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Outline

• Motivation & Systematics Status


• Exploring multi-parameter extractions:


• Mass & Width


• Mass & Yukawa coupling 


• Comparison of different e+e- colliders


• The effect of the choice of mass scheme


• Summary
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• The cross-section around the 
threshold is affected by several 
properties of the top quark and by 
QCD

• Top mass, width, Yukawa 

coupling

• Strong coupling constant

mt

Γt

yt, αs
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• Effects of some parameters are correlated; 
dependence on Yukawa coupling rather weak - 
precise external αs helps
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• Effects of some parameters are correlated; 
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Top Mass Uncertainties - Status

• A number of studies in Tesla, ILC, CLIC contexts: Expected statistical uncertainty 
20 - 30 MeV (for 100 fb-1)
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error source �mPS
t [MeV] references

stat. error (200 fb�1) 13 [63,66]

theory (NNNLO scale variations, PS scheme) 40 [65,66]

parametric (↵s, current WA) 35 [65]

non-resonant contributions (such as single top) < 40 [67]

residual background / selection e�ciency 10 – 20 [63]

luminosity spectrum uncertainty < 10 [68]

beam energy uncertainty < 17 [63]

combined theory & parametric 30 – 50

combined experimental & backgrounds 25 - 50

total (stat. + syst.) 40 – 75

Table 1: Summary of the estimated uncertainties of top mass measurements at thresh-
old. The upper parts of the table reflect the current understanding, based on the references
given. In the bottom part of the table, the lower end of the given ranges corresponds to
moderate assumptions on improvements expected by the time of ILC data taking, see
text.

of the t quark mass parameter. The authors of [69] show that the PS or 1S masses as
resulting from the described analysis can be translated to e.g. the MS mass, typically
used in theoretical calculations to a precision of about 10MeV.

Top Quark Electroweak Couplings: The unique feature of linear colliders to provide
polarised beams allow for a largely unbiased disentangling of the individual left- and right-
handed couplings of the t quark to the Z0 boson and the photon, g�,Z

L,R or equivalently of

the form factors F �,Z
(1,2),(V,A). These quantities can be measured at the sub-percent level at

the ILC [70, 71], as indicated by the red ellipse in Figure 4. This is– when referring to
the results in [72,73]– considerably better than will be possible at the LHC3 even with an
integrated luminosity of L = 3000 fb�1. The expected precision at the ILC would allow
for the verification of a great number of models for physics beyond the Standard Model,
for which representative examples are given in the figure.

Beam polarisation is a critical asset for the high precision measurements of the electroweak
t quark couplings. Experimental and theoretical e↵ects manifest themselves di↵erently
for di↵erent beam polarisations. It seems to be that the configuration positive electron
beam polarisation is more benign in both, experimental aspects due to the suppression
of migrations in the polar angle spectrum of the final state t quark, see e.g. [70, 71] and
theoretical aspects due to the somewhat simpler structure of higher order electroweak
corrections [81].

3The improving analyses of the LHC experiments, as e.g. [74], will however be observed with great
interest.

24

• Summary of status for ILC “New Particles” Report arXiv:1702.05333
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The Basics for all Studies presented today

• Experimental details: 


• Based on CLIC / ILC top threshold study ( EPJ C73, 2530 (2013) ):


• CLIC_ILD Detector model


• Threshold simulated using efficiency & backgrounds from full simulations, signal 
scaled according to theory input


• Assuming ILC TDR luminosity spectrum 


• Theory input:


• NNNLO QCD Theory calculations, using QQbar_threshold (arXiv:1605.03010)


• M. Beneke, Y. Kiyo, P. Marquard, A. Penin, J. Piclum, M. Steinhauser,  
Phys. Rev. Lett. 115, 192001 (2015)


‣ Including NNNLO Higgs effects, NLO non-resonant EW contributions, NLO QED


• M. Beneke, A. Maier, J. Piclum, T. Rauh, Nucl. Phys. B899, 180 (2015) 


• Using the PS Mass Scheme as the “native” scheme of the calculation, also using 
MSbar and 1S schemes to explore scheme dependence
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Thanks to Martin Beneke, Andreas Meyer, Jan Piclum for help and fruitful discussions!
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Multi-Parameter Fits @ ILC
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Note: Hot of the press - but fully QA’ed yet…

• Mass & Width

• Mass & Yukawa Coupling
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Mass & Width - Illustrating the Sensitivity
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Mass & Width: 2D Template Fit

• 1D mass resolution 
(assuming def. Γt) 
18 MeV


• 1D width resolution 
(assuming def. mt) 
43 MeV


• Extension of 2D 1 σ 
contour: 
mt +39 -35 MeV 
Γt +109 - 90 MeV


• correlation 0.26
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Mass & Yukawa Coupling: 2D Fit
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• 1D mass resolution 
(assuming def. yt) 
18 MeV


• 1D width resolution 
(assuming def. mt) 
0.067


• Extension of 2D 1 σ 
contour: 
mt +49 -45 MeV 
yt +0.17 -0.18 MeV


• correlation 0.61
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Multi-Parameter Fits:  
The Impact of the Lumi Spectrum
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Yukawa coupling coming soon …

• Mass & Width at

• ILC

• CLIC

• FCCee
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The Top Threshold at different e+e- Colliders

• Three e+e- colliders currently in discussion are capable or reaching the top threshold: 
ILC, CLIC, FCCee


• In terms of a threshold scan, the most relevant difference is the lumi spectrum


• NB: Assumptions on integrated luminosity are also very different - ignored here: 
Always assume 100 fb-1 spread over 10 points
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• ILC and CLIC luminosity spectra from full 
machine simulations 


• FCCee assumed to be gaussian, with a 
spread of 0.19% (realistically, there 
probably is a small beamstrahlungs-tail 
which would make the distribution 
asymmetric, but the spectrum well be 
closer to a gaussian than the LCs in any 
case)
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The Top Threshold at different e+e- Colliders

• What the luminosity spectrum does to the threshold:
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The Top Threshold at different e+e- Colliders

• The observable cross section 
for ILC, CLIC, FCCee


• ~30% larger for FCCee 
than LCs: expect smaller 
statistical uncertainty


• broader for CLIC than for 
ILC: expect somewhat 
larger statistical 
uncertainty at CLIC
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Mass & Width: 2D Template Fit ILC, CLIC, FCCee
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Mass & Width: 2D Template Fit ILC, CLIC, FCCee
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Mass & Width: 2D Template Fit ILC, CLIC, FCCee
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• 1D mass resolution 

(assuming def. Γt) 
18 MeV (ILC) 
21 MeV (CLIC) 
16 MeV (FCCee)


• 1D width resolution 
(assuming def. mt) 
43 MeV (ILC) 
51 MeV (CLIC) 
37 MeV (FCCee)


• Extension of 1 σ contour: 
mt +39 -35 MeV 
Γt +90 -45 MeV 
mt +40 -45 MeV 
Γt +130 -95 MeV 
mt +35 -30 MeV 
Γt +95 -65 MeV
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Mass & Yukawa: 2D Template Fit ILC, CLIC, FCCee
• 1D mass resolution 

(assuming def. yt) 
18 MeV (ILC) 
21 MeV (CLIC) 
16 MeV (FCCee)


• 1D Yukawa resolution 
(assuming def. mt) 
0.067 (ILC) 
0.067 (CLIC) 
0.057 (FCCee)


• Extension of 1 σ contour: 
mt +49 -45 MeV 
yt +0.168 -0.182 
mt +55 -50 MeV 
yt +0.168 -0.182 
mt +40 -36 MeV 
yt +0.130 -0.140
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The Influence of Scale 
Uncertainties
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• Varying the scale µ from 50 to 350 GeV
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The Effect of Scale Variations on the Cross Section

• The impact on the 1D 
mass measurement was 
discussed at the last 
workshop - results for 
different colliders 
documented in 
arXiv:1611.03399
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http://arxiv.org/abs/arXiv:1611.03399
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ILC
CLIC
FCCee

• Bottom line: +- 40 MeV 
uncertainty (after 
correcting a “trivial” 
offset of ~ 40 MeV 
originating from fitting 
procedure with 
uncertainty bands) 
irrespective of collider 
type

http://arxiv.org/abs/arXiv:1611.03399
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Scale Variations: Illustrating the Impact
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May 2017 • Scale uncertainties (much) 
larger than variations 
according to expected 
statistical uncertainties


• Strong correlation of yt and 
αs


• Overlapping regions of 
sensitivity of mt and Γt 

and of mt and yt
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Scale Variations: Mass & Width
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May 2017 • 1D mass resolution 
(assuming def. Γt) 
18 MeV


• 1D width resolution 
(assuming def. mt) 
43 MeV


• Range of scale 
variations: 
mt +85 -0 MeV (2D) 
Γt +64 -10 MeV (2D) 
Γt +78 -39 MeV (1D) 
 
(remember: 1D mass:  
+80 MeV - 0 MeV)

1D results fluctuating somewhat - still unclear conclusions for different machines, 
in general rather comparable effects
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Scale Variations: Mass & Yukawa Coupling
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• 1D mass resolution 
(assuming def. Γt) 
18 MeV


• 1D yt resolution 
(assuming def. mt) 
0.067


• Range of scale 
variations: 
mt +66 -17 MeV (2D) 
yt +0.03 -0.26 (2D) 
yt +0.01 -0.25 (1D) 
 
(remember: 1D mass:  
+80 MeV - 0 MeV) [GeV]µ
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little dependence on luminosity spectrum - ~ 10% larger uncertainties for FCCee
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The Effect of the Mass Scheme
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• Investigating the impact of using different mass scheme:

• PS

• 1S

• MSbar
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Reminder: Scale Uncertainties depend on Scheme

• Scale uncertainties in the region 
most sensitive to mass (and 
width) substantially larger in PS 
than in 1S and MSbar schemes


• Impact on mass uncertainty: 
~ 40 MeV (PS); ~ 20 MeV (1S, 
MSbar)
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Also seen in 2D Fits - Width

• Substantially reduced uncertainty on the 
mass


• on the width all schemes result in 
similar uncertainties - with maybe a 
slight advantage for PS in 2D fit
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αs - A follow-up to this morning’s discussion

• MSbar scheme: Strong αs dependence, highly correlated with mass influence on 
cross-section - αs treated as external input / systematic in the fit:


• PS - scheme: Δmt = 2.6 MeV / 10-4 uncertainty in αs


• MSbar - scheme: Δmt = 5.3 MeV / 10-4 uncertainty in αs

24

 [GeV]s
340 345 350

]
∆

/d
X 

[fb
/ty

p 
σd

30−

20−

10−

0

10

20

30

40
 171.5 GeV, ILC LSPS

tm
 = 20 MeV]∆ [t/dmσd
 = 0.0006]∆ [sα/dσd

-1 for 10 fbstatσ∆

 = 50 ... 350 GeVµ

preliminary
based on CLIC/ILC Top Study
EPJ C73, 2540 (2013)

 [GeV]s
340 345 350

]
∆

/d
X 

[fb
/ty

p 
σd

30−

20−

10−

0

10

20

30

40
 163.4 GeV, ILC LSMS

tm
 = 20 MeV]∆ [t/dmσd
 = 0.0006]∆ [sα/dσd

-1 for 10 fbstatσ∆

 = 50 ... 350 GeVµ

preliminary
based on CLIC/ILC Top Study
EPJ C73, 2540 (2013)

NB: 50% of current WA uncertainty!



Frank Simon (fsimon@mpp.mpg.de)Top Mass at Threshold: Update 
Top@LC, CERN, June 2017

Comparing to the Current State of Theory
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• PS scheme: Δmt = 2.6 MeV / 10-4 uncertainty in αs


• MSbar scheme: Δmt = 5.3 MeV / 10-4 uncertainty in αs

Experimental study:

P. Marquard et al. PRL 114, 142002 (2015)

with lMS ¼ lnðμ2=m2Þ. In the remaining part of this Letter
we will concentrate on the top and bottom quark mass.
As an application of the new results in Eqs. (11) and (12)

we study the relations between the various threshold
masses and the MS mass. We use the following input
values for the strong coupling constant and the bottom and
top quark masses [6,47,48]:

αð5Þs ðMZÞ ¼ 0.1185; mbðmbÞ ¼ 4.163 GeV;

Mt ¼ 173.34 GeV: ð13Þ

αs with four and six active flavors is obtained from αð5Þs
where for the decoupling scale we choose twice the heavy
quark mass [46,49].
Let us have a closer look to the relation between the OS

and MS top quark mass. For μ ¼ mt we have

Mt ¼ mtð1þ 0.4244αs þ 0.8345α2s þ 2.375α3s

þð8.49% 0.25Þα4sÞ
¼ 163.643þ 7.557þ 1.617þ 0.501

þ 0.195% 0.005 GeV; ð14Þ

with αs ≡ αð6Þs ðmtÞ ¼ 0.1088. Note that the four-loop
term still gives a contribution of about 200 MeV which
is not negligible even with nowadays uncertainties from
TEVATRON and LHC [48]. The corresponding results for
the bottom quark read

Mb ¼ mbð1þ 0.4244αs þ 0.9401α2s þ 3.045α3s

þð12.57% 0.38Þα4sÞ
¼ 4.163þ 0.401þ 0.201þ 0.148

þ 0.138% 0.004 GeV: ð15Þ

Here, αs ≡ αð5Þs ðmbÞ ¼ 0.2268. Note that the four-loop
corrections in Eq. (15) are almost as large as the three-
loop term. On the other hand, the perturbative series for the
case of the top quark has a reasonable behavior: the three-
loop coefficient is by a factor three smaller than the two-
loop one and the four-loop term is again smaller by a factor
2.5. This suggests that with the help of Eq. (14) the top
quark mass can be determined with an uncertainty below
200 MeV.
In practice it often happens that in a first step a threshold

quark mass is extracted from comparisons of higher order
calculations and experimental measurements. Afterwards
the threshold mass is converted to the M̄S quark mass. In
Tables I and II we show the results for the scale invariant
MS quark mass mqðmqÞ (q ¼ b; t) using one- to four-loop
accuracy for the conversion.
In the case of the top quark (cf. Table I) the three-loop

corrections amount to about 200–250 MeV which reduces

to {44, 8, 20} MeVat four loops for the {PS, 1S, RS} quark
mass. A 3% uncertainty in the MS-OS relation induces a
shift of 6 MeV in mtðmtÞ which is in general small as
compared to the four-loop contribution. Let us estimate the
final uncertainty from the conversion to the MS mass from
the quadratic combination of the 6 MeV with half of the
four-loop contribution (i.e., f44; 8; 20g × 1

2 MeV). This
leads to {23, 7, 11} MeV which should be added in
quadrature to the remaining uncertainties of the threshold
mass.
The results for mbðmbÞ computed from the PS, 1S, and

RS threshold masses are shown in Table II. The three-loop
corrections provide still sizable effects of up to 40 MeV
which reduces to at most 9 MeV at four loops. The
uncertainty in the four-loop MS-OS relation induces an
error of 4 MeV. Thus we arrive at a final error of
{4,6,5} MeV for the conversion from the {1S,PS,RS}
mass. This is not negligible, though in general much
smaller than other uncertainties involved in the quark mass
extraction (see, e.g., Refs. [34,50] and [51] for recent
determinations of mbðmbÞ where in intermediate steps the
1S, RS, and PS has been used, respectively).
The results of Tables I and II can be used, in combination

with similar calculations for different values of αsðMZÞ and
threshold masses, to construct the following approximation
formulas

mtðmtÞ
GeV

¼ 163.643% 0.023þ 0.074Δαs − 0.095ΔPS
mt
;

mtðmtÞ
GeV

¼ 163.643% 0.007þ 0.069Δαs − 0.096Δ1S
mt
;

mtðmtÞ
GeV

¼ 163.643% 0.011þ 0.067Δαs − 0.095ΔRS
mt
;

mbðmbÞ
GeV

¼ 4.163% 0.004þ 0.007Δαs − 0.018ΔPS
mb
;

mbðmbÞ
GeV

¼ 4.163% 0.006þ 0.008Δαs − 0.019Δ1S
mb
;

mbðmbÞ
GeV

¼ 4.163% 0.005þ 0.004Δαs − 0.018ΔRS
mb

ð16Þ

TABLE I. mtðmtÞ in GeV computed from the PS, 1S, and RS
quark mass using one- to four-loop accuracy. The numbers in the
last line are obtained by increasing the four-loop coefficient in
Eq. (12) by 3%.

No. of loops mPS ¼ 171.792 m1S ¼ 172.227 mRS ¼ 171.215

1 165.097 165.045 164.847
2 163.943 163.861 163.853
3 163.687 163.651 163.663
4 163.643 163.643 163.643
4ð×1.03Þ 163.637 163.637 163.637

PRL 114, 142002 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

10 APRIL 2015

142002-4

Theory status on conversion (N4LO in QCD)

with Δαs in units of 10-3 changes relative to default αs(mZ) 

=> 7.4 MeV / 10-4 in αs

=> 6.9 MeV / 10-4 in αs
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• PS scheme: Δmt = 2.6 MeV / 10-4 uncertainty in αs


• MSbar scheme: Δmt = 5.3 MeV / 10-4 uncertainty in αs
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TEVATRON and LHC [48]. The corresponding results for
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corrections in Eq. (15) are almost as large as the three-
loop term. On the other hand, the perturbative series for the
case of the top quark has a reasonable behavior: the three-
loop coefficient is by a factor three smaller than the two-
loop one and the four-loop term is again smaller by a factor
2.5. This suggests that with the help of Eq. (14) the top
quark mass can be determined with an uncertainty below
200 MeV.
In practice it often happens that in a first step a threshold

quark mass is extracted from comparisons of higher order
calculations and experimental measurements. Afterwards
the threshold mass is converted to the M̄S quark mass. In
Tables I and II we show the results for the scale invariant
MS quark mass mqðmqÞ (q ¼ b; t) using one- to four-loop
accuracy for the conversion.
In the case of the top quark (cf. Table I) the three-loop

corrections amount to about 200–250 MeV which reduces

to {44, 8, 20} MeVat four loops for the {PS, 1S, RS} quark
mass. A 3% uncertainty in the MS-OS relation induces a
shift of 6 MeV in mtðmtÞ which is in general small as
compared to the four-loop contribution. Let us estimate the
final uncertainty from the conversion to the MS mass from
the quadratic combination of the 6 MeV with half of the
four-loop contribution (i.e., f44; 8; 20g × 1

2 MeV). This
leads to {23, 7, 11} MeV which should be added in
quadrature to the remaining uncertainties of the threshold
mass.
The results for mbðmbÞ computed from the PS, 1S, and

RS threshold masses are shown in Table II. The three-loop
corrections provide still sizable effects of up to 40 MeV
which reduces to at most 9 MeV at four loops. The
uncertainty in the four-loop MS-OS relation induces an
error of 4 MeV. Thus we arrive at a final error of
{4,6,5} MeV for the conversion from the {1S,PS,RS}
mass. This is not negligible, though in general much
smaller than other uncertainties involved in the quark mass
extraction (see, e.g., Refs. [34,50] and [51] for recent
determinations of mbðmbÞ where in intermediate steps the
1S, RS, and PS has been used, respectively).
The results of Tables I and II can be used, in combination

with similar calculations for different values of αsðMZÞ and
threshold masses, to construct the following approximation
formulas

mtðmtÞ
GeV

¼ 163.643% 0.023þ 0.074Δαs − 0.095ΔPS
mt
;

mtðmtÞ
GeV

¼ 163.643% 0.007þ 0.069Δαs − 0.096Δ1S
mt
;

mtðmtÞ
GeV

¼ 163.643% 0.011þ 0.067Δαs − 0.095ΔRS
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;

mbðmbÞ
GeV

¼ 4.163% 0.004þ 0.007Δαs − 0.018ΔPS
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¼ 4.163% 0.006þ 0.008Δαs − 0.019Δ1S
mb
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GeV

¼ 4.163% 0.005þ 0.004Δαs − 0.018ΔRS
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TABLE I. mtðmtÞ in GeV computed from the PS, 1S, and RS
quark mass using one- to four-loop accuracy. The numbers in the
last line are obtained by increasing the four-loop coefficient in
Eq. (12) by 3%.

No. of loops mPS ¼ 171.792 m1S ¼ 172.227 mRS ¼ 171.215

1 165.097 165.045 164.847
2 163.943 163.861 163.853
3 163.687 163.651 163.663
4 163.643 163.643 163.643
4ð×1.03Þ 163.637 163.637 163.637

PRL 114, 142002 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

10 APRIL 2015

142002-4

Theory status on conversion (N4LO in QCD)

with Δαs in units of 10-3 changes relative to default αs(mZ) 

=> 7.4 MeV / 10-4 in αs

=> 6.9 MeV / 10-4 in αs

=> Direct extraction of MSbar mass wins - also in terms of scale uncertainties ?
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Schemes: A Question to Theorists

• Are there strong arguments one way or another to use a specific scheme?


• 1S gives smaller scale uncertainties than PS - is this “physical”?


• Would a direct extraction of the MSbar mass be preferred?
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Conclusions

• Extended threshold study to true 2D analysis of parameters

• mt and Γt - 1D Γt resolution ~ 45 MeV

•  mt and yt - 1D yt resolution ~ 0.067


• In both cases: substantial increase of uncertainty due to correlations in 2D fit

• potentially some optimization possible with specific selection of scan points


• FCCee results somewhat better, CLIC results somewhat worse, no excessive differences


• Further investigation of scale uncertainties

• ~ 40 MeV (symmetrized) on mt

• ~ 60 MeV (symmetrized) on Γt

• ~ 0.13 (symmetrized) on yt


• The size of the scale uncertainties (and with that the impact on the mass measurement) 
depends on the choice of the mass scheme - Γt less scheme dependent, yt still to be 
studied
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Backup
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Another Scale Parameter: μwidth

• Independent of mass 
scheme


• relatively small impact:  
< 20 MeV uncertainty on 
mass
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Threshold Scan - Sensitivity to Mass Variations
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• The assumption: 
10 x 10 fb-1, points spaced by 
1 GeV from 340 to 349 GeV
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Threshold Scan - Sensitivity to αs Variations
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• The assumption: 
10 x 10 fb-1, points spaced by 
1 GeV from 340 to 349 GeV
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Threshold Scan - Sensitivity to Yukawa Variations
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• The assumption: 
10 x 10 fb-1, points spaced by 
1 GeV from 340 to 349 GeV
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Mass at Threshold: Fitting with Scale Uncertainties

• The underlying assumption made here: The range of cross section predictions given 
by the scale variations reflects the uncertainty of the calculation, within the “band” 
given by the range of variations all values are assumed to be equally probable 
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• The fit procedure: A template fit: 
Theoretical expectations for different 
top masses, for each the χ2 of the 
data points is calculated, the mass is 
determined by a parabolic fit to the χ2  

distribution as a function of template 
mass


➫ When including scale uncertainties in 
the templates, the χ2 contribution of 
data points within the band is zero
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Mass at Threshold: Fitting with Scale Uncertainties

• Since the default µ gives a cross 
section close to the maximum over 
the most relevant energy range, the 
fit with bands results in a (trivial) bias 
of 40 MeV


• The fit uncertainty is determined on 
an “event-by-event” basis from the 
χ2 distribution taking the variations in 
mass required to get the minimum χ2 

+1 (or  χ2  = 1 in cases where the 
parabolic fit of the χ2 distribution 
gives a minimum < 0)
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