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Properties of near-threshold states
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F Molecular scenario

EExp
Zb
∼ 3 MeV

⇒ Extended object

Size ~c
γ ∼ 1.56 fm� R0

R0 � 1 fm confinement radius

γ =
√

2µE binding momentum

µ reduced mass

⇒ Probability to find Zb
M.Cleven et al., EPJA47(2011)120

1−
[
1 +

µ2g2
bare

8πγ

]−1 ≤ 1|gbare→∞

Large coupling gZbBB∗

g2
eff =

g2
bare

1+
µ2g2

bare
8πγ

≤ 8πγ
µ2

∣∣
gbare→∞

Exp: Belle, PRL116(2016)212001

BR(Zb → BB̄∗ + c.c.) ∼ 85.6%

F Cusp alone ?

F BW does not work,

⇒ EExp

Z
(′)
b

� Γ
Z

(′)
b

⇒ two Zb states
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Cannot be a cusp alone
Y (4260)→ DD̄∗︸ ︷︷ ︸

Zc(3900)?

π

F.K. Guo, et al., PRD91(2015)051504, BESIII, PRL112(2014)022001
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FgY [1−GΛ(E)C] to fit the data
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F
∣∣GΛ(th)C

∣∣ > 1 non-perturbative
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FSumming all the bubble loops gY
1+GΛ(E)C gives a bound state

pole very close to threshold.
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Parametrisation for near-threshold states

Multichannel LSE

Potential V̂

V̂ =

b = 1, Np β = 1, Ne i = 1, Nin




vab vaβ(p′) vai(k)

vαb(p) vαβ(p,p′) vαi(p,k)

vja(k
′) vjβ(k′,p′) vji(k

′,k)




a = 1, Np

α = 1, Ne

j = 1, Nin.

Bare pole terms: with indices a, b, . . .

Inelastic channels: hidden-flavor channels with indices i, j, . . .

Elastic channels: open-flavor channels with indices α, β, . . .
C. Hanhart et al., PRL115(2015)202001, F.K. Guo et al., PRD93(2016)074031

Note: vij(k,k
′) ≡ 0, π −QQ̄ scattering length ≤ 0.02 fm

L. Liu et al., Proc. Sci., LATTICE2008(2008)112, W. Detmold, et al., PRD87(2013)094504
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Parametrisation for near-threshold states

Multichannel LSE

Potential V̂

V̂ =

B = 1, Ne +Np i = 1, Nin

(
vAB(p,p′) vAi(p,k)

vjB(k′,p′) 0

)
A = 1Ne +Np

j = 1, Nin,

Capital greek letters A, B for elastic channels and bare poles.

Bare pole terms: with indices a, b, . . .

Inelastic channels: hidden-flavor channels with indices i, j, . . .

Elastic channels: open-flavor channels with indices α, β, . . .
C. Hanhart et al., PRL115(2015)202001, F.K. Guo et al., PRD93(2016)074031

Note: vij(k,k
′) ≡ 0, π −QQ̄ scattering length ≤ 0.02 fm

L. Liu et al., Proc. Sci., LATTICE2008(2008)112, W. Detmold, et al., PRD87(2013)094504
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Parametrisation for near-threshold states
LSE t = v − vSt can be decomposed into two sub sets

{
tiB = viB −

∑
A viASAtAB

tAB = vAB −
∑

C vACSCtCB −
∑

i vAiSitiB

{
tAj = vAj −

∑
B tABSBvBj

tij = −∑A viASAvAj +
∑

AB viASAtABSBvBj

Define effective potential V

tAB = vAB −
∑

C

vACSCtCB −
∑

i

vAiSi

(
viB −

∑

C

viCSCtCB

)

= vAB −
∑

i

vAiSiviB

︸ ︷︷ ︸
V AB

−
∑

C

(
vAC −

∑

i

vAiSiviC

)

︸ ︷︷ ︸
V AC

SCtCB
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Parametrisation for near-threshold states

⇒Si the ith (QQ̄)(qq̄) channel, enters V additively

⇒ Arbitrary number of inelastic channels non-perturbatively

⇒ The dimension of LSE is from Ne +Np +Nin to Ne +Np

⇒ Other components of t matrix can be obtained algebraically

= -
∑

tiA

B

tBA

= - ∑
tij

A,B

tAB

∑
A

+

⇒ Satisfy unitarity and analyticity
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Apply to the two Zb cases
All the available data for the two Zb states

Υ(5S)→ Z
(′)±
b

π∓ → (B(∗)B̄∗)± π∓, Υ(5S)→ Z
(′)±
b

π∓ → hb(mP )π±π∓ with m = 1, 2
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FIG. 3: Mr(π) distribution for wrong-sign Bπ combinations for the (a) BB∗π and (b) B∗B∗π
candidate events. Points with error bars are data, the solid line is the result of the fit with a

function of Eq.(2).
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FIG. 4: Mr(π) distribution for right-sign Bπ combinations for (a) Υ(10860) → BB∗π and (b)

Υ(10860) → B∗B∗π candidate events. Points with error bars are data, the solid line is the result of

the fit with the nominal model (see text), the dashed line - fit to pure non-resonant amplitude, the

dotted line - fit to a single Zb state plus a non-resonant amplitude, and the dash-dotted - two Zb
states and a non-resonant amplitude. The hatched histogram represents background component

normalized to the estimated number of background events.

where ANR is the non-resonant amplitude parameterized as a complex constant and the
Zb(10610) amplitude is a Breit-Wigner function. As a variation of this nominal model, we
also add a second Breit-Wigner amplitude to account for possible Zb(10650) → BB∗π decay.
We also fit the data with only the Zb(10610) channel included in the decay amplitude. The
results of these fits are shown in Fig. 4(a). Two models give about equally good description
of the data: nominal model and a model with additional non-resonant amplitude. However,
we select the former one as our nominal model since adding a non-resonant amplitude does
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Υ(5S)→ Z
(′)±
b

π∓ → Υ(nS)π±π∓ with n = 1, 2, 3
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In total: 7 channels, i.e. B(∗)B̄∗, hb(mP )π and Υ(nS)π
Belle, PRL108(2012)122001, PRL116(2016)212001
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Heavy quark symmetry and light quark symmetry

I mQ � ΛQCD → physics at the mQ scale is perturbative

I Heavy quark limit → spin symmetry & flavor symmetry

To the leading order,

LQCD = h̄viv ·Dhv +O(ΛQCD/mQ)

No Dirac matrix:

→ spin symmetry (HQSS)

→sQ and light degrees of freedom conserved individually

→spin doublet: sl = 1
2

−
(B,B∗) with mB∗ −mB ∼ ΛQCD

No heavy quark mass:

→ flavor symmetry (HQFS)

F 〈HL|ĤI |H ′L′〉 ≡ VHLδHH′δLL′ → VH′L
HQSS

= VHL
LQSS

= VHL′

M.B. Voloshin, PRD93(2016)074011
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Apply to the two Zb cases

The wave functions of BB̄∗ + c.c. and B∗B̄∗ with JPC = 1+−

|BB̄∗〉 = − 1√
2
|1H ⊗ 0L〉 −

1√
2
|0H ⊗ 1L〉

|B∗B̄∗〉 =
1√
2
|1H ⊗ 0L〉 −

1√
2
|0H ⊗ 1L〉

A.E. Bondar et al., PRD84(2011)054010

Direct potential between elastic channels

V0 ≡ 〈1H ⊗ 0L|ĤI|1H ⊗ 0L〉, V1 ≡ 〈0H ⊗ 1L|ĤI|0H ⊗ 1L〉
with redefined parameters

γt
−1 ≡ (2π)2µV0, γs

−1 ≡ (2π)2µV1

v =
(2π)2µ

2

(
γs
−1 + γt

−1 γs
−1 − γt−1

γs
−1 − γt−1 γs

−1 + γt
−1

)

⇒ tv ⇒ ∆ = γsγt − k1k2 + i
2(γs + γt)(k1 + k2)
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Apply to the two Zb cases

The wave functions of BB̄∗ + c.c. and B∗B̄∗ with JPC = 1+−

|BB̄∗〉 = − 1√
2
|1H ⊗ 0L〉 −

1√
2
|0H ⊗ 1L〉

|B∗B̄∗〉 =
1√
2
|1H ⊗ 0L〉 −

1√
2
|0H ⊗ 1L〉

A.E. Bondar et al., PRD84(2011)054010

⇒ Total spin of bb̄, sΥ
bb̄

= 1, shb
bb̄

= 0

⇒Potential between elastic channels and inelastic channels

vei =

(
g1P g2P g1S g2S g3S

g1P ξ1P g2P ξ2P g1Sξ1S g2Sξ2S g3Sξ3S

)

with ξi ≡ giB∗B̄∗/giBB̄∗ . In HQSS, ξnS = −1 and ξmP = 1.
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Apply to the two Zb cases
Hadronic molecular picture

HQSS limit ⇒ γs ≈ γt ⇒ light-quark spin symmetry (LQSS)
M.B. Voloshin, PRD93(2016)074011
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Apply to the two Zb cases
Hadronic molecular picture

HQSS limit ⇒ γs ≈ γt ⇒ light-quark spin symmetry (LQSS)
M.B. Voloshin, PRD93(2016)074011
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Apply to the two Zb cases

Nature of Zb and Z ′b (27 RS to 22 RS)

RS-I: Im k1 > 0, Im k2 > 0,

RS-II: Im k1 < 0, Im k2 > 0,

RS-III: Im k1 > 0, Im k2 < 0,

RS-IV: Im k1 < 0, Im k2 < 0,

IuIl

IIu IIl

IIIuIIIl

IVu IVl

-��� -��� -��� ��� ��� ���
�� ω

-���

-���

-���

���

���

���

�� ω

Conformal mapping from k-plane to ω-plane

k1 =

√
µδ

2

(
ω +

1

ω

)
, k2 =

√
µδ

2

(
ω − 1

ω

)
.

Energy relative to the BB̄∗ threshold

E =
k2

1

2µ
=
k2

2

2µ
+ δ =

δ

4

(
ω2 +

1

ω2
+ 2

)

with δ = mB∗ −mB. 12 / 19



Apply to the two Zb cases
Pole positions of Zb and Z ′b

HQSS limit
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Apply to the two Zb cases

Pole positions of Zb and Z ′b
HQSS limit
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Energies of Zb and Z ′b (below the respective thresholds)

MeV HQSS limit HQSS breaking

εB(Zb) 1.10+0.79
−0.54 ± i0.06+0.02

−0.02 0.60+1.40
−0.49 ± i0.02+0.02

−0.01

εB(Z ′b) 1.10+0.79
−0.53 ± i0.08+0.03

−0.05 0.97+1.42
−0.68 ± i0.84+0.22

−0.34
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Apply to the two Zb cases

Zb as a virtual state

Determinant of tv

∆ = γsγt − k1k2 +
i

2
(γs + γt)(k1 + k2)

Bound state vs. Virtual state

k1=0−−−−−−−→
k2=
√−2µδ

γt =
(
γ−1
s −

√
2/(µδ)

)−1

Parameter space γs-γt
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⇒ Inelastic channels do not change the virtual state Zb

⇒ Indicate the hadronic molecular nature of Zb

⇒ A similar conclusion holds for Z ′b
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Summary

I Narrow near-threshold structure in elastic channels calls for
a pole

I Practical parametrization for the line shape of
near-threshold states compatible with all requirements of
unitarity and analyticity

I Can include bare poles and an arbitrary number of elastic
and inelastic channels nonperturbatively

I A good description of Zb and Z ′b as virtual state and
resonance, respectively

Thank you very much for your attention!
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Apply to the two Zb cases
LSE for a given momentum-independent direct interaction

tvαβ = vαβ −
∑

γ

vαγJγt
v
γβ,

with loop integral Jγ = Rγ + iIγ . The real part R can be
absorbed into the renormalization of the direct potential

(tv)−1 = v−1 + (R+ iI) = v−1
ren + iI,

with vren = Z−1v and Z = 1 + vR. The t matrix is

tv =
1

(2π)2µ

1

∆

(
1
2(γs + γt) + ik2

1
2(γt − γs)

1
2(γt − γs) 1

2(γs + γt) + ik1

)
,

with

∆ = γsγt − k1k2 +
i

2
(γs + γt)(k1 + k2).
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Apply to the two Zb cases

Switch on the hb(mP )π and Υ(nS)π channels

The t matrix is (separable interaction)

t = tv + ψ[G −G−1]−1ψ̄,

⇒ dressed incoming form factor ψαβ = δαβ − tvαβJβ
⇒ dressed outgoing form factor ψ̄αβ = δαβ − Jαtvαβ

ψαβ = − tvαβ , ψ̄αβ = − tvβα

⇒ Gαβ = Jα(δαβ − tvαβJβ︸ ︷︷ ︸
ψαβ

) = (δαβ − Jαtvαβ︸ ︷︷ ︸
ψ̄αβ

)Jβ

Gαβ = =

18 / 19



Apply to the two Zb cases
⇒ inelastic bubble loop reads as

Gαβ =
∑

i

∫
ϕiα(q)Si(q)ϕiβ(q)d3q

→ i(2π)2

√
s

∑

i

mthin
i
µin
i giαgiβ(kin

i )2li+1,

=
∑

i

The production amplitudes

Me
α(p) = Fα(p)−

∑

β

∫
Fβ(q)Sβ(q)tβα(q,p)d3q,

Mi
in(k) = −

∑

α

∫
Fα(q)Sα(q)tαi(q,k)d3q

⇒ Elastic bare production amplitude

⇒ Interaction between spectator and other particles is neglected
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