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Original expectations:
Baryons can now be constructed from quarks by using the

combinations (qqq), (qqqqq), etc., while mesons are made out

of (qq), (qqqq), etc. Murray Gell-Mann, Phys.Lett.8,214(1964)

Many observations:
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S =

∫
L d4x

L = −1

4
FµνFµν + q̄(iγµDµ −mq)q

image: http://lpc-clermont.in2p3.fr/IMG/theorie/LQCD2.jpg

Your supercomputer will do this:〈
H(x)H†(y)

〉
=

1

Z

∫
e−SH(x)H†(y)DUµDψ̄Dψ

↑ ↑
Destroy and create one hadron.
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Since the bottom-quark mass is fixed by tuning the
kinetic mass of theϒ to its physical value [11], the absolute
masses of the bottomonium spectrum are calculated from

mc2 ¼ mexp
ϒ c2 þ ℏc

a
ðEsim − Esim

ϒ Þ: ð18Þ

Using the lattice spacing scale given in Ref. [23], the
masses of the 2S, 1P, 2P and 1D bottomonia are all
systematically smaller than the experimental values by a
significant amount, as shown in Table IV. However, ratios
of differences having the 1S mass subtracted from the 2S,
1P and 1D masses agree with experiment, which suggests
using the bottomonium spectrum to set the scale. A new
lattice spacing is defined using the spin-averaged 1P − 1S
mass splitting

a1P−1S ¼ ℏc
ðE1P − E1SÞsim

ðm1Pc
2 −m1Sc

2Þexp
¼ 0.0872ð3Þ fm; ð19Þ

which is 4.0% smaller than the PACS-CS value from
Eq. (14). Reference [24] noted that other methods find a
lattice spacing that is up to 4.4% larger than the PACS-CS
value for this ensemble.
The lattice spacing reported in Ref. [23] was obtained

from the light quark hadron spectrum, which is less relevant
for the case of bottomonium. Therefore, we use Eq. (19) to
set the scale for the bottomonium spectrum. Even after
using the scale from Eq. (19), the 2P masses remain
systematically smaller than experiment. This cannot be
due to contamination from higher excited states because
that would cause the 2P masses to be larger, not smaller.
Applying radiative corrections or nonperturbative tunings
to the NRQCD coefficients ci and including higher-order
terms in the bottomonium velocity are possible ways to
remove this discrepancy. In principle, the bottom-quark
mass should also be retuned using this new lattice spacing.
At present, we simply note that setting the scale with
physics relevant to the bottom quark increases the accuracy
of the bottomonium spectrum.
The entire bottomonium spectrum below the BB̄ thresh-

old [with the exception of the 3P states, where the

experimental value of χb1ð3PÞ is just below the BB̄
threshold [30]] is shown in Fig. 5, as extracted using
chi-squared fits of free-form smeared correlation functions.
For spin-2 and spin-3 states, where results for more than
one lattice irreducible representation Λ were calculated, the
dimensional average of the simulation energies,

Edim ¼
P

ΛdimðΛÞEΛP
ΛdimðΛÞ

; ð20Þ

is our reported value for the mass. The grey bands show a
combination of the statistical errors and a 4.0% systematic
uncertainty in the lattice spacing, which come from
discrepancies in the determination of the lattice spacing.
Our work provides the first lattice result for the bottomo-
nium D-wave radial excitations in all channels.
Precise spin splittings were obtained for 1S, 2S, 1P, 2P

and 1D bottomonia, shown in Table V. The spin splittings
in Table V agree well with experiment, except for the
χb0ð1PÞ which is larger. This discrepancy with the BABAR
results [31] is more evident in the spin-dependent splittings

− 2χb0ð1PÞ þ 3χb1ð1PÞ − χb2ð1PÞ

¼
!
34.5ð9Þ MeV this work

46.0ð1.9Þ MeV BABAR
ð21Þ

− 2χb0ð1PÞ − 3χb1ð1PÞ þ 5χb2ð1PÞ

¼
!
157ð4Þ MeV this work

160.0ð2.2Þ MeV BABAR
ð22Þ

where, at tree level, the former is proportional to the
NRQCD parameter c24 while the latter is proportional to
c3. For χb2ð1PÞ in Eqs. (21) and (22) the dimensional
average of the E and T2 lattice irreducible representations is
used. Since our simulations only use tree-level coefficients

TABLE IV. Bottomonium mass splittings for 1P, 2S, 13D2 and
2P with respect to 1S, where a bar represents the spin average.
Results using two different lattice spacing definitions are shown:
Eq. (14) and Eq. (19). The value for 3D2 is the dimensional
average of the E and T2 lattice representations.

m −m1S ½MeV=c2&

Lattice using
aPACS-CS

Lattice using
a1P−1S

Experiment
[29]

1P 437(6) 455.0(9) 455.0(9)
2S 547(10) 569(6) 572.5(1.3)
13D2 688(10) 715(3) 719.0(1.7)
2P 743(15) 773(11) 815.4(9)
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FIG. 5 (color online). Mass spectrum of bottomonium. Red
bands are experimental values. Black points with errors bars are
lattice data with statistical errors only. Grey bands are the
statistical error and lattice spacing uncertainty, added in quad-
rature. Numerical values are given in Table VII.

FREE-FORM SMEARING FOR BOTTOMONIUM AND B … PHYSICAL REVIEW D 92, 054504 (2015)

054504-7

Wurtz,Lewis,Woloshyn Phys.Rev.D92,054504 (2015)
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Figure 16. Charmonium spectrum up to around 4.5 GeV showing only JPC channels in which we

identify candidates for hybrid mesons. Red (dark blue) boxes are states suggested to be members

of the lightest (first excited) hybrid supermultiplet as described in the text and green boxes are

other states, all calculated on the 243 volume. As in figure 14, black lines are experimental values

and the dashed lines indicate the lowest non-interacting DD̄ and DsD̄s levels.

The observation that there are four hybrid candidates nearly degenerate with JPC =

(0, 1, 2)�+, 1��, coloured red in figure 16, is interesting. This is the pattern of states

predicted to form the lightest hybrid supermultiplet in the bag model [38, 39] and the

P-wave quasiparticle gluon approach [40], or more generally where a quark-antiquark pair

in S-wave is coupled to a 1+� chromomagnetic gluonic excitation as shown table 5. This

is not the pattern expected in the flux-tube model [41] or with an S-wave quasigluon. In

addition, the observation of two 2+� states, with one only slightly heavier than the other,

appears to rule out the flux-tube model which does not predict two such states so close

in mass. The pattern of JPC of the lightest hybrids is the same as that observed in light

meson sector [11, 31]. They appear at a mass scale of 1.2 � 1.3 GeV above the lightest

conventional charmonia. This suggests that the energy di↵erence between the first gluonic

excitation and the ground state in charmonium is comparable to that in the light meson [31]

and baryon [15] sectors.

To explore this hypothesis of a lightest hybrid multiplet further, we follow ref. [31] and

consider in more detail operator-state overlaps. The operators (⇢NR ⇥ D
[2]
J=1)

J=0,1,2 with

JPC = (0, 1, 2)�+ and (⇡NR ⇥D
[2]
J=1)

J=1 with JPC = 1�� are discussed in that reference.

These operators have the structure of colour-octet quark-antiquark pair in S-wave with

S = 1 (⇢NR) or S = 0 (⇡NR), coupled to a non-trivial chromomagnetic gluonic field with

J
PgCg
g = 1+� where Jg, Pg and Cg refer to the quantum numbers of gluonic excitation.

Figure 17 shows that the four states suggested to form the lightest hybrid supermultiplet

have considerable overlap onto operators with this structure.

For states within a given supermultiplet, it is expected that the Z-values for each of

these operators, projected into the relevant lattice irreps, will be similar as discussed above.

The relevant overlaps presented in figure 17 suggest that the four hybrid candidates have

– 25 –

black = experiment
green = mesons from lattice
red,blue = hybrids from lattice Hadron Spectrum Collaboration, JHEP 07,126 (2012)
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difficulties: X(3872) is an excited state.
X(3872) is very near a threshold.
X(3872) is surrounded by many states.
cc̄ annihilation is too expensive.
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basis (without OMM

17 ), (ii) optimized basis without c̄c operators
(and without OMM

17 ) and (iii) basis with only c̄c operators. Note
that the candidate for Xð3872Þ disappears when removing c̄c
operators although diquark-antidiquark operators are present in
the basis, while it is not clear to infer on the dominant nature of
this state just from the third panel. The OMM

17 ¼ χc1ð0Þσð0Þ is
excluded from the basis to achieve better signals and clear
comparison.

Xð3872Þ AND Yð4140Þ USING DIQUARK- … PHYSICAL REVIEW D 92, 034501 (2015)
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basis (without OMM

17 ), (ii) optimized basis without c̄c operators
(and without OMM

17 ) and (iii) basis with only c̄c operators. Note
that the candidate for Xð3872Þ disappears when removing c̄c
operators although diquark-antidiquark operators are present in
the basis, while it is not clear to infer on the dominant nature of
this state just from the third panel. The OMM

17 ¼ χc1ð0Þσð0Þ is
excluded from the basis to achieve better signals and clear
comparison.

Xð3872Þ AND Yð4140Þ USING DIQUARK- … PHYSICAL REVIEW D 92, 034501 (2015)

034501-7

Padmanath,Lang,Prelovsek Phys.Rev.D92,034501 (2015)
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difficulties: X(3872) is an excited state. ⇒ Find a ground state exotic.
X(3872) is very near a threshold. ⇒ Use good diquarks.
X(3872) is surrounded by many states. ⇒ good diquarks.
cc̄ annihilation is too expensive. ⇒ Use c̄c̄ or b̄b̄.

Here is a clue from experiment:

randy.lewis@yorku.ca 5/19

light diquarks prefer spin zero
The ud diquark binds more strongly in spin 0 (⇤) than spin 1 (⌃).

uds udc udb
baryon quark content
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Is there a deeply bound udb̄b̄ tetraquark?
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• Our udb̄b̄ tetraquark operator should be symmetric in both color and
flavor, like the ud in a Λ baryon.

O(x) = uTa (x)Cγ5db(x)b̄a(x)Cγib̄
T
b (x)

This operator has I = 0 and P = +. The ground state is spin 1.

• The lightest two-meson state with I(JP ) = 0(1+) is

P (x) = b̄a(x)γ5ua(x)b̄b(x)γidb(x)− b̄a(x)γ5da(x)b̄b(x)γiub(x)

• Our lattice study allows for mixing between the two operators.

Francis,Hudspith,Lewis,Maltman,Phys.Rev.Lett.118,142001(2017)
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mπ ≈415 MeV mπ ≈299 MeV mπ ≈164 MeV

4

FIG. 1. udb̄b̄ (top panel) and `sb̄b̄ (bottom panel) tetraquark
e↵ective binding energies. Red circles (blue squares) repre-
sent the bindings relative to the BB⇤ (BsB

⇤) threshold of
the first and second GEVP eigenvalues, respectively. Red
bands denote the final fit results. Grey dashes and grey
crosses indicate the bindings obtained from the correspon-
ding diquark-diquark and meson-meson single-operator anal-
yses. Left panels: EH (m⇡L ' 6.1, m⇡ ' 415 MeV). Cen-
ter: EM (m⇡L ' 4.4, m⇡ ' 299 MeV). Right: EL (m⇡L '
2.4, m⇡ ' 164 MeV).

single-operator diquark-antidiquark (grey dashes) and
meson-meson (grey crosses) analyses are also included.
The results show that both operators couple well to the
ground state. We also see, as t/a increases, the second
GEVP eigenvalue approach the relevant two-meson PV
threshold in both channels, strongly supporting an inter-
pretation of the corresponding ground states as genuine
tetraquarks 6.

6 In addition, we estimated the e↵ect of a possible attractive
meson-meson interaction for a hypothetical BB-system using

FIG. 2. Chiral extrapolations of the udb̄b̄ and `sb̄b̄ binding
energies. Red lines and points show the extrapolations using
all three ensembles, the blue points those using EH and EM .

Ensemble �Eudb̄b̄[MeV] �E`sb̄b̄[MeV]

EH -139(5) -81(8)

EM -163(8) -94(9)

EL -190(12) -96(7)

Phys -189(10)(3) -98(7)(3)

TABLE II. Ensemble and extrapolated physical-point (Phys)
udb̄b̄ and `sb̄b̄ binding energies from fitting all ensembles. Er-
rors for the individual ensembles are statistical. For the ex-
trapolated physical point entries, the first error is statistical
and the second the systematic error estimated as described in
the text.

To estimate the binding energy we perform a single ex-
ponential fit, Eq. 8, to the first eigenvalue �(t) and accept
those that satisfy �2/d.o.f. ⇠ 1. In case of an increasing
exponential in time, which would indicate a state below
threshold, the quality of �2/d.o.f. diminishes as more
noise dominated points are added at long distances. We
observe this e↵ect and, in order to give conservative esti-
mates, for our final results we choose the longest fit range
with �2/d.o.f. ' 1 in t/a; these are 7 ! 19 and 12 ! 25
for the udb̄b̄ and `sb̄b̄ channels, respectively.

We use a linear extrapolation in m2
⇡ to determine our

physical point tetraquark bindings 7. As the ensemble
EL has a small m⇡L, we estimate our finite volume and
chiral extrapolation systematic by performing two such
extrapolations, one using only EH and EM and the other
using all three ensembles, taking half the di↵erence of the
resulting central values as our systematic error. These
extrapolations are shown in Fig. 2, with the filled red
symbols giving the physical point results for the three-
ensemble fits and the open blue symbols the correspon-

the finite volume relations of [23] and find it to be at the
�E ⇡ �10MeV level for both the ground and threshold ener-
gies.

7 This is the leading order chiral behavior when the strange quark
masses on all ensembles have been tuned to the physical value
[24], as was done here.

Francis,Hudspith,Lewis,Maltman,Phys.Rev.Lett.118,142001(2017)

B∗B meson pair

Jp=1+ tetraquark
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mπ ≈415 MeV mπ ≈299 MeV mπ ≈164 MeV

4

FIG. 1. udb̄b̄ (top panel) and `sb̄b̄ (bottom panel) tetraquark
e↵ective binding energies. Red circles (blue squares) repre-
sent the bindings relative to the BB⇤ (BsB

⇤) threshold of
the first and second GEVP eigenvalues, respectively. Red
bands denote the final fit results. Grey dashes and grey
crosses indicate the bindings obtained from the correspon-
ding diquark-diquark and meson-meson single-operator anal-
yses. Left panels: EH (m⇡L ' 6.1, m⇡ ' 415 MeV). Cen-
ter: EM (m⇡L ' 4.4, m⇡ ' 299 MeV). Right: EL (m⇡L '
2.4, m⇡ ' 164 MeV).

single-operator diquark-antidiquark (grey dashes) and
meson-meson (grey crosses) analyses are also included.
The results show that both operators couple well to the
ground state. We also see, as t/a increases, the second
GEVP eigenvalue approach the relevant two-meson PV
threshold in both channels, strongly supporting an inter-
pretation of the corresponding ground states as genuine
tetraquarks 6.

6 In addition, we estimated the e↵ect of a possible attractive
meson-meson interaction for a hypothetical BB-system using

FIG. 2. Chiral extrapolations of the udb̄b̄ and `sb̄b̄ binding
energies. Red lines and points show the extrapolations using
all three ensembles, the blue points those using EH and EM .

Ensemble �Eudb̄b̄[MeV] �E`sb̄b̄[MeV]

EH -139(5) -81(8)

EM -163(8) -94(9)

EL -190(12) -96(7)

Phys -189(10)(3) -98(7)(3)

TABLE II. Ensemble and extrapolated physical-point (Phys)
udb̄b̄ and `sb̄b̄ binding energies from fitting all ensembles. Er-
rors for the individual ensembles are statistical. For the ex-
trapolated physical point entries, the first error is statistical
and the second the systematic error estimated as described in
the text.

To estimate the binding energy we perform a single ex-
ponential fit, Eq. 8, to the first eigenvalue �(t) and accept
those that satisfy �2/d.o.f. ⇠ 1. In case of an increasing
exponential in time, which would indicate a state below
threshold, the quality of �2/d.o.f. diminishes as more
noise dominated points are added at long distances. We
observe this e↵ect and, in order to give conservative esti-
mates, for our final results we choose the longest fit range
with �2/d.o.f. ' 1 in t/a; these are 7 ! 19 and 12 ! 25
for the udb̄b̄ and `sb̄b̄ channels, respectively.

We use a linear extrapolation in m2
⇡ to determine our

physical point tetraquark bindings 7. As the ensemble
EL has a small m⇡L, we estimate our finite volume and
chiral extrapolation systematic by performing two such
extrapolations, one using only EH and EM and the other
using all three ensembles, taking half the di↵erence of the
resulting central values as our systematic error. These
extrapolations are shown in Fig. 2, with the filled red
symbols giving the physical point results for the three-
ensemble fits and the open blue symbols the correspon-

the finite volume relations of [23] and find it to be at the
�E ⇡ �10MeV level for both the ground and threshold ener-
gies.

7 This is the leading order chiral behavior when the strange quark
masses on all ensembles have been tuned to the physical value
[24], as was done here.

Francis,Hudspith,Lewis,Maltman,Phys.Rev.Lett.118,142001(2017)

B∗Bs meson pair

Jp=1+ tetraquark
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Francis,Hudspith,Lewis,Maltman,Phys.Rev.Lett.118,142001(2017)
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Previous lattice studies of udc̄c̄withmπ>400 MeV found no tetraquark.
Ikeda et al, PLB729,85(2014)
Guerrieri at al, PoS LATTICE2014 (2915) 106

IMPLICATION: Our results rely on the large b̄ mass and light u,d.

Previous lattice calculations of the potential between static b̄b̄ quarks
were fit to a phenomenological form. This gave a smaller non-zero
binding for the udb̄b̄ tetraquark. Brown,Orginos,PRD86,114503(2007)

Bicudo,Cichy,Peters,Wagner,PRD93,034501(2016)

IMPLICATION: Our results rely on using a direct lattice calculation.

Francis,Hudspith,Lewis,Maltman,Phys.Rev.Lett.118,142001(2017)
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Good news: No strong decays and no electromagnetic decays.
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• Since 2003, more than two dozen exotics have been discovered.
Their inner structure is not clear. . . molecules?

diquarks?
hadroquarkonium?
hybrids?
rescattering?

Standard view: No single idea can explain all of the known exotics.

• Lattice QCD is the direct computational method for theory.
Our results indicate deeply bound udb̄b̄ and `sb̄b̄ tetraquarks.
These would be true tetraquarks, not molecules nor threshold effects.

randy.lewis@yorku.ca


