
Theory Calculations of/for the W Boson Mass

Sven Heinemeyer, IFT/IFCA (CSIC, Madrid/Santander)

Mainz, 02/2017

1. Introduction: Electroweak Precision Observables

2. Status and future of MW in the SM

3. MW in the MSSM

4. What precision do we want?

5. Conclusions

Sven Heinemeyer – W Boson Mass workshop, University of Mainz, 10.02.2017 1



1. Introduction

Experimental situation:

LHC/ILC/FCC-ee/CEPC/. . . will provide (high!) accuracy measurements!

Theory situation:

− Measurements are performed using theory predictions

− measured observables have to be compared with theoretical predictions

(in various models: SM, MSSM, . . . )

Full uncertainty is given by the (linear) sum of

experimental and theoretical uncertainties!
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My background: FCC-ee physics WG2 – Precision EW Calculations

⇒ Write-up as CDR contribution (only SM covered so far)

⇒ Many “theory numbers” are collider independent . . .

⇒ Here: SM numbers are based on this write-up

additional MSSM numbers as show-case
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Where we need theory prediction:

1. Prediction of the measured quantity

Example: MW

→ at the same level or better as the experimental precision

2. Prediction of the measured process to extract the quantity

Example: pp → W+W− → 4f ⇒ see Stefan’s talk

→ better than then “pure” experimental precision
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Where we need theory prediction:

1. Prediction of the measured quantity

Example: MW

→ at the same level or better as the experimental precision

2. Prediction of the measured process to extract the quantity

Example: pp → W+W− → 4f ⇒ see Stefan’s talk

→ better than then “pure” experimental precision

Two types of theory uncertainties:

1. intrinsic: missing higher orders

2. parametric: uncertainty due to exp. uncertainty in SM input parameters

Example: mt, mb, αs, ∆αhad, . . .
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Combining uncertainties:

1. LHC/ILC/FCC-ee/CEPC/. . . (pure) experimental

(anticipated) precision

2. Intrinsic uncertainties

3. Parametric uncertainties

→ taking into account the improved precision of SM paramters

from LHC measurements

Total uncertainty:

total =

√

experimental2 +parametric2 + intrinsic
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Options for the evaluation of intrinsic uncertainties:

1. Determine all prefactors of a certain diagram class (couplings, group

factors, multiplicities, mass ratios) and assume the loop is O (1)

2. Take the known contribution at n-loop and (n− 1)-loop and thus esti-

mate the n+1-loop contribution:

(n+1)(estimated)

n(known)
≈

n(known)

(n− 1)(known)

⇒ simplified example! Has to be done

“coupling constant by coupling constant”

3. Variation of µMS (QCD!, EW?)

4. Compare different renormalizations

⇒ Mostly used here: 1 & 2
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Electroweak Precision Observables

Comparison of observables with theory:

Precision data: Theory:

MW , sin2 θeff , aµ, Mh ↔ SM, MSSM , . . .

⇓

Test of theory at quantum level: Sensitivity to loop corrections, e.g. X

X

⇓

SM: limits on MH, BSM: limits on MX

Very high accuracy of measurements and theoretical predictions needed

⇒ only models “ready” so far: SM, MSSM
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The EWPO:

MW (best from e+e− threshold scan)

σ0had =
∑

q
σq(M

2
Z),

ΓZ =
∑

f

Γ[Z → ff̄ ], (from a fit to σf(s) at various values of s)

Rℓ =
[

∑

q σq(M
2
Z)

]

/σℓ(M
2
Z), (ℓ = e, µ, τ)

Rq = σq(M
2
Z)/

[

∑

q σq(M
2
Z)

]

, (q = b, c)

A
f
FB =

σf(θ < π
2)− σf(θ > π

2)

σf(θ < π
2) + σf(θ > π

2)
≡ 3

4AeAf ,

A
f
LR =

σf(Pe < 0)− σf(Pe > 0)

σf(Pe < 0) + σf(Pe > 0)
≡ Ae|Pe|

Af = 2
gVf/gAf

1 + (gVf/gAf
)2

=
1− 4|Qf | sin

2 θ
f
eff

1− 4|Qf | sin
2 θ

f
eff +8(|Qf | sin

2 θ
f
eff)

2
(f = ℓ, b, . . .)
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2. Status and future of MW in the SM

Existing higher-order corrections to the EWPO [taken from A. Freitas ’16]
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Current intrinsic uncertainties:

Quantity current experimental unc. current intrinsic unc.

MW [MeV] 15 4 (α3, α2αs)

sin2 θℓeff [10−5] 16 4.5 (α3, α2αs)

ΓZ [MeV] 2.3 0.5 (α2
bos, α

3, α2αs, αα2
s)

Rb [10−5] 66 15 (α2
bos, α

3, α2αs)

Rl [10
−3] 25 5 (α2

bos, α
3, α2αs)
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Current intrinsic uncertainties:

Quantity current experimental unc. current intrinsic unc.

MW [MeV] 15 4 (α3, α2αs)

sin2 θℓeff [10−5] 16 4.5 (α3, α2αs)

ΓZ [MeV] 2.3 0.5 (α2
bos, α

3, α2αs, αα2
s)

Rb [10−5] 66 15 (α2
bos, α

3, α2αs)

Rl [10
−3] 25 5 (α2

bos, α
3, α2αs)

Current parametric uncertainties:

Quantity δmt = 0.9 GeV δ(∆αhad) = 10−4 δMZ = 2.1 MeV

δMpara
W [MeV] 5.5 2 2.5

δ sin2 θ
ℓ,para
eff [10−5] 3.0 3.6 1.4
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Current intrinsic uncertainties:

Quantity current experimental unc. current intrinsic unc.

MW [MeV] 15 4 (α3, α2αs)

sin2 θℓeff [10−5] 16 4.5 (α3, α2αs)

ΓZ [MeV] 2.3 0.5 (α2
bos, α

3, α2αs, αα2
s)

Rb [10−5] 66 15 (α2
bos, α

3, α2αs)

Rl [10
−3] 25 5 (α2

bos, α
3, α2αs)

Current parametric uncertainties:

Quantity δmt = 0.9 GeV δ(∆αhad) = 10−4 δMZ = 2.1 MeV

δMpara
W [MeV] 5.5 2 2.5

δ sin2 θ
ℓ,para
eff [10−5] 3.0 3.6 1.4

⇒ Current intrinsic/parametric uncertainties are substantially smaller

than current experimental uncertainties :-)
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Our future estimates:

− assume to go substantially beyond what is known now

− assume that many theorists will put many2 hours of work into it

in the next O (20) years (motivation?)

− do not assume that magically new calculational methods are invented

− are overall optimistic

⇒ they should be taken seriously!

Saying “Ah, theorists will have to work a bit harder and solve this”

is not a realistic option!
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Future intrinsic uncertainties:

Quantity Current intrinsic unc. Projected unc.

MW [MeV] 4 (α3, α2αs) 1

sin2 θℓeff [10−5] 4.5 (α3, α2αs) 1.5

ΓZ [MeV] 0.5 (α2
bos, α

3, α2αs, αα2
s) 0.2

Rb [10−5] 15 (α2
bos, α

3, α2αs) 7

Rl [10
−3] 5 (α2

bos, α
3, α2αs) 1.5

These calculations are required for the projection:

− complete O
(

αα2
s

)

corrections

− fermionic O
(

α2αs

)

corrections

− double-fermionic O
(

α3
)

corrections

− leading four-loop corrections enhanced by the top Yukawa coupling

− the O
(

α2
bos

)

corrections are not the leading uncertainties now

For these calculations, qualitatively new developments of existing loop

integration techniques will be required, but no conceptual paradigm shift.
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Parametric uncertainties:

1. MH: ∼ 100 MeV ⇒ negligible

2. MZ: ∼ 2.1 MeV ⇐ e+e− improvement important?!

3. αs(MZ): better than ∼ 0.001 ⇒ negligible??

⇐ e+e− improvement important?!

4. mt: maybe down to ∼ 0.5 GeV at the LHC

⇐ e+e− improvement important?!

5. mb: from lattice calculations ⇒ negligible

δmb ∼ 10 MeV (still under discussion, too optimistic?)

6. ∆αhad: BES III and Belle II: δ(∆αhad) ∼ 5× 10−5

Sven Heinemeyer – W Boson Mass workshop, University of Mainz, 10.02.2017 13



Summary of future parametric uncertainties:

δmt = 0.5 GeV, δ(∆αhad) = 5× 10−5, δMZ = 2.1 MeV

Quantity δmt δ(∆αhad) δMZ total parametric

δMpara
W [MeV] 3.0 1 2.5 4

δ sin2 θ
ℓ,para
eff [10−5] 1.7 1.8 1.4 2.8

total =

√

experimental2 +parametric2 + intrinsic

⇒ parametric uncertainties of the same order as experimental accuracy

⇒ not negligible
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One word of caution:

The above numbers have all been obtained assuming the SM as

calculational framework.

The SM constitutes the model in which highest theoretical precision for

the predictions of EWPO can be obtained.

We know that BSM physics must exist! (DM, gravity, . . . )

As soon as BSM physics will be discovered, an evaluation of the EWPO in

any preferred BSM model will be necessary.

The corresponding theory uncertainties, both intrinsic and parametric, can

then be larger (as known for the MSSM).

A dedicated theory effort (beyond the SM) would be needed in this case.
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3. MW in the MSSM

Superpartners for Standard Model particles
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Differences between the MSSM and the SM:

1.) New contributions from SUSY particles:

SM MSSM

V V

t,b

V V

t̃,̃b

2.) CPV effects via new complex phases

3.) large Yukawa corrections: ∼ m4
t log

(

mt̃1
mt̃2

m2
t

)

4.) large corrections from the b/̃b sector for large tanβ

5.) non-decoupling SUSY effects: ∼ log
MSUSY
MW
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Corrections to MW , sin2 θeff → approximation via the ρ-parameter:

ρ measures the relative strength between

neutral current interaction and charged current interaction

ρ =
1

1−∆ρ
∆ρ =

ΣZ(0)

M2
Z

−
ΣW (0)

M2
W

(leading, process independent terms)

∆ρ gives the main contribution to EW observables:

∆MW ≈
MW

2

c2W
c2W − s2W

∆ρ, ∆sin2 θeffW ≈ −
c2Ws2W

c2W − s2W
∆ρ

V V

t,b

V V

t̃,̃b

∆ρSUSY from t̃/̃b loops > 0 ⇒ MSUSY
W

>
∼ MSM

W
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∆ρSUSY from t̃/̃b loops > 0 ⇒ MSUSY
W

>
∼ MSM

W

SM result for MW :

− full one-loop

− full two-loop

− leading 3-loop via ∆ρ

− leading 4-loop via ∆ρ

Best MSSM result for MW : [S.H., W. Hollik, G. Weiglein, L. Zeune ’13 ]

− full SM result (via fit formel)

− full MSSM one-loop (incl. complex phases)

− all existing two-loop ∆ρ contributions

⇒ non-∆ρ one-loop and ∆ρ two-loop contributions

sometimes non-negligible!
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Example: Prediction for MW in the SM and the MSSM :

[S.H., W. Hollik, D. Stockinger, G. Weiglein, L. Zeune ’13]

168 170 172 174 176 178
mt [GeV]

80.30

80.40

80.50

80.60

M
W

 [G
eV

]

MSSM

MH = 125.6 ± 0.7 GeVSM

Mh = 125.6 ± 3.1 GeV

MSSM

SM, MSSM
Heinemeyer, Hollik, Stockinger, Weiglein, Zeune ’13

MSSM band:

scan over

SUSY masses

overlap:

SM is MSSM-like

MSSM is SM-like

SM band:

variation of MSM
H
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Example: Prediction for MW in the SM and the MSSM :

[S.H., W. Hollik, D. Stockinger, G. Weiglein, L. Zeune ’13]

168 170 172 174 176 178
mt [GeV]

80.30

80.40

80.50

80.60

M
W

 [G
eV

]

MSSM

MH = 125.6 ± 0.7 GeVSM

Mh = 125.6 ± 3.1 GeV

MSSM

SM, MSSM
Heinemeyer, Hollik, Stockinger, Weiglein, Zeune ’12

experimental errors 68% CL:

LEP2/Tevatron: today

MSSM band:

scan over

SUSY masses

overlap:

SM is MSSM-like

MSSM is SM-like

SM band:

variation of MSM
H
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4. Which MW precision do we want?

Test of the SM: [LEPEWWG ’12]

0

1

2

3

4

5

6

10040 200

mH [GeV]

∆χ
2

LEP
excluded

LHC
excluded

∆αhad =∆α(5)

0.02750±0.00033

0.02749±0.00010

incl. low Q2 data

Theory uncertainty
March 2012 mLimit = 152 GeV

⇒ ILC precision becomes interesting . . .

⇒ more interesting: see effects of new physics!
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Example MSSM scenario (I): [S.H., G. Weiglein, L. Zeune ’13]

⇒ extensive parameter scan:

Parameter Minimum Maximum

µ -2000 2000

MẼ1,2,3
= ML̃1,2,3

100 2000

MQ̃1,2
= MŨ1,2

= MD̃1,2
500 2000

MQ̃3
100 2000

MŨ3
100 2000

MD̃3
100 2000

Ae = Aµ = Aτ -3MẼ 3MẼ

Au = Ad = Ac = As -3MQ̃12
3MQ̃12

Ab -3max(MQ̃3
,MD̃3

) 3max(MQ̃3
,MD̃3

)

At -3max(MQ̃3
,MŨ3

) 3max(MQ̃3
,MŨ3

)

tan β 1 60

M3 500 2000

MA 90 1000

M2 100 1000
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Example MSSM scenario (I): effects of EW particles

168 170 172 174 176 178
mt [GeV]

80.30

80.40

80.50

80.60

M
W

 [G
eV

]

MH = 125.6 ± 0.7 GeVSM

MSSM

HiggsBounds

allowed

MSSM, HB allowed

SM, MSSM
Heinemeyer, Hollik, Stockinger, Weiglein, Zeune ’13

experimental errors 68% CL:

LEP2/Tevatron: today

mchar
200
150
100 95

ML
500
200
150

100

90
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Example MSSM scenario (I): effects of EW particles

171 172 173 174 175 176 177 178
mt [GeV]

80.35

80.40

80.45

80.50

M
W

 [G
eV

]

Heinemeyer, Hollik, Stockinger, Weiglein, Zeune ’13

experimental errors 68% CL:

LEP2/Tevatron: today

mchar
200

150

100
95

ML
500

200

150

100

90
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Effects of stops: [S.H., G. Weiglein, L. Zeune ’13]

All points HiggsBounds allowed
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Effects of stops: [S.H., G. Weiglein, L. Zeune ’13]

. . .⊕ mq̃1,2,mg̃ > 1200 GeV
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Effects of stops: [S.H., G. Weiglein, L. Zeune ’13]

. . .⊕ mb̃i
> 500 GeV
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Effects of stops: [S.H., G. Weiglein, L. Zeune ’13]

. . .⊕ ml̃,mχ̃±
i
,mχ̃0

j
> 500 GeV
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Example MSSM scenario (II): [S.H., G. Weiglein, L. Zeune ’15]

mt̃1
= 400± 40 GeV, Other masses >

∼ 500 GeV

Mexp
W = 80.375± 0.005 GeV,80.385± 0.005 GeV,80.395± 0.005 GeV

⇒ precision below 5 MeV required, the better the better!
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Example MSSM cenario (II): [S.H., G. Weiglein, L. Zeune ’15]

mt̃1
= 400± 40 GeV, Other masses >

∼ 500 GeV

Mexp
W = 80.375± 0.005 GeV,80.385± 0.005 GeV,80.395± 0.005 GeV

⇒ precision below 5 MeV required, the better the better!
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5. Conclusions

• High anticipated experimental precision for MW at the LHC

• Important: theory uncertainties: intrinsic and parametric

total =

√

experimental2 +parametric2 + intrinsic

• Realistic/optimistic future estimates:

− future intrinsic uncertainties: ∼ 1 MeV

− future parametric uncertainties: ∼ 4 MeV

⇒ improvement only with e+e− colliders?

• MSSM calculation: large effects possible

also from EW particles!

• Desired precision? O (5 MeV) total unc. interesting!
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Uncertainty budget for mt at e+e− colliders: [talk by A. Hoang ’15 ]

⇒ improvement in αs crucial

e+e− collider: precision measurement:

Rl :=
Γ(Z → hadrons)

Γ(Z → l+l−)

Improvement down to δexpαs ∼ 0.001− 0.0001 possible?!

Note: TH uncertainty (assuming fermionic 3-loop corrections):

δRtheo
l ∼ 0.0015 ⇒ δαtheo

s ∼ 0.00015 ⇒ hard to beat . . .
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SM input: ∆αhad ⇒ could be limiting factor!

From e+e− → had. using dispersion relation

today: δ(∆αhad) ∼ 10−4

possible improvement in the future: δ(∆αhad) ∼ 5× 10−5

Direct determination at FCC-ee from e+e− → ff̄ off the Z peak

[P. Janot ’15]

possible improvement in the future: δ(∆αhad) ∼ 2×10−5 ⇒ TU neglected

Calculation of e+e− → ff̄ needed at 3-loop and beyond: [A. Freitas ’16]

current techniques (2L/3L): corrections of ∼ 10−3

new calculation methods (2L/3L): corrections of ∼ 10−4

unknown methods 3L: <
∼ 10−5

unknown methods 4L: ∼ 10−5

(+ higher-orders in real photon emission)

⇒ improvement unclear ⇒ δ(∆αhad) ∼ 3× 10−5
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Additional uncertainty for MW from threshold scan:

Not only e+e− → W (∗)W (∗), but e+e− → WW → 4f needed

Current status:

full one-loop for 2 → 4 process

[A. Denner, S. Dittmaier, M. Roth, D. Wackeroth ’99-’02]

⇒ extraction of MW at the level of ∼ 6 MeV

Most recent improvement:

leading 2L corrections from EFT

[Actis, Beneke, Falgari, Schwinn ’08]

⇒ impact on MW at the level of ∼ 3 MeV

⇒ full 2L for 2 → 4 process not foreseeable

Potentially possible:

2L resummed higher-order terms for e+e− → WW and W → ff ′

⇒ extraction of MW at ∼ 1 MeV?? ⊕ pure exp. uncertainty of ∼ 0.5 MeV
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Overview about all EWPO: [taken from A. Freitas ’16]
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Overview about all EWPO: [taken from A. Freitas ’16]
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Current fit to MH: [GFitter ’14]

 [GeV]HM

60 70 80 90 100 110 120 130 140

2 χ∆

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

σ1

σ2
 measurementHSM fit with M

 measurementHSM fit w/o M

ATLAS measurement [arXiv:1406.3827]

CMS measurement [arXiv:1407.0558]

G fitter SM
Jul ’14
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Current fit to MH: [LEPEWWG ’12]

0

1

2

3

4

5

6

10040 200

mH [GeV]

∆χ
2

LEP
excluded

LHC
excluded

∆αhad =∆α(5)

0.02750±0.00033

0.02749±0.00010

incl. low Q2 data

Theory uncertainty
March 2012 mLimit = 152 GeV
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Precise MH test with the ILC precision: [GFitter ’13] [LEPEWWG ’13]

0

5

10

15

20

50 75 100 125 150

mH [GeV]
∆

χ2

Current Future

⇒ δM ind
H

<
∼ 6 GeV ⇐ only ILC analysis available so far

⇒ extremely sensitive test of SM (and BSM) possible
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