 3n
27b 3b 27b 3—n

where il = n/ng, p=p/pc, and T = T /T¢.
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(a): The dimensionless form of the VDW isotherms for pressure, p, versus the volume per particle
V = 7~ 1. The dashed-dotted lines present the metastable parts of the VDW isotherms at T < 1,
whereas the dotted lines correspond to unstable parts. The full circle on the T = 1 isotherm
corresponds to the critical point.

(b): The phase diagram for the VDW equation of state on the (i, T) plane. The phase coexistence

region resulting from the Maxwell construction is depicted by grey shaded.area.



Thermodynamic mean-field. Applications

Details and versions for the VAW Gas

D. Anchishkin, V. Vovchenko,

Mean-field approach in the multi-component gas of interacting particles
applied to relativistic heavy-ion collisions,

J. Phys. G 42, 105102 (2015); arXiv:1411.1444 [nucl-th].

V. Vovchenko,
Equations of state for real gases on the nuclear scale,
Phys. Rev. C96, 015206 (2017).



Generalization of the van der Waals EOS to quantum

Generalization of the van der Waals EOS to quantum

statistics

The van der Waals equation of state (quantum statistics). Self-consistent equation for p
id * 2
p=pT,p") —an
id *
n'(T, u*)

. x 2 _
Wlthu—p—bp—ban +2an, n_HTd(T"u*)

Pressure of the ideal quantum gas

statistic




Generalization of the van der Waals EOS to quantum statisti

Quantum statistics, nuclear-matter properties at T = 0

Parameters a and b are fixed to reproduce the properties of nuclear matter
in its ground state at T = 0:

p=0, =m+Eg2922MeV, n = np~0.16fm 3.

5
n
Here Eg = —16 MeV is the binding energy per nucleon.

= a~329MeVfm®, b=~3.42fm*.

Parameter b of the proper particle volume can be expressed in terms of
hard-core radius r as b = 167r3/3. This gives r = 0.59 fm for the hard-core
nucleon radius.



Quantum statistics, properties at T =0

Generalization of the van der Waals EOS to quantum statisti
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Puc.: Dependence of pressure p (a) and binding energy Eg (b) on the
nucleon density n at T = 0. The VDW parameters are a 2 329 MeV-fm®
and b = 3.42 fm® (r =2 0.59 fm). The open circle corresponds to the ground
state of nuclear matter. The dash-dotted line corresponds to the metastable

part of VDW isotherm, whereas the
part.

dotted line corresponds to the unstable



Generalization of the van der Waals EOS to quantum statistic

Phase diagram at T # 0
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Puc.: pressure isotherms in (a) (p,v) and (b) (p, n) coordinates, calculated in the quantum van der
Waals equation of state with parameters a & 329 MeV-fm3 and b = 3.42 fm3 (r & 0.59 fm). The
dashed-dotted lines present the metastable parts of the VDW isotherms at T < Tg, whereas the dotted
lines correspond to unstable parts. The full circle on the T = T¢ isotherm corresponds to the critical
point, while the open circle at T =0 in (b) shows the ground state of nuclear matter. Shaded grey area
in (b) depicts the mixed phase region obtained from the Maxwell construction of equal areas for p(v)
isotherms in (a).

The classical VDW equation with Boltzmann statistics, would give

8a _ 1 _3
T. = 75 ~ 28.5MeV, N = b =~ 0.10fm



Generalization of the van der Waals EOS to quantum st

Thermodynamic mean-field. Mean two-particle potential
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Puc.: The Boltzmann statistics. Three patterns for T = 20 MeV (left panel),

(central panel) and for T = 35 MeV (right panel) of the mean field U

Vdw

for T = 29.6 MeV
(n, T) (black solid line), the

mean kinetic energy of nucleon <\/m2 +k2 —m) /n (horizontal dashed line) and the mean

single-particle energy €s.p.(n,T) (red line). The red zone (left panel) for densities in the window
ny < n < ny marks some possible bound states or the liquid phase where €.p.(n,T) < 0.



Generalization of the van der Waals EOS to quantum

rmmetric nuclear matte

0
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Puc.: Density of the symmetric nuclear matter in (T, p) coordinates, calculated in the quantum van

der Waals equation of state with parameters a & 329 MeV fm3 and b = 3.42 fm3 (1 & 0.59 fm). The open
circle denotes the ground state of nuclear matter, the full circle corresponds to the critical endpoint,

and the phase transition curve is depicted by the solid black line.



Many-particle system with a hard-core repulsion: Several species

The van der Waals excluded volume procedure can be regarded as a substitution of the total system

volume V by the available volume Vay

V= Ve =V =) N,
i

Vi is the proper volume, fj is the hard-core radius of a particle

peV(T ) IL‘L) = Z plld(T7 ﬂl) P

Gi = pi —vip®

6eV(T,,LL) _ Zi S?d(Tvﬂi)

W <o f (23k

D. Anchishkin, V. Vovchenko, J. Phys. G42, 105102 (2015); arXiv:1411.1444 [nucl-th]

V. Vovchenko, D.V. Anchishkin, M.I. Gorenstein, Phys. Rev. C91, 064314 (2015)



rnamic mean field: Applications II. Lattice data

The Monte Carlo results in lattice QCD for the pressure and energy density at small temperature
T < 155 MeV and zero baryonic chemical potential are analyzed within the hadron resonance gas
model.

Two extensions of the ideal hadron resonance gas are considered: the excluded volume model

which describes a repulsion of hadrons at short distances and Hagedorn model with the exponential

mass spectrum.
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The lattice results from [1] for 3p/T% (squares) and /T4 (circles) at zero baryonic chemical potential.

[1] S. Borsanyi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, and K. K. Szabo, Phys. Lett. B 730, 99
(2014).



Lattice data v.s. hadron-resonance gas EOS

From Fig. 1 we observe a steep increase of thermodynamical
quantities near the crossover temperature T.. This temperature is
estimated in the range of 150-160 MeV. The values of 3p/T* and
£/T#in the deconfined quark-gluon phase approach slowly from below
the Stefan-Boltzmann limit

3p €
TiB :%_Ussa J

which equals to (in the 3-flavor QCD)
o, = 197?/12=15.6

At T < T¢ the confined hadron phase emerges. We use the lattice
data [1] to constrain EOS of the hadronic matter.



Ideal Hadron Resonance Gas

Ideal HRG pressure

P, ) = e, )
i

exp + nj
@) k2 4 m2 T '

—1
" 3 2 /2 2 A
d°k k ke 4+ m<s —
:§ gi/dmfi(m)/ A
T 3
i

nj = —1 for bosons, nj = 1 for fermions, n = 0 for the Boltzmann statistics

Hi = bjpg + Sjpg + G ug with b =0, &1, 5 =0, &1, £2, +3, and q; =0, &1, 2

Ideal HRG energy density

ST, ) = ST, )
i

-1
3 k2 2 A
d°k k& +mé — p
= Zgi /dm fi(m)/ Vk24m2 fexp [ ————— 1| 4 M
7 (27)3 T
This includes mesons up to f5(2340) and (anti-)baryons up to N(2600)
fi(m) = “the Breit-Wigner shape of resonance with finite width I around their average mass m;”

fi(m) = &(m — m;) for the stable hadrons



Extensions of the ideal HRG model

Two extensions of the ideal RG model have been widely discussed:

1) The first one is the excluded volume HRG model which introduces the
effects of hadron repulsions at short distances [3].

2) The second extension of the HRG model is an inclusion of the
exponentially increasing mass spectrum p(m) proposed by Hagedorn about
50 years ago [4]. These excited colorless states (fireballs) are considered as a
continuation of the resonance spectrum at masses m higher than 2 GeV.

[3]
M. I. Gorenstein, V. K. Petrov, and G. M. Zinovjev, Phys. Lett. B 106, 327 (1981);
D. H. Rischke, M. I. Gorenstein, H. Stoecker, and W. Greiner, Z. Phys. C 51, 485 (1991).

[4]
R. Hagedorn, Nuovo Cim. Suppl. 6, 311 (1968);
R. Hagedorn and J. Ranft, Nuovo Cim. Suppl. 6, 169 (1968).



Ideal HRG and excluded volume HRG versus the lattice data

——Boltzmann Stefan-Boltzmann limit
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Puc.: (a): The ideal HRG pressure, p¥(T)/T*, is shown as a function of
temperature at u = 0 by the dotted line. The Boltzmann approximation

7 = 0 is shown by the solid line. (b): The ideal HRG pressure and excluded
volume HRG pressure for several different values of hard-core radius r are
presented. The Stefan-Boltzmann limit for the deconfined quark-gluon
phase, psg /T4 = 0gg/3 2 5.2 is indicated by the horizontal dotted line.

Conclusion : r >0.13



The excluded volume HRG versus the lattice data [1]. Pressure

100 110 120 130 140 150 0.0 01013 02 03 04 05
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Puc.: The results of excluded volume HRG model for different values of r
are compared to the lattice data [1] for p/T* (a) and the values of x5/Ngs
(b) are shown as functions of r. The shaded grey area corresponds to

r <0.13 fm.



The excluded volume HRG versus the lattice data [1]. Energy density

100 110 120 130 140 150 0.0 0.1 013 0.2 03 0.4 0.5
T (MeV) r (fm)

Puc.: The results of excluded volume HRG model for different values of r
are compared to the lattice data [1] for €/T* (c). The values of x?/Ngs are
shown as functions of r (d). The shaded grey area corresponds to

r <0.13 fm.



The excluded Volume HRG with the Hagedorn mass spectrum

The above comparison with lattice data may indicate a presence of additional contributions to p®’ and
€% in the excluded volume HRG model. These contributions should be small enough for the pressure
and much larger for the energy density. We argue that massive Hagedorn states are the ideal

candidates for this role. Indeed, each heavy particle with m > T gives its contribution, T, to the

pressure, and much larger contribution, m + 3T /2, to the energy density.

the Hagedorn mass spectrum [4]

T

with Mg = 2 GeV, Ty = 160 MeV, mp=0.5 GeV, and a =5/4

the Hagedorn pressure in the Boltzmann statistics

vm2 + k?

"= ex _w T/dm ﬂex ———— | D_gifi(m) + p(m)
P =P\ g P T 91 P




Selfconsistent equation with the Hagedorn resonances

i i Vv
p(T) = aMpi(T) = " Tn(T), o =exp (‘ L) ’

b = v is the proper volume for all particles.

o el

H
T = ——
e (M 1+vatnd

dT)/dm/%mexp< 'm2+k>[zgf ) + p(m)

“‘T)=/dm/(g:;s exp( ’m2+k > [ng ) + p(m)




The excluded volume HRG Hagedorn model versus the lattice data
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Puc.: The results of excluded volume HRG Hagedorn model for different
values of I are compared to the lattice data for p/T* and &/T*. The value
of C is fixed as C = 0.05 GeV*/2.

More details in:
V. Yu. Vovchenko, D.V. Anchishkin, M.I. Gorenstein, Phys. Rev. C91, 024905 (2015); arXiv:1412.5478

[nucl-th].



Conclusions

@ Description of the interacting many-particle system in terms of
thermodynamic mean field is proposed.

© We have formulated the quantum generalization of the vdW EOS.

@ Thermodynamic mean field is used for description of the
hadron-resonance gas.

@ A comparison of the excluded volume HRG model with the lattice
data at T < 155 MeV yields no conclusive evidences in favor of a
presence of the excluded volume effects. The fit of p't /T* prefers
values of r < 0.4 fm, while the best fit of £ /T* corresponds to r 2 0.

@ There is a clear indication that both the hard core repulsion and the
Hagedorn mass spectrum should be taken into account simultaneously
in the framework of the hadron resonance gas model.



Thank you for attention! J
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