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Cosmology: Study of the Universe



The Dark Universe



Gravity



Cosmology

‣ Can look back in time

‣ Only one sky: cosmic variance

‣ Cosmological principle:

‣ No controlled experiments

     → Use combination of cosmological probes

 



Cosmological Probes
Cosmic Microwave Background Gravitational Lensing

Galaxy ClusteringSupernovae



Dark Energy Survey
Blanco 4m at CTIO
74 2k×4k CCDs, 0.27’’/pix
2.2 deg2 FOV
5000 deg2 survey (+SNe survey)
g,r,i,z,y to mag 24
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I Cosmological Model



Big Bang Model



Hubble Diagramme

Freeman et al 2000



Big Bang Nucleosynthesis

Weiss 2006



Cosmic Microwave Background

COBE/FIRAS, Mather et al. 1999



ΛCDM Model



Ordinary Matter

100%

Ordinary
5%



100%

Ordinary
5%

Dark Matter
• Initially postulated by Zwicky (1933)

• Does not emit light: evidence via its gravitational effect

• Properties: weakly interacting, cold, non-baryonic, smooth

• Candidate:  Unknown Particles beyond standard model

100%

Ordinary
5%

Dark
Matter
23%



Dark Energy
• Describes recent acceleration of the expansion

• Fluid with equation of state parameter w=p/ρ<0

• Cosmological constant Λ: w=-1at all times

  → difficult to reconcile with quantum mechanics of vacuum

Ordinary
5%

Dark
Matter
23%

Dark
Energy

72%

100%

matter only

acceleration



Inflation
Inflation introduced to solve:

• Flatness problem
• Horizon problem
• Origin of structures problem

Exponential expansion driven by inflaton field

Quantum fluctuations yield large scale classical perturbations 
after inflation with PΦ(k)~kn-4 and n≃1  



MATTER 
ERA

DARK ENERGY 
ERA

Big
Bang

Adapted from Kolb & Turner 1990 

Thermal History of the Universe



Theoretical Predictions

Einstein-Boltzmann Eq:
• Background
• Linear
• Non-linear

General
Relativity

Non-Equilibrium
Stat. Mech.

Initial
Condition

3D Statistics

Cosmological 
Probes



II Smooth Universe



General Relativity
In GR, physical distances in 4D space-time are given by a metric 
with Lorenz signature (-+++)

ds

2 = gµ⌫dx
µ
dx

⌫

Gµ⌫ = 8⇡GTµ⌫

The metric determines the curvature of space time which is 
related to the matter content by Einstein’s Equation
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FRW Solution
For homogeneous and isotropic universe



Friedmann Equation
Time-time component of the Einstein Equation for the 
FRW metric yields:



Distances

Redshift: 

Angular-Diameter distance:

Luminosity distance:

Comoving Horizon (conformal time)



Recombination
72 BEYOND EQUILIBRIUM 
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Figure 3.4. Free electron fraction as a function of redshift. Recombination takes place suddenly 
at z ^ 1000 corresponding to T ~ 1/4 eV. The Saha approximation, Eq. (3.37), holds in 
equilibrium and correctly identifies the redshift of recombination, but not the detailed evolution 
of Xe. Here Q^ = 0.06, Om = 1, /i = 0.5. 

The computation of the neutron/proton ratio affects the abundance of Hght 
elements today. Similarly, the evolution of the free electron abundance has major 
ramifications for observational cosmology. Recombination at z* ~ 1000 is directly 
tied to the decoupling of photons from matter.** This decoupling, in turn, directly 
affects the pattern of anisotropics in the CMB that we observe today. 

Decoupling occurs roughly when the rate for photons to Compton scatter off 
electrons becomes smaller than the expansion rate.^ The scattering rate is 

riear = XeUhOrT (3.43) 

where ar — 0.665 x 10~^^ cm^ is the Thomson cross section, and I continue to ignore 
helium, thereby assuming that the total number of hydrogen nuclei (free protons 
-f hydrogen atoms) is equal to the total baryon number. Since the ratio of the 

"^Notice from Figure 1.4 that even though photons stop scattering off electrons at 2; '^ 1000, 
electrons do scatter many times off photons until much later. This is not a contradiction: there 
are many more photons than baryons. In any event, many cosmologists shy away from the word 
decoupling to describe what happens at 2; ~ 1000 for this reason. 

^In Chapter 8 we will define a more precise measure of decoupling, making use of the visibility 
function, the probability that a photon last scattered at a given redshift. Using the visibility 
function, we will show that a CMB photon today most likely last scattered at a slightly higher 
redshift than inferred by the simple UCCTT ~ H criterion. 

Similar beyond equilibrium processes for: 
Big Bang Nucleosynthesis and Dark Matter relics 

Dodelson 2003



III Structure Formation



Cosmic Structures

!1 M☉!10-6 M☉
!105 M☉

!1011 M☉
!1014 M☉



Cosmological Perturbations

Perturbed metric:

Decomposition theorem:
• scalar perturbations
• vector perturbations
• tensor perturbations

Perturbed Einstein Equation:



Perturbed FRW Model

Flat FRW model in Newtonian gauge with scalar 
perturbations:

ds

2 = �(1 + 2 )dt2 + a

2(1 + 2�)�ijdx
i
dx

j



Boltzmann Equation

Distribution function:

Time evolution:

Stress-Energy Tensor:



Species and Interactions
THE BOLTZMANN EQUATION FOR THE HARMONIC OSCILLATOR 85 

Neutrinos 

Photons 

Compton 
Scattering 

Dark 
Matter 

Electrons 
Coulomb 
Scattering 

Protons 

Figure 4.1. The ways in which the different components of the universe interact with each 
other. These connections are encoded in the coupled Boltzmann-Einstein equations. 

In this chapter, we derive the Boltzmann equations for photons, eletrons, pro-
tons, dark matter, and massless neutrinos. This set of equations governs the evolu-
tion of perturbations in the universe. 

4.1 THE BOLTZMANN EQUATION FOR THE HARMONIC OSCILLATOR 

Before tackhng the problem of interest — the Boltzmann equation for all species 
in an expanding universe — let us treat a much simpler example of the Boltzmann 
equation: the nonrelativistic harmonic oscillator. This simple example is very similar 
to the full general relativistic version we will encounter in the next section, but the 
algebra is much less cumbersome. So here the physics will be quite transparent. It 
will be useful to keep this example in mind when the algebra threatens to obscure 
the physics in the next section. 

Consider a one-dimensional harmonic oscillator with energy 

2m 2 
(4.2) 

The distribution function of the harmonic oscillator depends on time t, position x, 
and momentum p. Thus, the full time derivative in Eq. (4.1) can be rewritten as 

df{t, X, p) df df dx df dp 
dt dt dx dt dp dt' 

(4.3) 

Dodelson 2003



Einstein-Boltzmann Equations
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Figure 4.4. Some Legendre polynomials. Note that the higher order ones vary on smaller
scales than do the low-order ones. ln general 27 crosses zero I times between -1 and 1.

describes tlie change in tlie polarizatior field in space. Upon Foririer transfomring,
it too clepends on A:, p, and r7.

We now collect the equations we halie derlved for the photons, dark matter, and
barvons and supplernent thern with a trivial extension to rnassless neutriuos:
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(4.105)

(4.106)

(4.107)

Equation (4.100) is the Boltzrnann equation for photons we have derived. The
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For matter, in conformal Newtonian gauge, €,n: 6 + (SaHulk); i.e., it reduces

to the ordinary overdensity 6 on scales smaller than the horizon. For radiation,
e^: 4@,,s - 12i,O,,1aHf k, again reducing to the standard overdensity on small
scales'

5.6 SUMMARY
The Einstein equations relate perturbations in the metric to perturbations in the
matter and radiation. Taking two components of the Einstein equations G p, :
8rGT1,,, we found equations governing the evolution of the two functions which
describe scalar metric perturbations, (D and V of Eq. (4.9). It is easiest to write
these equations in Fourier space. Again recalling our convention ofdropping thei
on transformed variables, we can write

- Too 3H€̂ a- +,-;kiToi.p K"p

*'? * ,; (* - -;) : 4trGaz lp*d* +4p"o",ol

k2@ : 4rGa2 
lo^d* 

-t 4p,@,,s . yf (rr^o*+ 4e.o,,1)]

k2(o + v) : -32rGa2 p,@,,2.

(5.27)

(5.33)

Here subscript rn inciudes all matter such as baryons and dark matter and subscript
r all radiation such as neutrinos and photons. More precisely

p^6* = pa^6 * paSt ; p,O,,o=Pt@olp,No

Pm'um = pdmu + pbub i P,@,,t = Pt@t * p,Nr. (5.80)

Some of the other components of Einstein's equation are redundant; they add no
new information about the evolution of O and {r. An example is the time-space
component, which you can derive in Exercise 5. At times, though, one form of the
evolution equation will be more useful than another. For example, one combination
(Exercise 6) of these equations leads to an algebraic equation for the potential,

(5 81)

Other components of Einstein's equation contain information not about the
scalar perturbations (D and V, but about vector and tensor perturbations. Scalar,
vector, and tensor perturbations are decoupled: each evolves independently of the
others. We will see in Chapter 6 that inflation can produce tensor perturbations, so
it is important to know what the Einstein equation says about their evolution. We
showed that there are two functions which can characterize tensor perturbations,
ha and h*; each of these evolves independently and satisfies

h*+zTir.+kzho:g
a

where a denotes t, x. In an expanding universe, the amplitude of a gravity wave
described by Eq. (5.63) falls off once the mode enters the horizon.

(5.63)

Linear evolution



Evolution of the Perturbations

a

R=k-1

comoving
Horizon

aeq

keq-1

radiation matter

aeq2

Dark Energy



Matter Power Spectrum

adapted from Lannus et al. 2014

Late times: P(k,a) ~ kn T2(k) D2(a) 

P(k)

linear

nonlinear

Baryon 
Acoustic 
Oscillations

keq

P(k) ~ kn



Kravstov et al. 2005

Nonlinear Evolution



Kravstov et al. 2005

Nonlinear Evolution



IV Cosmological Probes



Measuring the Dark Universe

• Geometry

• Growth of structure

Gravity

Expansion



Cosmological Probes
Cosmic Microwave Background Gravitational Lensing

Galaxy ClusteringSupernovae



TCMB≈2.725K
ΔT/T~10-4

Cosmic Microwave Background

 Planck collab. 2013



CMB Power Spectrum

Planck XIII 2015 

Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is

8



CMB Polarisation

WMAP  collaboration



E/B Modes



CMB Polarisation Power Spectra

Planck Collaboration: Cosmological parameters
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Fig. 3. Frequency-averaged T E and EE spectra (without fitting for T -P leakage). The theoretical T E and EE spectra plotted in the
upper panel of each plot are computed from the Planck TT+lowP best-fit model of Fig. 1. Residuals with respect to this theoretical
model are shown in the lower panel in each plot. The error bars show ±1� errors. The green lines in the lower panels show the
best-fit temperature-to-polarization leakage model of Eqs. (11a) and (11b), fitted separately to the T E and EE spectra.
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Planck Collaboration: Cosmological parameters

0

20

40

60

80

100

C
E

E
�

[1
0�

5
µ
K

2
]

30 500 1000 1500 2000

�

-4
0
4

�
C

E
E

�

Fig. 3. Frequency-averaged T E and EE spectra (without fitting for T -P leakage). The theoretical T E and EE spectra plotted in the
upper panel of each plot are computed from the Planck TT+lowP best-fit model of Fig. 1. Residuals with respect to this theoretical
model are shown in the lower panel in each plot. The error bars show ±1� errors. The green lines in the lower panels show the
best-fit temperature-to-polarization leakage model of Eqs. (11a) and (11b), fitted separately to the T E and EE spectra.

13

Planck XIII 2015 



Galaxy Surveys SDSS survey:
Eisenstein et al. 2004
2dF survey:
Percival et al 2004



CMB Foregrounds

WMAP7
23-94 GHz



Anderson et al. 2012

Galaxy Power Spectrum

Galaxy bias:

Baryonic Acoustic Oscillations:

Standard ruler



Weak Gravitational Lensing

       Direct measure of  the distribution of mass in the 
     universe, as opposed to the distribution of light

Theory

Distortion matrix:

Massey et al.  
review: Refregier 2003





COSMOS Dark Matter Map

COSMOS HST  
ACS survey  
2 deg2 

Massey et al. 
2006, Nature



Cosmic Shear Measurements

Tim Schrabback et al.: Evidence for the accelerated expansion of the Universe from 3D weak lensing with COSMOS 7

Fig. 4.Decomposition of the shear field into E- and B-modes using the shear correlation function ξE/B (left), aperturemass dispersion
⟨M2

ap/⊥⟩ (middle), and ring statistics ⟨RR⟩E/B (right). Error-bars have been computed from 300 bootstrap resamples of the shear
catalogue, accounting for shape and shot noise, but not for sampling variance. The solid curves indicate model predictions for
σ8 = (0.7, 0.8). In all cases the B-mode is consistent with zero, confirming the success of our correction for instrumental effects.
For ξE/B the E/B-mode decomposition is model-dependent, where we have assumed σ8 = 0.8 for the points, while the dashed
curves have been computed for σ8 = (0.7, 0.9). The dotted curves indicate the signal if the residual ellipticity correction discussed
in App. B.6 is not applied, yielding nearly unchanged results. Note that the correlation between points is strongest for ξE/B and
weakest for ⟨RR⟩E/B .

or ⟨M2
⊥⟩(θ < 2′) = (4.0 ± 4.7) × 10−6 if only small scales are in-

cluded, consistent with no B-modes.
The cleanest E/B-mode decomposition is given by the ring

statistics (Schneider & Kilbinger 2007; Eifler et al. 2009b; see
also Fu & Kilbinger 2010), which can be computed from the
correlation function using a finite interval with non-zero lower
integration limit

⟨RR⟩E/B(Ψ) =
1
2

! Ψ

ηΨ

dϑ
ϑ

"

ξ+(ϑ)Z+(ϑ, η) ± ξ−(ϑ)Z−(ϑ, η)
#

, (11)

with functions Z± given in Schneider & Kilbinger (2007). We
compute ⟨RR⟩E/B using a scale-dependent integration limit η as
outlined in Eifler et al. (2009b). As can be seen from the right
panel of Fig. 4, also ⟨RR⟩B is consistent with no B-mode signal.

The non-detection of significant B-modes in our shear cat-
alogue is an important confirmation for our correction schemes
for instrumental effects and suggests that the measured signal is
truly of cosmological origin.

As a final test for shear-related systematics we compute the
correlation between corrected galaxy shear estimates γ and un-
corrected stellar ellipticities e∗

ξ
sys
tt/××(θ) =

⟨γt/×e∗t/×⟩|⟨γt/×e
∗
t/×⟩|

⟨e∗t/×e
∗
t/×⟩

, (12)

which we normalize using the stellar auto-correlation as sug-
gested by Bacon et al. (2003). As detailed in App. B.6, we em-
ploy a somewhat ad hoc residual correction for a very weak
remaining instrumental signal. We find that ξsys is indeed only
consistent with zero if this correction is applied (Fig. 5), yet
even without correction, ξsys is negligible compared to the ex-
pected cosmological signal. The negligible impact can also be
seen from the two-point statistics in Fig. 4, where the points are
computed including residual correction, while the dotted lines
indicate the measurement without it. We suspect that this resid-
ual instrumental signature could either be caused by the limited
capability of KSB+ to fully correct for a complex space-based
PSF, or a residual PSF modelling uncertainty due to the low

Fig. 5. Cross-correlation between galaxy shear estimates and un-
corrected stellar ellipticities as defined in (12). The signal is con-
sistent with zero if the residual ellipticity correction discussed in
App. B.6 is applied (circles). Even without this correction (trian-
gles) it is at a level negligible compared to the expected cosmo-
logical signal (dotted curves), except for the largest scales, where
the error-budget is anyway dominated by sampling variance.

number of stars per ACS field. In any case we have verified that
this residual correction has a negligible impact on the cosmolog-
ical parameter estimation in Sect. 6, changing our constraints on
σ8 at the 2% level, well within the statistical uncertainty.

Schrabback et al.  2010

4 Becker, Troxel, MacCrann, Krause, Eifler, Friedrich, Nicola, Refregier and the DES Collab.

Figure 1. The measured shear correlation functions ⇠+/� for a single tomographic bin for the ngmix shape catalog (left) and im3shape

shape catalog (right). The single tomographic bin corresponds to redshift distribution shown in Figure 3, z ⇡ 0.3 � 1.3. ote that the
redshift distributions of the two catalogs are not identical, so that the shear correlation functions are not expected to match. A detailed
comparison of the two catalogs is described in Section 6.2. Negative measurements are shown as upper limits. The error bars show the
1� uncertainties from the mock catalogs with the appropriate level of shape noise for each shear pipeline. The black solid lines show the
predictions from a flat, ⇤CDM model described in Section 3 — not chosen to fit the data.
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Figure 2. The measured shear correlation functions ⇠+/� times ✓ in six angular bins and three tomographic bins for the ngmix shape
catalog (left) and im3shape shape catalog (right). The tomographic bins correspond to those shown in Figure 3, z ⇡ 0.30 � 0.55, 0.55 �
0.83, 0.83 � 1.30, and are labeled from 1 to 3, increasing with redshift. Thus, panel ‘3-2’ shows the cross-correlation between the highest
and middle redshift bins. The error bars show the 1� uncertainties from the mock catalogs with the appropriate level of shape noise for
each shear pipeline. As in Figure 1, the black solid lines show the predictions from our fiducial ⇤CDM model — not chosen to fit the
data.
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Figure 1. The measured shear correlation functions ⇠+/� for a single tomographic bin for the ngmix shape catalog (left) and im3shape

shape catalog (right). The single tomographic bin corresponds to redshift distribution shown in Figure 3, z ⇡ 0.3 � 1.3. ote that the
redshift distributions of the two catalogs are not identical, so that the shear correlation functions are not expected to match. A detailed
comparison of the two catalogs is described in Section 6.2. Negative measurements are shown as upper limits. The error bars show the
1� uncertainties from the mock catalogs with the appropriate level of shape noise for each shear pipeline. The black solid lines show the
predictions from a flat, ⇤CDM model described in Section 3 — not chosen to fit the data.

Figure 2. The measured shear correlation functions ⇠+/� times ✓ in six angular bins and three tomographic bins for the ngmix shape
catalog (left) and im3shape shape catalog (right). The tomographic bins correspond to those shown in Figure 3, z ⇡ 0.30 � 0.55, 0.55 �
0.83, 0.83 � 1.30, and are labeled from 1 to 3, increasing with redshift. Thus, panel ‘3-2’ shows the cross-correlation between the highest
and middle redshift bins. The error bars show the 1� uncertainties from the mock catalogs with the appropriate level of shape noise for
each shear pipeline. As in Figure 1, the black solid lines show the predictions from our fiducial ⇤CDM model — not chosen to fit the
data.

c� 2015 RAS, MNRAS 000, 1–21

Becker et al.  2015



Clusters of Galaxies



Galaxy cluster A383
credit: NASA/Chandra

Clusters of Galaxies



Supernovae
Type Ia Supernovae: Standard(-isable) candles

Perlmutter et al 1998



Hubble Diagram
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Cosmological Probes
Probe Measure Systematics

Weak & Strong Lensing Φ, DA Shapes, photo-z, IA

Galaxy 
Clustering

smooth bδ bias

BAO DA,H bias, NL evolution

z-dist v NL evolution

Supernovae DL Standard candle, photometry

Clusters bδ Mass Calibration

CMB

Primordial δTrad Galaxy, beam

ISW dΦ/dt Cosmic variance

SZ pgas Baryon physics



V Current Status and
     Future Prospects



Planck Collaboration: Cosmological parameters

Table 4. Parameter 68 % confidence limits for the base ⇤CDM model from Planck CMB power spectra, in combination with
lensing reconstruction (“lensing”) and external data (“ext,” BAO+JLA+H0). Nuisance parameters are not listed for brevity (they
can be found in the Planck Legacy Archive tables), but the last three parameters give a summary measure of the total foreground
amplitude (in µK2) at ` = 2000 for the three high-` temperature spectra used by the likelihood. In all cases the helium mass fraction
used is predicted by BBN (posterior mean YP ⇡ 0.2453, with theoretical uncertainties in the BBN predictions dominating over the
Planck error on ⌦bh2).

TT+lowP TT+lowP+lensing TT+lowP+lensing+ext TT,TE,EE+lowP TT,TE,EE+lowP+lensing TT,TE,EE+lowP+lensing+ext
Parameter 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . . 0.02222 ± 0.00023 0.02226 ± 0.00023 0.02227 ± 0.00020 0.02225 ± 0.00016 0.02226 ± 0.00016 0.02230 ± 0.00014

⌦ch2 . . . . . . . . . . . 0.1197 ± 0.0022 0.1186 ± 0.0020 0.1184 ± 0.0012 0.1198 ± 0.0015 0.1193 ± 0.0014 0.1188 ± 0.0010

100✓MC . . . . . . . . . 1.04085 ± 0.00047 1.04103 ± 0.00046 1.04106 ± 0.00041 1.04077 ± 0.00032 1.04087 ± 0.00032 1.04093 ± 0.00030

⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.066 ± 0.016 0.067 ± 0.013 0.079 ± 0.017 0.063 ± 0.014 0.066 ± 0.012

ln(1010As) . . . . . . . . 3.089 ± 0.036 3.062 ± 0.029 3.064 ± 0.024 3.094 ± 0.034 3.059 ± 0.025 3.064 ± 0.023

ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.9677 ± 0.0060 0.9681 ± 0.0044 0.9645 ± 0.0049 0.9653 ± 0.0048 0.9667 ± 0.0040

H0 . . . . . . . . . . . . 67.31 ± 0.96 67.81 ± 0.92 67.90 ± 0.55 67.27 ± 0.66 67.51 ± 0.64 67.74 ± 0.46

⌦⇤ . . . . . . . . . . . . 0.685 ± 0.013 0.692 ± 0.012 0.6935 ± 0.0072 0.6844 ± 0.0091 0.6879 ± 0.0087 0.6911 ± 0.0062

⌦m . . . . . . . . . . . . 0.315 ± 0.013 0.308 ± 0.012 0.3065 ± 0.0072 0.3156 ± 0.0091 0.3121 ± 0.0087 0.3089 ± 0.0062

⌦mh2 . . . . . . . . . . 0.1426 ± 0.0020 0.1415 ± 0.0019 0.1413 ± 0.0011 0.1427 ± 0.0014 0.1422 ± 0.0013 0.14170 ± 0.00097

⌦mh3 . . . . . . . . . . 0.09597 ± 0.00045 0.09591 ± 0.00045 0.09593 ± 0.00045 0.09601 ± 0.00029 0.09596 ± 0.00030 0.09598 ± 0.00029

�8 . . . . . . . . . . . . 0.829 ± 0.014 0.8149 ± 0.0093 0.8154 ± 0.0090 0.831 ± 0.013 0.8150 ± 0.0087 0.8159 ± 0.0086

�8⌦
0.5
m . . . . . . . . . . 0.466 ± 0.013 0.4521 ± 0.0088 0.4514 ± 0.0066 0.4668 ± 0.0098 0.4553 ± 0.0068 0.4535 ± 0.0059

�8⌦
0.25
m . . . . . . . . . 0.621 ± 0.013 0.6069 ± 0.0076 0.6066 ± 0.0070 0.623 ± 0.011 0.6091 ± 0.0067 0.6083 ± 0.0066

zre . . . . . . . . . . . . 9.9+1.8
�1.6 8.8+1.7

�1.4 8.9+1.3
�1.2 10.0+1.7

�1.5 8.5+1.4
�1.2 8.8+1.2

�1.1

109As . . . . . . . . . . 2.198+0.076
�0.085 2.139 ± 0.063 2.143 ± 0.051 2.207 ± 0.074 2.130 ± 0.053 2.142 ± 0.049

109Ase�2⌧ . . . . . . . . 1.880 ± 0.014 1.874 ± 0.013 1.873 ± 0.011 1.882 ± 0.012 1.878 ± 0.011 1.876 ± 0.011

Age/Gyr . . . . . . . . 13.813 ± 0.038 13.799 ± 0.038 13.796 ± 0.029 13.813 ± 0.026 13.807 ± 0.026 13.799 ± 0.021

z⇤ . . . . . . . . . . . . 1090.09 ± 0.42 1089.94 ± 0.42 1089.90 ± 0.30 1090.06 ± 0.30 1090.00 ± 0.29 1089.90 ± 0.23

r⇤ . . . . . . . . . . . . 144.61 ± 0.49 144.89 ± 0.44 144.93 ± 0.30 144.57 ± 0.32 144.71 ± 0.31 144.81 ± 0.24

100✓⇤ . . . . . . . . . . 1.04105 ± 0.00046 1.04122 ± 0.00045 1.04126 ± 0.00041 1.04096 ± 0.00032 1.04106 ± 0.00031 1.04112 ± 0.00029

zdrag . . . . . . . . . . . 1059.57 ± 0.46 1059.57 ± 0.47 1059.60 ± 0.44 1059.65 ± 0.31 1059.62 ± 0.31 1059.68 ± 0.29

rdrag . . . . . . . . . . . 147.33 ± 0.49 147.60 ± 0.43 147.63 ± 0.32 147.27 ± 0.31 147.41 ± 0.30 147.50 ± 0.24

kD . . . . . . . . . . . . 0.14050 ± 0.00052 0.14024 ± 0.00047 0.14022 ± 0.00042 0.14059 ± 0.00032 0.14044 ± 0.00032 0.14038 ± 0.00029

zeq . . . . . . . . . . . . 3393 ± 49 3365 ± 44 3361 ± 27 3395 ± 33 3382 ± 32 3371 ± 23

keq . . . . . . . . . . . . 0.01035 ± 0.00015 0.01027 ± 0.00014 0.010258 ± 0.000083 0.01036 ± 0.00010 0.010322 ± 0.000096 0.010288 ± 0.000071

100✓s,eq . . . . . . . . . 0.4502 ± 0.0047 0.4529 ± 0.0044 0.4533 ± 0.0026 0.4499 ± 0.0032 0.4512 ± 0.0031 0.4523 ± 0.0023

f 143
2000 . . . . . . . . . . . 29.9 ± 2.9 30.4 ± 2.9 30.3 ± 2.8 29.5 ± 2.7 30.2 ± 2.7 30.0 ± 2.7

f 143⇥217
2000 . . . . . . . . . 32.4 ± 2.1 32.8 ± 2.1 32.7 ± 2.0 32.2 ± 1.9 32.8 ± 1.9 32.6 ± 1.9

f 217
2000 . . . . . . . . . . . 106.0 ± 2.0 106.3 ± 2.0 106.2 ± 2.0 105.8 ± 1.9 106.2 ± 1.9 106.1 ± 1.8

Table 5. Constraints on 1-parameter extensions to the base⇤CDM model for combinations of Planck power spectra, Planck lensing,
and external data (BAO+JLA+H0, denoted “ext”). Note that we quote 95 % limits here.

Parameter TT TT+lensing TT+lensing+ext TT,TE,EE TT,TE,EE+lensing TT,TE,EE+lensing+ext

⌦K . . . . . . . . . . . . . . �0.052+0.049
�0.055 �0.005+0.016

�0.017 �0.0001+0.0054
�0.0052 �0.040+0.038

�0.041 �0.004+0.015
�0.015 0.0008+0.0040

�0.0039
⌃m⌫ [eV] . . . . . . . . . . < 0.715 < 0.675 < 0.234 < 0.492 < 0.589 < 0.194
Ne↵ . . . . . . . . . . . . . . 3.13+0.64

�0.63 3.13+0.62
�0.61 3.15+0.41

�0.40 2.99+0.41
�0.39 2.94+0.38

�0.38 3.04+0.33
�0.33

YP . . . . . . . . . . . . . . . 0.252+0.041
�0.042 0.251+0.040

�0.039 0.251+0.035
�0.036 0.250+0.026

�0.027 0.247+0.026
�0.027 0.249+0.025

�0.026
dns/d ln k . . . . . . . . . . �0.008+0.016

�0.016 �0.003+0.015
�0.015 �0.003+0.015

�0.014 �0.006+0.014
�0.014 �0.002+0.013

�0.013 �0.002+0.013
�0.013

r0.002 . . . . . . . . . . . . . < 0.103 < 0.114 < 0.114 < 0.0987 < 0.112 < 0.113
w . . . . . . . . . . . . . . . �1.54+0.62

�0.50 �1.41+0.64
�0.56 �1.006+0.085

�0.091 �1.55+0.58
�0.48 �1.42+0.62

�0.56 �1.019+0.075
�0.080
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Fig. 6. Comparison of the base ⇤CDM model parameter constraints from Planck temperature and polarization data.

and HFI 353 GHz maps as polarized synchrotron and dust tem-
plates, respectively. These cleaned maps form the polarization
part (“lowP’ ) of the low multipole Planck pixel-based likeli-
hood, as described in Planck Collaboration XI (2015). The tem-
perature part of this likelihood is provided by the Commander
component separation algorithm. The Planck low multipole like-
lihood retains 46 % of the sky in polarization and is completely
independent of the WMAP polarization likelihood. In combina-
tion with the Planck high multipole TT likelihood, the Planck
low multipole likelihood gives ⌧ = 0.078 ± 0.019. This con-
straint is somewhat higher than the constraint ⌧ = 0.067 ± 0.022
derived from the Planck low multipole likelihood alone (see
Planck Collaboration XI 2015, and also Sect. 5.1.2).

Following the 2013 analysis, we have used the 2015 HFI
353 GHz polarization maps as a dust template, together with the
WMAP K-band data as a template for polarized synchrotron
emission, to clean the low-resolution WMAP Ka, Q, and V
maps (see Planck Collaboration XI 2015, for further details). For
the purpose of cosmological parameter estimation, this dataset
is masked using the WMAP P06 mask that retains 73 % of
the sky. The noise-weighted combination of the Planck 353-
cleaned WMAP polarization maps yields ⌧ = 0.071 ± 0.013
when combined with the Planck TT information in the range
2  ` <⇠ 2508, consistent with the value of ⌧ obtained from
the LFI 70 GHz polarization maps. In fact, null tests described
in Planck Collaboration XI (2015) demonstrate that the LFI and
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Fig. 27. Samples from the distribution of the dark energy pa-
rameters w0 and wa using Planck TT+lowP+BAO+JLA data,
colour-coded by the value of the Hubble parameter H0. Contours
show the corresponding 68 % and 95 % limits. Dashed grey lines
intersect at the point in parameter space corresponding to a cos-
mological constant.

This constraint is unchanged at the quoted precision if we add
the JLA supernovae data and the H0 prior of Eq. (30).

Figure 26 illustrates these results in the ⌦m–⌦⇤ plane. We
adopt Eq. (50) as our most reliable constraint on spatial curva-
ture. Our Universe appears to be spatially flat to an accuracy of
0.5%.

6.3. Dark energy

The physical explanation for the observed accelerated expansion
of the Universe is currently not known. In standard ⇤CDM the
acceleration is provided by a cosmological constant satisfying an
equation of state w ⌘ pDE/⇢DE = �1. However, there are many
possible alternatives, typically described either in terms of extra
degrees of freedom associated with scalar fields or modifications
of general relativity on cosmological scales (for reviews see e.g.,
Copeland et al. 2006; Tsujikawa 2010). A detailed study of these
models and the constraints imposed by Planck and other data is
presented in a separate paper, Planck Collaboration XIV (2015).

Here we will limit ourselves to the most basic extensions
of ⇤CDM, which can be phenomenologically described in
terms of the equation of state parameter w alone. Specifically
we will use the camb implementation of the “parameterized
post-Friedmann” (PPF) framework of Hu & Sawicki (2007) and
Fang et al. (2008) to test whether there is any evidence that w
varies with time. This framework aims to recover the behaviour
of canonical (i.e., those with a standard kinetic term) scalar field
cosmologies minimally coupled to gravity when w � �1, and
accurately approximates them for values w ⇡ �1. In these mod-
els the speed of sound is equal to the speed of light so that the
clustering of the dark energy inside the horizon is strongly sup-
pressed. The advantage of using the PPF formalism is that it is
possible to study the “phantom domain”, w < �1, including tran-
sitions across the “phantom barrier”, w = �1, which is not pos-
sible for canonical scalar fields.

The CMB temperature data alone does not strongly constrain
w, because of a strong geometrical degeneracy even for spatially-
flat models. From Planck we find

w = �1.54+0.62
�0.50 (95%,Planck TT+lowP), (51)

i.e., almost a 2� shift into the phantom domain. This is partly,
but not entirely, a parameter volume e↵ect, with the average ef-
fective �2 improving by h��2i ⇡ 2 compared to base ⇤CDM.
This is consistent with the preference for a higher lensing am-
plitude discussed in Sect. 5.1.2, improving the fit in the w < �1
region, where the lensing smoothing amplitude becomes slightly
larger. However, the lower limit in Eq. (51) is largely determined
by the (arbitrary) prior H0 < 100 km s�1Mpc�1, chosen for the
Hubble parameter. Much of the posterior volume in the phan-
tom region is associated with extreme values for cosmological
parameters,which are excluded by other astrophysical data. The
mild tension with base ⇤CDM disappears as we add more data
that break the geometrical degeneracy. Adding Planck lensing
and BAO, JLA and H0 (“ext”) gives the 95 % constraints:

w = �1.023+0.091
�0.096 Planck TT+lowP+ext ; (52a)

w = �1.006+0.085
�0.091 Planck TT+lowP+lensing+ext ; (52b)

w = �1.019+0.075
�0.080 Planck TT,TE,EE+lowP+lensing+ext .

(52c)

The addition of Planck lensing, or using the full Planck tem-
perature+polarization likelihood together with the BAO, JLA,
and H0 data does not substantially improve the constraint of
Eq. (52a). All of these data set combinations are compatible with
the base ⇤CDM value of w = �1. In PCP13, we conservatively
quoted w = �1.13+0.24

�0.25, based on combining Planck with BAO,
as our most reliable limit on w. The errors in Eqs. (52a)–(52c) are
substantially smaller, mainly because of the addition of the JLA
SNe data, which o↵er a sensitive probe of the dark energy equa-
tion of state at z <⇠ 1. In PCP13, the addition of the SNLS SNe
data pulled w into the phantom domain at the 2� level, reflecting
the tension between the SNLS sample and the Planck 2013 base
⇤CDM parameters. As noted in Sect. 5.3, this discrepancy is no
longer present, following improved photometric calibrations of
the SNe data in the JLA sample. One consequence of this is the
tightening of the errors in Eqs. (52a)–(52c) around the ⇤CDM
value w = �1 when we combine the JLA sample with Planck.

If w di↵ers from �1, it is likely to change with time. We
consider here the case of a Taylor expansion of w at first order in
the scale factor, parameterized by

w = w0 + (1 � a)wa. (53)

More complex models of dynamical dark energy are discussed
in Planck Collaboration XIV (2015). Figure 27 shows the 2D
marginalized posterior distribution for w0 and wa for the com-
bination Planck+BAO+JLA. The JLA SNe data are again cru-
cial in breaking the geometrical degeneracy at low redshift and
with these data we find no evidence for a departure from the
base ⇤CDM cosmology. The points in Fig. 27 show samples
from these chains colour-coded by the value of H0. From these
MCMC chains, we find H0 = (68.2 ± 1.1) km s�1Mpc�1. Much
higher values of H0 would favour the phantom regime, w < �1.

As pointed out in Sects. 5.5.2 and 5.6 the CFHTLenS weak
lensing data are in tension with the Planck base ⇤CDM parame-
ters. Examples of this tension can be seen in investigations of
dark energy and modified gravity, since some of these mod-
els can modify the growth rate of fluctuations from the base
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Fig. 27. Samples from the distribution of the dark energy pa-
rameters w0 and wa using Planck TT+lowP+BAO+JLA data,
colour-coded by the value of the Hubble parameter H0. Contours
show the corresponding 68 % and 95 % limits. Dashed grey lines
intersect at the point in parameter space corresponding to a cos-
mological constant.

This constraint is unchanged at the quoted precision if we add
the JLA supernovae data and the H0 prior of Eq. (30).

Figure 26 illustrates these results in the ⌦m–⌦⇤ plane. We
adopt Eq. (50) as our most reliable constraint on spatial curva-
ture. Our Universe appears to be spatially flat to an accuracy of
0.5%.

6.3. Dark energy

The physical explanation for the observed accelerated expansion
of the Universe is currently not known. In standard ⇤CDM the
acceleration is provided by a cosmological constant satisfying an
equation of state w ⌘ pDE/⇢DE = �1. However, there are many
possible alternatives, typically described either in terms of extra
degrees of freedom associated with scalar fields or modifications
of general relativity on cosmological scales (for reviews see e.g.,
Copeland et al. 2006; Tsujikawa 2010). A detailed study of these
models and the constraints imposed by Planck and other data is
presented in a separate paper, Planck Collaboration XIV (2015).

Here we will limit ourselves to the most basic extensions
of ⇤CDM, which can be phenomenologically described in
terms of the equation of state parameter w alone. Specifically
we will use the camb implementation of the “parameterized
post-Friedmann” (PPF) framework of Hu & Sawicki (2007) and
Fang et al. (2008) to test whether there is any evidence that w
varies with time. This framework aims to recover the behaviour
of canonical (i.e., those with a standard kinetic term) scalar field
cosmologies minimally coupled to gravity when w � �1, and
accurately approximates them for values w ⇡ �1. In these mod-
els the speed of sound is equal to the speed of light so that the
clustering of the dark energy inside the horizon is strongly sup-
pressed. The advantage of using the PPF formalism is that it is
possible to study the “phantom domain”, w < �1, including tran-
sitions across the “phantom barrier”, w = �1, which is not pos-
sible for canonical scalar fields.

The CMB temperature data alone does not strongly constrain
w, because of a strong geometrical degeneracy even for spatially-
flat models. From Planck we find

w = �1.54+0.62
�0.50 (95%,Planck TT+lowP), (51)

i.e., almost a 2� shift into the phantom domain. This is partly,
but not entirely, a parameter volume e↵ect, with the average ef-
fective �2 improving by h��2i ⇡ 2 compared to base ⇤CDM.
This is consistent with the preference for a higher lensing am-
plitude discussed in Sect. 5.1.2, improving the fit in the w < �1
region, where the lensing smoothing amplitude becomes slightly
larger. However, the lower limit in Eq. (51) is largely determined
by the (arbitrary) prior H0 < 100 km s�1Mpc�1, chosen for the
Hubble parameter. Much of the posterior volume in the phan-
tom region is associated with extreme values for cosmological
parameters,which are excluded by other astrophysical data. The
mild tension with base ⇤CDM disappears as we add more data
that break the geometrical degeneracy. Adding Planck lensing
and BAO, JLA and H0 (“ext”) gives the 95 % constraints:

w = �1.023+0.091
�0.096 Planck TT+lowP+ext ; (52a)

w = �1.006+0.085
�0.091 Planck TT+lowP+lensing+ext ; (52b)

w = �1.019+0.075
�0.080 Planck TT,TE,EE+lowP+lensing+ext .

(52c)

The addition of Planck lensing, or using the full Planck tem-
perature+polarization likelihood together with the BAO, JLA,
and H0 data does not substantially improve the constraint of
Eq. (52a). All of these data set combinations are compatible with
the base ⇤CDM value of w = �1. In PCP13, we conservatively
quoted w = �1.13+0.24

�0.25, based on combining Planck with BAO,
as our most reliable limit on w. The errors in Eqs. (52a)–(52c) are
substantially smaller, mainly because of the addition of the JLA
SNe data, which o↵er a sensitive probe of the dark energy equa-
tion of state at z <⇠ 1. In PCP13, the addition of the SNLS SNe
data pulled w into the phantom domain at the 2� level, reflecting
the tension between the SNLS sample and the Planck 2013 base
⇤CDM parameters. As noted in Sect. 5.3, this discrepancy is no
longer present, following improved photometric calibrations of
the SNe data in the JLA sample. One consequence of this is the
tightening of the errors in Eqs. (52a)–(52c) around the ⇤CDM
value w = �1 when we combine the JLA sample with Planck.

If w di↵ers from �1, it is likely to change with time. We
consider here the case of a Taylor expansion of w at first order in
the scale factor, parameterized by

w = w0 + (1 � a)wa. (53)

More complex models of dynamical dark energy are discussed
in Planck Collaboration XIV (2015). Figure 27 shows the 2D
marginalized posterior distribution for w0 and wa for the com-
bination Planck+BAO+JLA. The JLA SNe data are again cru-
cial in breaking the geometrical degeneracy at low redshift and
with these data we find no evidence for a departure from the
base ⇤CDM cosmology. The points in Fig. 27 show samples
from these chains colour-coded by the value of H0. From these
MCMC chains, we find H0 = (68.2 ± 1.1) km s�1Mpc�1. Much
higher values of H0 would favour the phantom regime, w < �1.

As pointed out in Sects. 5.5.2 and 5.6 the CFHTLenS weak
lensing data are in tension with the Planck base ⇤CDM parame-
ters. Examples of this tension can be seen in investigations of
dark energy and modified gravity, since some of these mod-
els can modify the growth rate of fluctuations from the base
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Fig. 29. Samples from the Planck TT+lowP posterior in theP
m⌫–H0 plane, colour-coded by �8. Higher

P
m⌫ damps

the matter fluctuation amplitude �8, but also decreases H0
(grey bands show the direct measurement H0 = (70.6 ±
3.3) km s�1Mpc�1, Eq. 30). Solid black contours show the con-
straint from Planck TT+lowP+lensing (which mildly prefers
larger masses), and filled contours show the constraints from
Planck TT+lowP+lensing+BAO.

high multipoles produces a relatively small improvement to the
Planck TT+lowP+BAO constraint (and the improvement is even
smaller with the alternative CamSpec likelihood) so we consider
the TT results to be our most reliable constraints.

The constraint of Eq. (54b) is consistent with the 95 % limit
of
P

m⌫ < 0.23 eV reported in PCP13 for Planck+BAO. The
limits are similar because the linear CMB is insensitive to the
mass of neutrinos that are relativistic at recombination. There is
little to be gained from improved measurement of the CMB tem-
perature power spectra, though improved external data can help
to break the geometric degeneracy to higher precision. CMB
lensing can also provide additional information at lower red-
shifts, and future high-resolution CMB polarization measure-
ments that accurately reconstruct the lensing potential can probe
much smaller masses (see e.g. Abazajian et al. 2015b).

As discussed in detail in PCP13 and Sect. 5.1, the Planck
CMB power spectra prefer somewhat more lensing smoothing
than predicted in⇤CDM (allowing the lensing amplitude to vary
gives AL > 1 at just over 2�). The neutrino mass constraint
from the power spectra is therefore quite tight, since increas-
ing the neutrino mass lowers the predicted smoothing even fur-
ther compared to base ⇤CDM. On the other hand the lensing
reconstruction data, which directly probes the lensing power,
prefers lensing amplitudes slightly below (but consistent with)
the base ⇤CDM prediction (Eq. 18). The Planck+lensing con-
straint therefore pulls the constraints slightly away from zero to-
wards higher neutrino masses, as shown in Fig. 30. Although the
posterior has less weight at zero, the lensing data are incompati-
ble with very large neutrino masses so the Planck+lensing 95 %
limit is actually tighter than the Planck TT+lowP result:

X
m⌫ < 0.68 eV (95%,Planck TT+lowP+lensing). (55)
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Fig. 30. Constraints on
P

m⌫ for various data combinations.

Adding the polarization spectra improves this constraint slightly
to
X

m⌫ < 0.59 eV (95%,Planck TT,TE,EE+lowP+lensing).
(56)

We take the combined constraint further including BAO, JLA,
and H0 (“ext”) as our best limit
X

m⌫ < 0.23 eV

⌦⌫h2 < 0.0025

9>>=
>>; 95%, Planck TT+lowP+lensing+ext.

(57)
This is slightly weaker than the constraint from Planck
TT,TE,EE+lowP+lensing+BAO, (which is tighter in both the
CamSpec and Plik likelihoods) but is immune to low level sys-
tematics that might a↵ect the constraints from the Planck polar-
ization spectra. Equation (57) is therefore a conservative limit.
Marginalizing over the range of neutrino masses, the Planck con-
straints on the late-time parameters are23

H0 = 67.7 ± 0.6

�8 = 0.810+0.015
�0.012

9>=
>; Planck TT+lowP+lensing+ext. (58)

For this restricted range of neutrino masses, the impact on the
other cosmological parameters is small and, in particular, low
values of �8 will remain in tension with the parameter space
preferred by Planck.

The constraint of Eq. (57) is weaker than the constraint of
Eq. (54b) excluding lensing, but there is no good reason to disre-
gard the Planck lensing information while retaining other astro-
physical data. The CMB lensing signal probes very-nearly lin-
ear scales and passes many consistency checks over the multi-
pole range used in the Planck lensing likelihood (see Sect. 5.1
and Planck Collaboration XV 2015). The situation with galaxy
weak lensing is rather di↵erent, as discussed in Sect. 5.5.2. In
addition to possible observational systematics, the weak lensing
data probe lower redshifts than CMB lensing, and smaller spa-
tial scales where uncertainties in modelling nonlinearities in the
matter power spectrum and baryonic feedback become impor-
tant (Harnois-Déraps et al. 2014).

23To simplify the displayed equations, H0 is given in units of
km s�1Mpc�1 in this section.
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Fig. 18. Samples in the �8–⌦m plane from the H13 CFHTLenS
data (with angular cuts as discussed in the text), coloured by the
value of the Hubble parameter, compared to the joint constraints
when the lensing data are combined with BAO (blue), and BAO
with the CMB acoustic scale parameter fixed to ✓MC = 1.0408
(green). For comparison the Planck TT+lowP constraint con-
tours are shown in black. The grey band show the constraint from
Planck CMB lensing.

authors argue may be indications of the e↵ects of baryonic feed-
back in suppressing the matter power spectrum at small scales).
The large-scale properties of CFHTLenS therefore seem broadly
consistent with Planck and it is only as CFHTLenS probes
higher wavenumbers, particular in the 2D and tomographic cor-
relation function analyses (Heymans et al. 2013; Kilbinger et al.
2013; Fu et al. 2014; MacCrann et al. 2014), that apparently
strong discrepancies with Planck appear.

The situation is summarized in Fig. 18. The sample points
show parameter values in the �8–⌦m plane for the ⇤CDM base
model, computed from the Heymans et al. (2013, hereafter H13)
tomographic measurements of ⇠±. These data consist of correla-
tion function measurements in six photometric redshift bins ex-
tending over the redshift range 0.2–1.3. We use the blue galaxy
sample, since H13 find that this sample shows no evidence for
intrinsic galaxy alignments (simplifying the comparison with
theory) and we apply the “conservative” cuts of H13, intended
to reduce sensitivity to the nonlinear part of the power spec-
trum; these cuts eliminate measurements with ✓ < 30 for any
redshift combinations involving the lowest two redshift bins.
Here we have used the halofit prescription of Takahashi et al.
(2012) to model the nonlinear power spectrum, but do not in-
clude any model of baryon feedback or intrinsic alignments.
For the lensing-only constraint we also impose additional pri-
ors in a similar way to the CMB lensing analysis described
in Planck Collaboration XV (2015), i.e., Gaussian priors⌦bh2 =
0.0223 ± 0.0009 and ns = 0.96 ± 0.02, where the exact values
(chosen to span reasonable ranges given CMB data) have little
impact on the results. The sample range shown also restricts the
Hubble parameter to 0.2 < h < 1; note that when comparing
with constraint contours, the location of the contours can change
significantly depending on the H0 prior range assumed. Here we
only show lensing contours after the samples have been pro-
jected into the space allowed by the BAO data (blue contours),
or also additionally restricting to the reduced space where ✓MC

is fixed to the Planck value, which is accurately measured. The
black contours show the constraints from Planck TT+lowP.

The lensing samples just overlap with Planck, and super-
ficially one might conclude that the two data sets are con-
sistent. But the weak lensing constraints approximately define
a 1-dimensional degeneracy in the 3-dimensional ⌦m–�8–H0
space, so consistency of the Hubble parameter at each point in
the projected space must also be considered (see appendix E1
of Planck Collaboration XV 2015). Comparing the contours in
Fig. 18 (the regions where the weak lensing constraints are con-
sistent with BAO observations) the CFHTLenS data favour a
lower value of �8 than the Planck data (and much of the area
of the blue contours also has higher ⌦m). However, even with
the conservative angular cuts applied by H13, the weak lens-
ing constraints depend on the nonlinear model of the power
spectrum and on the possible influence of baryonic feedback
in reshaping the matter power spectrum at small spatial scales
(Harnois-Déraps et al. 2014; MacCrann et al. 2014). The impor-
tance of these e↵ects can be reduced by imposing even more
conservative angular cuts on ⇠±, but of course, this weakens the
statistical power of the weak lensing data. The CFHTLenS data
are not used in combination with Planck in this paper (apart
from Sects. 6.3 and 6.4.4) and, in any case, would have little
impact on most of the extended ⇤CDM constraints discussed
in Sect. 6. Weak lensing can, however, provide important con-
straints on dark energy and modified gravity. The CFHTLenS
data are therefore used in combination with Planck in the com-
panion paper (Planck Collaboration XIV 2015) which explores
several halofit prescriptions and the impact of applying more
conservative angular cuts to the H13 measurements.

5.5.3. Planck cluster counts

In 2013 we noted a possible tension between our primary CMB
constraints and those from the Planck SZ cluster counts, with the
clusters preferring lower values of �8 in the base ⇤CDM model
in some analyses (Planck Collaboration XX 2014). The compar-
ison is interesting because the cluster counts directly measure �8
at low redshift; any tension could signal the need for extensions
of the base model, such as non-minimal neutrino mass (though
see Sect. 6.4). However, limited knowledge of the scaling rela-
tion between SZ signal and mass have hampered the interpreta-
tion of this result.

With the full mission data we have created a larger cata-
logue of SZ clusters with a more accurate characterization of
its completeness (Planck Collaboration XXIV 2015). By fitting
the counts in redshift and signal-to-noise, we are able to si-
multaneously constrain the slope of the SZ signal-mass scal-
ing relation and the cosmological parameters. A major uncer-
tainty, however, remains the overall mass calibration, which
in Planck Collaboration XX (2014) we quantified with a bias
parameter, (1 � b), with a fiducial value of 0.8 and a range
0.7 < (1 � b) < 1. In the base ⇤CDM model, the primary
CMB constraints prefer a normalization below the lower end
of this range, (1 � b) ⇡ 0.6. The recent, empirical normaliza-
tion of the relation by the Weighing the Giants lensing program
(WtG; von der Linden et al. 2014) gives 0.69 ± 0.07 for the 22
clusters in common with the Planck cluster sample. This cali-
bration reduces the tension with the primary CMB constraints in
base ⇤CDM. In contrast, correlating the entire Planck 2015 SZ
cosmology sample with Planck CMB lensing gives 1/(1 � b) =
1±0.2 (Planck Collaboration XXIV 2015), toward the upper end
of the range adopted in Planck Collaboration XX (2014) (though
with a large uncertainty). An alternative lensing calibration by
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Fig. 21. Left: Constraints on the tensor-to-scalar ratio r0.002 in the ⇤CDM model, using Planck TT+lowP and Planck
TT+lowP+lensing+BAO+JLA+H0 (red and blue, respectively) assuming negligible running and the inflationary consistency rela-
tion. The result is model-dependent; for example, the grey contours show how the results change if there were additional relativistic
degrees of freedom with �Ne↵ = 0.39 (disfavoured, but not excluded, by Planck). Dotted lines show loci of approximately con-
stant e-folding number N, assuming simple V / (�/mPl)p single-field inflation. Solid lines show the approximate ns–r relation for
quadratic and linear potentials to first order in slow roll; red lines show the approximate allowed range assuming 50 < N < 60 and
a power-law potential for the duration of inflation. The solid black line (corresponding to a linear potential) separates concave and
convex potentials. Right: Equivalent constraints in the ⇤CDM model when adding B-mode polarization results corresponding to the
default configuration of the BICEP2/Keck Array+Planck (BKP) likelihood. These exclude the quadratic potential at a higher level
of significance compared to the Planck-alone constraints.

limited by cosmic variance of the dominant scalar anisotropies,
and it is also model dependent. In polarization, in addition to B-
modes, the EE and T E spectra also contain a signal from tensor
modes coming from reionization and last scattering. However,
in this release the addition of Planck polarization constraints at
` � 30 do not significantly change the results from temperature
and low-` polarization (see Table 5).

Figure 21 shows the 2015 Planck constraint in the ns–r plane,
adding r as a one-parameter extension to base ⇤CDM. Note that
for base ⇤CDM (r = 0), the value of ns is

ns = 0.9655 ± 0.0062, Planck TT+lowP. (38)

We highlight this number here since ns, a key parameter for in-
flationary cosmology, shows one of the largest shifts of any pa-
rameter in base ⇤CDM between the Planck 2013 and Planck
2015 analyses (about 0.7�). As explained in Sect. 3.1, part of
this shift was caused by the ` ⇡ 1800 systematic in the nominal-
mission 217 ⇥ 217 spectrum used in PCP13.

The red contours in Fig. 21 show the constraints from Planck
TT+lowP. These are similar to the constraints shown in Fig. 23
of PCP13, but with ns shifted to slightly higher values. The ad-
dition of BAO or the Planck lensing data to Planck TT+lowP
lowers the value of ⌦ch2, which at fixed ✓⇤ increases the small-
scale CMB power. To maintain the fit to the Planck tempera-
ture power spectrum for models with r = 0, these parameter
shifts are compensated by a change in amplitude As and the tilt
ns (by about 0.4�). The increase in ns to match the observed
power on small scales leads to a decrease in the scalar power
on large scales, allowing room for a slightly larger contribution

from tensor modes. The constraints shown by the blue contours
in Fig. 21, which add Planck lensing, BAO, and other astrophys-
ical data, are therefore tighter in the ns direction and shifted to
slightly higher values, but marginally weaker in the r-direction.
The 95 % limits on r0.002 are

r0.002 < 0.10, Planck TT+lowP, (39a)
r0.002 < 0.11, Planck TT+lowP+lensing+ext, (39b)

consistent with the results reported in PCP13. Note that we as-
sume the second-order slow-roll consistency relation for the ten-
sor spectral index. The result in Eqs. (39a) and (39b) are mildly
scale dependent, with equivalent limits on r0.05 being weaker by
about 5 %.

PCP13 noted a mismatch between the best-fit base ⇤CDM
model and the temperature power spectrum at multipoles ` <⇠ 40,
partly driven by the dip in the multipole range 20 <⇠ ` <⇠ 30. If
this mismatch is simply a statistical fluctuation of the ⇤CDM
model (and there is no compelling evidence to think otherwise),
the strong Planck limit (compared to forecasts) is the result of
chance low levels of scalar mode confusion. On the other hand if
the dip represents a failure of the ⇤CDM model, the 95 % limits
of Eqs. (39a) and (39b) may be underestimates. These issues are
considered at greater length in Planck Collaboration XX (2015)
and will not be discussed further in this paper.

As mentioned above, the Planck temperature constraints on
r are model-dependent and extensions to ⇤CDM can give sig-
nificantly di↵erent results. For example, extra relativistic de-
grees of freedom increase the small-scale damping of the CMB
anisotropies at a fixed angular scale, which can be compensated
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be expressed as the single-plane limit of the weak lensing
shear window function. We therefore have

W
CMB (�(z)) =

3

2

⌦mH2
0

c2

�(z)

a

�(z⇤) � �(z)

�(z⇤)
, (3)

where ⌦m is the fractional matter density today and a is
the scale factor. In our calculations we set z⇤ = 1090.

The power spectra involving CMB temperature
anisotropies can also be related to the primordial den-
sity fluctuations. The expression for the CMB temper-
ature power spectrum is given in Paper I. The observed
CMB temperature anisotropies are further correlated to
tracers of the LSS. For the galaxy overdensity and weak
lensing shear this cross-correlation is mainly due to the

integrated Sachs-Wolfe (ISW) [39] e↵ect and the result-
ing cross-power spectra are given in Paper I. The cross-
correlation between the CMB temperature anisotropies
and the CMB lensing convergence is dominated by the
ISW but receives further contributions from Doppler ef-
fects arising from bulk velocities of electrons scatter-
ing the CMB photons and from the Sunyaev-Zel’dovich
(SZ) [40] e↵ect (for a description of these e↵ects see e.g.
Refs. [41, 42]). The cross-correlation due to the SZ ef-
fect is not observable using the foreground-reduced CMB
temperature anisotropy maps from Ref. [13] but the re-
maining e↵ects are observable. The cross-power spec-
trum between CMB temperature anisotropies and CMB
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fraction of sky fsky = 0.67 and is shown in Fig. 2.

C. Type Ia supernovae

We complement the LSS data with geometrical con-
straints on the homogeneous Universe from the distance-
redshift relation measured from Type Ia supernovae. We
use data from the JLA [7], which is a compilation of 740
SNe Ia comprising data from SDSS-II [27–31], the Su-
pernova Legacy Survey (SNLS) [32, 33], the HST [34, 35]
and several low-redshift experiments [7].4 The JLA data
consist of SNe Ia light curve parameters which can be
used to calculate observed distance moduli.

D. Hubble parameter

We also add a local H0 measurement from HST [8]
to our analysis. We use the Hubble parameter esti-
mate by Ref. [9], which is a revision of the measure-
ment presented in Ref. [8]. Both measurements are de-
rived from Cepheid-calibrated SNe Ia distance moduli
but the former uses a revised distance to the anchor
NGC 4258 [17] to calibrate the Cepheid distances. This
analysis constrains the Hubble parameter to be given by

4
The data can be found at:

http : //supernovae.in2p3.fr/sdss snls jla/ReadMe.html.

H0 = 70.6 ± 3.3 km s�1 Mpc�1, where the uncertainties
are 1� and assumed to be Gaussian.

IV. MODEL PREDICTIONS

The auto- and cross-correlations of the CMB and LSS
cosmological probes can be computed theoretically from
the primordial power spectrum. In order to compute the
power spectra of the cosmological fields �g, � and CMB

we employ the Limber approximation [36–38] as in Paper
I. We further assume a flat cosmological model, i.e. ⌦k =
0. With these approximations the spherical harmonic
power spectrum Cij

` between cosmological probes i, j 2
[�g, �, CMB] at angular multipole ` can be expressed as

Cij
` =

Z
dz

c

H(z)

W i (�(z))W j (�(z))

�2(z)

⇥ P nl
��

✓
k =

` + 1/2

�(z)
, z

◆
, (2)

where H(z) is the Hubble parameter, �(z) the comoving
distance and c denotes the speed of light. Furthermore,
P nl

�� (k, z) denotes the nonlinear matter power spectrum
at redshift z and wave vector k and W i0 (�(z)) is the
window function for probe i0.

The window functions for �g and � are given in Paper
I. Since the CMB lensing convergence is approximately
sourced by a single-lens plane located at the last scat-
tering surface with redshift z⇤ its window function can

Supernovae

JLA
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mate by Ref. [9], which is a revision of the measure-
ment presented in Ref. [8]. Both measurements are de-
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I. We further assume a flat cosmological model, i.e. ⌦k =
0. With these approximations the spherical harmonic
power spectrum Cij

` between cosmological probes i, j 2
[�g, �, CMB] at angular multipole ` can be expressed as

Cij
` =

Z
dz

c

H(z)

W i (�(z))W j (�(z))

�2(z)

⇥ P nl
��

✓
k =

` + 1/2

�(z)
, z

◆
, (2)

where H(z) is the Hubble parameter, �(z) the comoving
distance and c denotes the speed of light. Furthermore,
P nl

�� (k, z) denotes the nonlinear matter power spectrum
at redshift z and wave vector k and W i0 (�(z)) is the
window function for probe i0.

The window functions for �g and � are given in Paper
I. Since the CMB lensing convergence is approximately
sourced by a single-lens plane located at the last scat-
tering surface with redshift z⇤ its window function can

Hubble Constant

Efstathiou 2013
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FIG. 2. New maps used in this analysis in addition to the CMB, galaxy clustering and SDSS weak lensing maps of Paper I.
The full-sky maps are in galactic coordinates and are shown in Mollweide projection while the zoom-in version are in Gnomonic
projection. The CMB lensing convergence map derived from the foreground-removed CMB temperature and polarization
anisotropy maps from SMICA is shown in the top panel. It is masked using the analysis mask provided by the Planck Collabora-
tion. The zoom-in shows an enlarged version of the 5⇥ 5 deg2 region centered on (l, b) = (53°,�33.5°) shown in the map. The
bottom panel shows the map of the weak lensing shear modulus |�̂| derived from DES SV. Gray regions are masked because
they are either unobserved or they do not contain any galaxies at our resolution. The zoom-in shows an enlarged version of
the 5 ⇥ 5 deg2 region centered on (l, b) = (�95°,�40°) shown in the map. It is overlaid with a whisker plot illustrating the
direction of the shear. Both maps are shown at a HEALPix resolution of NSIDE = 1024.

be expressed as the single-plane limit of the weak lensing
shear window function. We therefore have

W
CMB (�(z)) =

3

2

⌦mH2
0

c2

�(z)

a

�(z⇤) � �(z)

�(z⇤)
, (3)

where ⌦m is the fractional matter density today and a is
the scale factor. In our calculations we set z⇤ = 1090.

The power spectra involving CMB temperature
anisotropies can also be related to the primordial den-
sity fluctuations. The expression for the CMB temper-
ature power spectrum is given in Paper I. The observed
CMB temperature anisotropies are further correlated to
tracers of the LSS. For the galaxy overdensity and weak
lensing shear this cross-correlation is mainly due to the

integrated Sachs-Wolfe (ISW) [39] e↵ect and the result-
ing cross-power spectra are given in Paper I. The cross-
correlation between the CMB temperature anisotropies
and the CMB lensing convergence is dominated by the
ISW but receives further contributions from Doppler ef-
fects arising from bulk velocities of electrons scatter-
ing the CMB photons and from the Sunyaev-Zel’dovich
(SZ) [40] e↵ect (for a description of these e↵ects see e.g.
Refs. [41, 42]). The cross-correlation due to the SZ ef-
fect is not observable using the foreground-reduced CMB
temperature anisotropy maps from Ref. [13] but the re-
maining e↵ects are observable. The cross-power spec-
trum between CMB temperature anisotropies and CMB

DES SV
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FIG. 3. Measured auto and cross spherical harmonic power spectra along with background probes for this analysis. Starting
from the top-left corner, the 0, 0-panel shows the CMB temperature anisotropy power spectrum from Planck 2015. The 1, 0-panel
shows the cross-power spectrum between the galaxy overdensity from the SDSS DR8 CMASS sample and the CMB temperature
anisotropies from Planck 2015. The 1, 1-panel shows the galaxy clustering power spectrum from the SDSS DR8 CMASS sample.
The 2, 0-panel shows the cross-power spectrum between the CMB lensing convergence and the CMB temperature anisotropies
from Planck 2015. The 2, 1-panel shows the cross-power spectrum between the CMB lensing convergence from Planck 2015
and the galaxy overdensity from the SDSS DR8 CMASS sample. The 3, 0-panel shows the cross-power spectrum between the
weak lensing shear from SDSS Stripe 82 (�1) and the CMB temperature anisotropies from Planck 2015. The 3, 1-panel shows
the cross-power spectrum between the weak lensing shear from SDSS Stripe 82 and the galaxy overdensity from the SDSS DR8
CMASS sample. The 3, 2-panel shows the cross-power spectrum between the weak lensing shear from SDSS Stripe 82 and the
CMB lensing convergence from Planck 2015. The 3, 3-panel shows the cosmic shear power spectrum from SDSS Stripe 82.
The 4, 0-panel shows the cross-power spectrum between the weak lensing shear from DES SV (�2) and the CMB temperature
anisotropies from Planck 2015. The 4, 2-panel shows the cross-power spectrum between the weak lensing shear from DES SV
and the CMB lensing convergence from Planck 2015. The 4, 4-panel shows the cosmic shear power spectrum from DES SV. The
gray panel in the upper right corner shows the SNe Ia distance moduli from the JLA and the Hubble constant measurement
from Ref. [9].

VI. SYSTEMATICS

Cosmological measurements are generally a↵ected by
systematics. We parametrize these using eight di↵erent
nuisance parameters, which we simultaneously fit with
the cosmological parameters. A summary of these pa-

rameters can be found in Tab. III and they are described
separately for each cosmological probe below.

Power Spectra
Nicola, Refregier & Amara, 2016a,b
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This work (integrated analysis)

Planck Collaboration 2015, TT + lowP

Planck Collaboration 2015, TT, TE, EE + lowP + lensing + ext

FIG. 5. Comparison of the constraints obtained from the integrated analysis from Paper I to the constraints obtained in this
work and the constraints obtained by the Planck collaboration [80] using only CMB data (TT+lowP) or adding external data
(TT,TE,EE+lowP+lensing+ext). The constraints from Paper I are marginalized over b,mSDSS

calib while the constrains from this
work are marginalized over all nuisance parameters given in Tab. III. The Planck constraints are marginalized over all nuisance
parameters. In each case the inner (outer) contour shows the 68% c.l. (95% c.l.).
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Conclusions

‣ Recent progress in cosmology has led to the 
establishment of the LCDM model

‣ This model is successful in fitting current large-scale 
observations but also leaves fundamental questions 
unanswered

‣ A number of high precision experiments are ongoing 
or being planned

‣ Many open problems in theory, observations, data 
analysis and instrumentation


