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Introduction

Heavy quarkonium

e Simple bound states
* Non-relativistic system: v < 1
Charmonium (c¢): v? = 0.3
Bottomonium (bb): v? ~ 0.1
* Heavy mass: mgy > Agcp

* Clearly separated momentum scales:
Mmg. MoV, Mov*. Agep
e Hard part
Production of QQ: pQCD
* Soft part
Relative Momentum: NRQCD
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Introduction

Production mechanism
* Color singlet model

* Color evaporation model
* NRQCD model

dOpsp-H+Xx = z dUA+B—>Q(§+X<0H(n)>
n

* color-octet mechanism: Fock state expansion
* Short-distance coefficients (SDCs)

e perturbation calculable

* Organized in powers of a
* Long-distance matrix elements (LDMEs)

* parametrize the non-perturbative part

* Organized in powers of v

e Universal (process independent)
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Introduction

Motivation

* At high pr, the hadron production cross section is
dominated by the parton fragmentation.

* Polarization puzzle

* Y(nS) and Y(nS) production at LO are calculated to be
transversely polarized

e Experimental measurements found them almost
unpolarized

* Need analytical results for the fragmentation
functions (FFs) at higher order of «;
* Analyze the asymptotic behavior

* Convenient to convolve with the splitting function and
the hard part
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Introduction

QCD Collinear Factorization

~ Pr 1
dosrpon+x(O1) = Z AGyt+poivx (7#) & Diy(z, 1) + 0(}9_2)
. T
l

* Evolution by the DGLAP equation
d 1q
.ud_‘uDg—)H(Zuu) — 2f ;Pig <§,C¥5(M)> Di—)H(f:.u)

 Compare with the NRQCD factorization
Din(Zato) = ) dn(Z o, 1y)(O" (W)

* LDMEs: lattice, potential model, experiment

e SDCs: match from the Full QCD calculation

* Parton fragment into a free QQ state.
* Calculate the Feynman diagrams
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Introduction

Feynman diagrams of g — 05(351[1])

g - ¢ ¢ & &

T1 P1 N1 T2 P1 N2

T10 P1 N10

T13 P1 N13 T14 P1 N14 T15P1 N15

T16 P1 N16
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Introduction

Present calculation

Numerical results

1. E.Braaten and T.C. Yuan, Phys. Rev. Lett. 71, 1673 (1993) [hep-

ph/9303205].

2. E.Braaten and T.C. Yuan, Phys. Rev. D 52, 6627 (1995) [hep-ph/9507398].
3. G.T. Bodwin and J. Lee, Phys. Rev. D 69 (2004) 054003 [hep-ph/0308016]

Analytical results absent!!!
No polarized results
Difficulties of analytical

calculation

* the Light cone coordinate

 Complex phase space with two
soft gluon emitting

* High loop formulas
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FIG. 3. The color-singlet short-distance coefficients ¢;(z) and
di(z), which are defined in Eq. (30). The scaling factors in this
= i 3.3 -3 S
figure are ¢;=10"*X a./m> and c|=10">X a/m>.



IBP reduction

* A useful method in high loop calculation
* For a family of Feynman integrals

dPk, ...dPk
F(al,...,an) :f L h

EM . E"
E; : linear functions with respect to the scalar product of
loop momenta k; and external momenta p;.

* The integration by parts (IBP) relations:

D D d 1
d kl d kha_k ijal Ean :0
i

1 n

* If E; is independent and complete, these relations can
be rewritten in the following form:

Z a; F(Cll + bi,l’ ey A + bi,n) =0

° bi,j (S {—1,0,1}
* a; : linear function of q;

* Reduce to a finite number of integrals with the
denominators lesser and of lower power
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Analytical Calculation

* For the unpolarized quarkonium, the FF P2
can be written by the sum of a series of
(k- D"
deD f(z, z,) AT BT s Da e P/2
k !

Where, A=k-P, B=1l-P, C=2k-l+k-P+1-P, D=

1+2k-1l+2k-P+2l-P, and

o= Gk AL P s YS(k o m o Lom—
_(Zﬂ)D(ZTC)D ZZS +( )+( )( ‘n+i-n-— 7

* |BP requires the loop momenta to be integrated
boundlessly

* The delta function transform as
' 1 1
§(k?) = — lim < . >

2me—s0\k2 +ic k2 —is

P -n)

 We take

1—2z
E=k*+icF=1I+is,G=k-n+1-n—

Z P-n+is,H=k-n
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Analytical Calculation

e The FF transforms to EFG:ic — —ic
dPk dPl (k- D"sHO
(2P (2m)P AMB"2C"s DMEFG

+ .-+ (7 other similar expressions)

* These 8 similar expressions may be canceled if any
of “E, F, G” vanish after the IBP reduction

* Change them back to the integrals with the delta
function, we get the mastgr integrals (Mls)(1,)

Dyo() = ) fulz, )4
a=1

where I, = [ d® F,

and F, is
111 1 1 B D B ¢C 1 1 1 1

C'D’AB’AC’AD’ AC’ AC’ AD’ AD’ AC?’ A2D’ CD’ ABD
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Analytical Calculation

Differential Equation
 The first 12 Mls can be calculated in traditional

method
72 d°k dPl ;iN}P-n 1
* Take g(z):j dCDABD:J (2m)P (2m)P (Zn) S ABDEFG
* Then take the derivative of g(2):
dg(z) [ d°k dPl [i\’-(P-n)? 1
dz ) (2m)P (2m)P (2n) z2S  ABDEFG?

* Use the IBP reduction again
dg(z) B 2(z— 1)z
dz  2z-—1 €9(2) +h(z)
* g(z) :finite
* h(z) : linear combination of the first 12 Mils
* Initial value: g(1) =0
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Analytical Calculation

* The final rgsult for the unpolarized quarkonium:
Dym(2) = 16(N?2 — 4)73 <(4z+1) 113+d0m(z)> <0 (3S£1])>

3N2m3 4
) () () ow (e
187 Togpiz2 | 1287422 | 128702 | 1287172 1287422
B In® (%) InzIn(1—2) In (4 =z) ¢(3)
7gé(37r4z21) 2567 ,(22 ) 1287r41z32 (- 1)(22 4 3) 2z — 1)
2 5(z — i g — z+ Ze—
dy =" _Lip(1— Li - Li;
t(2) ==ggr Lia(l = 2) + — gLz (z—2> A8 12( Z2—2 )
(3227 — 1602° + 43425 — 7632* + 73423 — 37622 + 962 — 9) 2 12
153674 (z — 1)3(2z — 1) e
(z — 1) (162° — 1682° — 122* + 4742% — 5282% + 243z — 40) W?(1 - 2)
153674(22 — 1)3 AT
(27 — 1325 + 252° + 432* — 20623 + 28222 — 1662 + 40)
+ _ ‘ In*(2 — 2)
76874 (z — 1)3

—1) (162° — 1682* — 1223 + 15422 — 482 + 3

+(Z ) (16 - = - ‘ ‘ )Zlnzln(l—z)
76874(2z — 1)3

6 —132° +252% + 323 — 4622 + 422 — 6

— (Z : 0% : : © © )Zlnzln(Q—z) (
384mi(z — 1)3
(82° + 362° — 3382* + 7412 — 59922 4 1952 — 19) 2
76874(z — 1)2(22 — 1)2 ne
(z — 1) (82* — 7623 + 1022 + 73z — 24)
- In(1 - 2)
7687422 — 1)2
- (B—-2-Tz+1
(z—2) (2% -z Z + )erl(Q—z)
19274 (2 — 1)
N 32m22% + 3302% — 1127223 — 86123 + 1447222 + 87622 — 80722 — 2732 + 1672
7 230474 (z —1)(22 — 1)
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Analytical Calculation
Other results (similar structure with the
unpolarized one))
* The LO relative-v? correction

* These two results are in agreement with the
previous numerical results

* The LO transverse and longitudinal polarized results

* The LO transverse and longitudinal polarized
relative-v? correction

* These results have never been calculated before
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Discussion

* Compare with relativistic corrections

— Unpolanzed Relatlve v2 Unpolarlzed

80 -
t Transverse —— Relative-v2 Transverse ‘

» The relativistic correction may be negative at z — 0.

* The integral over z give the result that the relativistic
corrections will give large contributions.

e Doubt on the validity of the v expansion
---- See Ma Yan-Qing’s talk
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Discussion

80 \\\\\\\\\ T T T T T A T T L L
| - Unpolarized 1 80; —— Relative-v? Unpolarized 1
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* In the limit of z — 1, the transverse polarized
qguarkonium is dominant.

* LO of ag and v, the transverse contribution is almost
twice of the longitudinal contribution: quarkonium
almost unpolarized

e Relativistic correction is dominated by the transverse
contribution, while the longitudinal contribution is
almost zero through z.
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Conclusion and Summary

* With IBP reduction method, we can simplify the
high loop integrals into finite master integrals,
which are easier to be calculated.

* The master integrals which can not be easily
calculated can be considered to construct
differential equations.

* For gluon fragmentation to color-octet 35;, the
relativistic corrections make a large contribution to
the LO results.

* At LO of ag and v, the quarkonium is almost
unpolarized, while for the relativistic corrections,
the quarkonium is almost transverse.
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