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Laurent expansion

According to Mittag -Leffleur theorem

However, the functions we meet and analyze in reality
may and do contain more than one pole for w # wy. So if
we iterate this procedure using Mittag-Leffler theorem [4
which that a meromorphic function can be expressed
in terms of its poles and associated residues combined
with additional entire function, we can without of
generality write down the generalized Laurent expansion
for the function with & poles:

Our basic assumption is that our amplitudes have only simple first order poles. In that
case Laurent expansion may be writen in the following form, where all terms with
n<-1 are absent
et iy )_ .
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In another words it might be writen as
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In above representation, amplitude, as analytic function, consists of
Poles and Background as its regular part.

Analytic structure of background term B!(w) might be “rich” (real
or complex branch-points and corresponding cuts)

As an example: Let us show analytic structure of Py; partial wave

in TN scattering. (z stands for complex energy)
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Pietarinen expansion

The basic idea behind Pietarinen expansion method is to represent
analytic function in terms of the simplest functions having the same
analytic structure.

If F(w) is a general, unknown analytic function having
a cut starting at w = ap, then it can be represented in
a power series of Pietarinen functions in the following

way:
N
Flw) = Y e, 2w weC
n=0
S _a-VE=e A
Z(w) = P e chxp, 0 €R,(3)

with the o and ¢, being tuning parameter and coeffi-
cients of Pietarinen function Z(w) respectively.

Z(w) mapps complex w-plane into and on unit circle in complex Z
plane
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Pietarinen expansion

Pietarinen expansion makes it possible to construct an analytic function NOT in the
full complex energy plane, but LOCALLY, close to the real axis in the area of
dominant nucleon resonances. It has well defined area of convergence.

Example: P11 Again,

B 11

N (1440) y1710)

oN
[ ] N(2750)

As you may see from above figure, there is a lot of cuts and it would be technically
difficult to represent each of them with corresponding Pietarinen series. For this
reason we use only three Pietarinen series:

@ One to represent subthreshold, unphysical contributions
@ Two in physical region to represent all inelastic channel openings
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Pietarinen expansion

M N
BYw) = en Z(@)" Y dn W(w) 4

n=0 n=0

Z(w) = R il e V'I'_“ W(w) = 3_7 Vi — v NI
a+rp—w 3+ ViIig —w
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What can we do with this method?

-

We may analyze various kinds of inputs:
@ Theoretical curves coming from ANY model

@ Information coming directly from experiment (partial wave
data)

To fit "theoretical input"

we have to “guess” both: pole position and exact analytic structure
of the background described by a model

To fit "experimental input"

we have to “guess” only: pole position and the simplest analytic
structure of the background. There is no “experimental”
information about the background.
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FIG. 2. (Color online) L + P fit for I = 1/2 solutions. (a) Fit 10
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W Source Resonance Re W, —2mW, Residue| o
Su 3 1490-1530 90250 5020 (15 £15y
RPP HO3 1487 - - -
KHSOL+P  N(IS35)1/2- 1509 452 18292 nL2504 (5543
KABIL+P 1505431 1035723 04221 [EYFEFY
ReP 1640-1670 100-175 2050 (~50-80y
RPPHO3 1670 16 3 —ar
KHSOL+P Na6s0) 172 1660:£35 1 167282 731 (4a7£3%1)
KASIL+P 1663 £3:£0 1655741 ask2x1 (a3 1y
PP 1900-2150 90-479 1-60 o164y
RPP HO3 - - - -
KHSOL+P Nas9s) 172 1917191 0143641 3121420 (107223220
KAB4L+P 19201952 93k 15+3 2751402 (-105£23£3)
Py RPP 1350-1380 160-220 1052 (=75-1007
RPPHO3 1385 164 ) -
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PP 1670-1770 s0-380 615 ©0-2001
RPP HO3 -
KHSOL+P  NQ7TI0f 172 10£5+2 9885 Selkl (1042737
KABIL+P 163 £449 105£510 6x1k1 (117£4% 157
RPP 2120240 180 - 420 1457 @sx257
RPPHO3 - - - -
KHSOL+P  NQIOOF 1727 20524643 31044 0141 (924322
KASIL+P 023£5£25  MEE9EI3 RE1x3 (-18£3£21°
s RPP 1660-1690 150400 1548 (-130:£ 307 N(1440) POLE POSITION
RPPHO3 1686 187 15 -
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FIG. 1. (Color online) L + P fit o GWU-SAID CM12 ED solutions. FIG. 2. (Color online) L + P fit to MAID MAID2007 ED solutions.
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TABLE L. Pole positions in MeV and residues of four dominant isospin 1/2 multipoles as moduli in mfm GeV and phases in degrees for
real branch points. The results from L + P expansion are given for GWU-SAID and MAID energy-Jependent (ED) and single-energy (SE)
solutions. Resonances marked with a star indicate resonances which can be alternatively explained by the pN complex branch point. Empty
lines indicate that a resonance pole could not be found with a significant statistical weight.

Multipole Source Resonance ReW, —2AmW, [Residug| [
SAID ED N(1535) 1/2 15014442 95492 02450030 £0008  —(25£7£3)
MAIDED 15164142 944342 0.234 = 0.009 £ 0.004 —2+3£7)
MAID SE 1511146 93247 0.210 % 0.002 £ 0.021 ~(E1£7)
SAID SE 1501142 2£2£7  0312£0003£0022  —(IBE1£3)
SupEs)  SAIDED N(1650) 1/2 1655+8+3 127£10+7 0119200190013  —(I8+14£9)
MAID ED 16784242 135£3£2 0289001020009  +(12E3£4)
MAID SE 1681+ 143 H3£1£6  0231£0001£0024  —21+1+6)0
SAID SE 1650+ 141 1742414 0.153+0.002 +0.026 ~(B£5%5)
SAID ED N(1895) 12 - - - -
MAID ED 19134448 25810437 0327+£0015+02 —(68 £4:£10)°
MAID SE - - - -
SAID SE - - - -
SAID ED N(1440) 1,27 1360+ 4+ 1 183+ 10+9 0.290 + 0.015 £ 0.039 —(6l 4+ 1)
MAIDED 13674141 190£3£2  0306£0011£0004  —(44E4£1)
MAID SE 13794244 183£3£5 0394£0003£0005  —(36£1£5)"
Pu(,M,)  SAIDSE 13674248 2354348 05470006 £0.052  —(T5+1+6)"
SAID ED NQTLO) 1/2* 17894+ 9+ 4 5504+25+3 0.609 + 0.031 £ 0.014 H(OB £ 3+ 4)
MAIDED 1694422412 2694£44+35 002900050008  4(65+5+9)
MAID SE 1678 4543 9914423 0062:£0.006:0012  —(16£4:£2)
SAID SE - - - -
SAID ED N(1520) 3/2 ISI4+ 140 109+4+1 0373 £ 0.017 £ 0.010 162+ 1)
MAIDED 15094 140 10611 0375£0003£0001  +H(1E1x1)
MAID SE 15144144 10£1£6  0385£0005£0024  +(12£1£2)"
Du(,E:)  SAIDSE 15144141 111405 0382400040003  +(14+1+£3)°
SAID ED N(1700)° 3/2 1638 + 13 + 13 362424417 0.382 + 0.032 + 0.059 RCESERINY
MAIDED - - - -
MAID SE - - - -
SAID SE 1654515 25710447 0.187 2 0.007 £ 0.080 ~(1£3E7)
SAID ED N(1680) 5,27 1674 2405 1M3+4+0 0.157 £ 0.008 £ 0 —(5£320)°
MAIDED 16634 140 H8£2:£1 0.150 & 0.003  0.001 ~@E1x1y
MAID SE 16694 141 311 0.145  0.005  0.002 +H2E121P
Fis(,Es)  SAIDSE 16774141 H5£143 0.174 = 0.002 + 0.008 EETETIE
SAIDED  N(2000) 5/2° - - - -
MAIDED 1801 £ 1424 14122813 0007200020003  +(32:&14:£9)
MAID SE - - -
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PW Resonance Source Re W, —2ImW, [residue| 6
RPP 1490-1510 90-170 50420 (-1515)°
NQS39) 172 WI08 1499 93 17 —
WIOSEDL+P 1497 £8+1 85k 14+7 B3kl —(AlE12x4p
WIO8 SEL +P 1507 £1+0 883+ 1 17£0.6%02 —@2+2+2¢
RPP 1640-1655 100-135 40-46 (=75 £25)°
Su NC1650) 172 W08 1647 8 15 7
WIOSEDL+P 1645:£1+4 04941 20+3+1 —T1 T £y
WIOB SEL +P 1654£2+1 1124444 27142 —(57+2+2y
RPP 19002150 90-479 1-60 (0-164)°
N(1895) 1/2 Wios
WIOS EDL+P
WIOS SEL +P 1950 £ 166 170 +37:£23 6x1+1 (©7 £ 10 %5y
RPP 1350-1365 160-190 40-52 (~100+ 35)°
M40 12 WI08 1358 160 37 —o8
WIOSEDL+P 1358:£2+1 180641 4511 —O1+1£1y
WIOBSEL+P  1364:+07+03 18241405 450403  —(86+0.5%+03)7
RPP 1670-1720 80-230 6-15 (90-200)°
Py N(1T10)* 1/2+ WI08
WIOSEDL+P
WIO8 SEL +P 1711£10£0.6 84+£20+2 24£07£0.1 7114 £ 0.4y
RPP 2120£ 40 180-420 47 (3525
N@100y 172+ WI08
WIOSEDL+P
WIOBSEL+P 2004 £10£13 14020212 T£0£9 —(126£22£ 1)
RPP 1660-1690 150-400 15+8 (=130 + 30°
w108 1661 304 21 —89°
P N(i720 3z WIOBEDL4P 1659 £ 10+ 1 303+ 1841 204241 Ot +6£1y
WI08 SEL + P 1668 £ 15 0 303 + 18 +£40 16£146 (@2 4L8y
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Fig. 1. (Color online.) The SC L+P result for BG2011-2 [17,18] 7N — 7N and 7t — N P11 PW amplitudes is shown in (a) and (b) respectively. Blue and red full and dashed
lines give the real and imaginary parts respectively.

Table 1

Two independent SC L+P analyses of 7N elastic and 7N — 7N BG 2011-2 ampli-

tudes. M; and T'; are the resonance position and width; |a%| and 62 give the residue

in terms of modulus and phase.

Fitted channel Resonance name M; ri laf| o Dgp
aN elastic N(1440)1/2+ 1368 193 49 —82 0.004
two poles N(1880)1/2+4 1857 321 15 179

N —> N NO1710)1/2+ 1686 204 19 —27 0002
two poles N(1880)1/2+4 1861 252 20 95
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Fig. 2. (Color online.) The MC L+P result for BG2011-2 [17.18] N — 7N and TN — 7N Pry PW amplitudes is shown in (a) and (b) respectively. Blue and red full and
dashed lines give the real and imaginary parts respectively.

Table 2

Comparison of published theoretical BG2011-2 [17,18] pole parameters with
MC L+P results. M; and Ty are the resonance position and width; |af| and 67 give
the residue in terms of modulus and phase.

Resonance name PG 111 Bcl1718 BGMC LtP
N(1440)1/24 My 1350-1380  1370(4) (7] 1368(3)
r 160-220 190(7) 191(3)
Ja™¥  do-52 48(3) 49(2)
eV 75-100 —78(4) —82(3)
o
EL - 01(01)%
N
o] - - 22(20)
N(1710)1/24 M, 1670-1770  1687(17) 17l 1686(8)
r, 80-330 200(25) 153(24)
JaiFN 6-15 6(4) 21)
e¥ 120-193 120(70) 155(21)
o
Ay - 1204)% 143)%
N
ol - 0(45) 21(7)
N(1880)1/2+4 M; 1860(35) 1860(35)"17) 1875(9)
r; 250(70) 250(70) 232(15)
laf™ 64 6(4) 3(1)
eyt 80(65) 80(65) 107(16)
o
Ay 1% 6(1)%
ol - —75(55) —131(26)
N(2100)1/24 My 2120(40) 2100 1181 2171(24)
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FIG. 1. Figures showing the quality of the fit. From top to bottom we show all three multipoles at three different photon virtualities Q2 = 0,
1,and 5 GeV? for MAID2007 and SAID SMO8 models. Black circles and brown squares are real and imaginary part of multipoles respectively.
Blue solid lines are real parts and red dashed lines are imaginary parts of the L+P fit to the given model. Panels (a)(c) show E;,M; /2, 5}}"
of the MAID solution and (d)~(f) the same for the SAID solution.
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TABLE I. Magnetic, electric and charge transition form factors,
E/M, S/M ratios and photon decay amplitudes at Q? = 0 for the
Breit-Wigner and for the pole position compared between MAID
and SAID solutions. The BW parameters used for the conversion
factor are M, = 1232 MeV and I, = I', = 115 MeV, and the pole
parameters are W, = (1210 — 50i) MeV and Res,y = 50 74"". The
form factors and ratios are dimensionless and the photon decay
amplitudes are given in units of GeV~'/2. For the complex values
at the pole position, we give absolute values with the same sign as for

the BW values and a phase.
MAID values SAID values
BW pole BW pole

Gu 297 3.20 —4.7° 311 3.38 —3.5°
Gg 0.064 0.202 49° 0.051 0.181 54°
Ge 1.18 2.11 35° 1.30 231 34°
Rey —0022  —0.063 53¢ —0.016 —0.054 58°
Rsu —0.042 —0.067 33¢° —0.044  —0.069 30°

Ay, —0131  —0.131 =20 —0.139 —0.142 —18°
Az, —0247 0261 —-7.7° 0258 —-0273 —6.8°
Si2 0.016 0.027 22° 0.018 0.030 21°
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e do/qn 12

@ beam assymetry ¥ 3,

e recoil polarization P 3,
o target polarization T 3,

@ beam recoil double polarizations Ox * and Oz 3.

O ! CLAS 2010
Q 2 MAMI
O 3 CLAS 2015
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@ Unconstrained fit for EO+, M1—, E1+, and M1+,
@ Partially constrained fit for E2—,
© All higher partial waves from Bonn-Gatchina BG2014-2
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vp — KTA

Results of SE Analysis
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vp — KTA

Pole extraction

1.7 1.8 19 2 21 22 17 18 1.9 2 21 22

Real (red triangles) and imaginary (blue dots) part of the Ep, My_, E1+ and My, multipoles for the
reaction yp — KA. The systematic errors are given at the top (real part) and bottom (imaginary part)
of the subfigures. Ep, excites the partial wave JP =1/2—; My_: JP =1/2%; E;, and My :

JP = 3/2+. The solid curve shows the L+4P fit, the dashed curve the energy dependent BnGa-fit
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vp — KTA

Results

Table 1. Properties of nucleon resonances from the Particle Data Group (PDG estimates) [14], the BnGa PWA fit, and from
L + P fits. Masses and widths are given in MeV, the normalized inelastic pole residues 2 - g* (7N — KA)/T', are numbers,

JP=1/2" JP=1/27 JP=3/2
PDG BnGa MC L+ P| PDG BnGa MCL+P | PDG BnGa L+P

M 1640-1670 1658+ 10 1660 =5 [1670-1770 1690+ 15 1697 +23 - - -

T 100-170 10248 59+16 | 90-380 155 + 25 S1+34 - - -
|Res, (TN —KA)| 0.26 £ 0.10 0.10 £ 0.10 - 0.16£0.05  0.12533 - - -

CH - (110 +£20)° (95 + 33)° - —(160 + 25)° —(119 + 83)° - - -

Mo - 1895+ 15 1906 + 17 - 1860+£40 187511 [1900-1940 1945 £35 1912430

s - 132430 100+ 10 - 230 + 50 3349 130-300 135350 16630
|Res, (TN—KA)| - 0.09+0.03 0.06 £ 0.02 - 0.05+0.02  0.30%0.10 - 0.03£0.02 -

O, - (8£30)° (87+27)° - (27 + 30)° (82£9)° - (90 £ 40)° -

MC: 1/2 EO+ vp — KTA & corr. m~p — AK® EPJ 2013
MC: /2T M1- yp — KA & corr. od 7~ p — AK® EPJ 2013
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